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Introduction 



Random variables and stochastic processes are used to describe non-deterministic 
fluctuations in statistics, finance, actuarial mathematics, computer science, engineer- 
ing, biology, physics, etc. Often these fluctuations can not be predicted with certainty 
due to a lack of information on the initial state which can not be avoided for practical 
reasons, e.g., in meteorology or gambling. Or the unpredictable behavior of the sys- 
tem may be due to more fundamental reasons as in quantum mechanics. Heisenberg's 
uncertainty relations limit the accuracy of predictions of measurements of so-called 
complementary observables, e.g., momentum and position, for any given state of the 
particle. Even though - at least in principle - there exist states in which one of the 
observables can be predicted with arbitrary precision, it is never possible to predict 
both simultaneously. 

But often it is reasonable to assume that the experiment can be repeated a large 
number of times under the same conditions and that the relative frequencies of the pos- 
sible outcomes can be predicted. It is useful to keep in mind that it is this assumption 
which justifies the applicability of probabilistic models. 

If the random fluctuations do not depend on time or position, then they should 
be described by time- and space-homogeneous stochastic processes. This leads, in 
Euclidean space, to the important class of stochastic processes with independent and 
stationary increments, i.e. Levy processes. These processes have recently received in- 
creasing interest, see [Lev65, Sko91, Ber96, Sat99, BNMR01, App04] and the 
references therein. 

Since in quantum mechanics even complete knowledge of the state is not suffi- 
cient to predict with certainty the outcomes of all possible measurements, the sta- 
tistical interpretation has to be an essential part of the theory. Quantum probabil- 
ity starts from von Neumann's formulation of standard quantum mechanics [vN96] 
and studies quantum theory from a probabilistic point of view, cf. [AFL82, HP84]. 
For an introduction to quantum probability and quantum stochastic calculus, see also 
[Bia90, Par92, Mey95] or the lecture notes [AL03a, AL03b]. 

A typical situation where quantum noise enters is the description of a small quan- 
tum system which is interacting with its environment, cf. [GZOO]. The state of the 
environment, also called heat bath, can not be measured or controlled completely, but 
it is natural to assume that it is homogeneous in time and space and that the influence 
of the small system on the heat bath can be neglected. 

Structures similar to infinite divisibility and Levy processes also appear in quantum 
mechanics in the theory of repeated and continuous measurements, cf. [HolOl]. 

Another line of research leading to so-called quantum Levy processes is von Walden- 
fels' work on the emission and absorption of light, cf. [Wal73, Wal84]. 

Quantum random variables are defined as homomorphisms j : B — > A taking values 
in an algebra A where a fixed state $ has been chosen, and stochastic processes are 
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INTRODUCTION 



indexed families of quantum random variables. In order to define quantum Levy pro- 
cesses, i.e. quantum stochastic processes with independent and stationary increments, 
we have to explain what we mean by "independent" and "increment." 

One possibility to define independence is to call two elements a,b G A independent, 
if they commute, i.e. 

ab = ba 

and if the state factorizes on them, i.e. 

$(afe) = $(a)$(fc). 

This definition generalizes the one used in classical probability theory and corresponds 
to what physicists would consider as independent observables. Two quantum random 
variables ji, j 2 are called independent, if any pair a G range j 1 , b G range j 2 of elements 
of their respective ranges is independent. This is also the notion of independence that 
underlies the quantum stochastic calculus on the symmetric Fock space developed by 
Hudson and Parthasarathy, [HP84, Par92]. 

In order to define what an increment is, we need a composition for quantum random 
variables. This is possible, e.g., if the algebra on which the quantum random variables 
are defined, is a bialgebra. Then it is equipped with a homomorphism A : B — > B <g> B 
and the convolution product j\ * j 2 of two quantum random variables ji,j 2 '■ B — > A 
can be defined as 

ji *ji =m A o (j! (g)j 2 ) o A, 

where m A : A <S> A — > A denotes the multiplication in A, m^(a <g> b) — ab. If j\ and j 2 
are independent, then j\ * j 2 is again a homomorphism. 

These two choices lead to the theory of Levy processes on involutive bialgebras as 
it was introduced and studied by Schiirmann et al., cf. [ASW88, Sch93]. For an 
introduction to this theory, see also [Mey95, Chapter VII], [FS99], or Chapter I. 

However, in quantum probability there exist also other notions of independence 
like, e.g., freeness [VDN92], see Chapter 2. In order to formulate a general theory 
of Levy processes for these independences, bialgebras have to be replaced by the dual 
groups introduced in [Voi87, Voi90] . The definition of these dual groups, also called 
H-algebras or cogroups, is very similar to that of bialgebras and Hopf algebras, but the 
tensor product is replaced by the free product of algebras, see also [Zha91, BH96]. 
There exists a homomorphism A : B — > B TJ B from B to the free product of B with 
itself, which allows to define the convolution product j\ *j 2 = m A o (j\ FT j 2 ) o A of two 
random variables ji,j 2 : B — > A. The theory of Levy processes on these algebras has 
been developed in [Sch95b, BGS99, FraOl, Fra03b], see also Chapter 3. The special 
case of Levy processes with additive free increments was first studied in [GSS92], and 
more recently in [Bia98a, AnsOO, Ans02, Ans03, BNT02c, BNT02a, BNT02b]. 

Classical Levy processes are not only used as models for random events, they are 
also related to many other areas of mathematics, e.g., potential theory, harmonic anal- 
ysis, or representation theory. Similarly, quantum Levy processes appear in various 
situations. Many prominent examples of quantum stochastic processes are quantum 
Levy processes or can be constructed from these. Classical Levy processes and fac- 
torizable representations of current groups and current algebras are special cases of 
quantum Levy processes, see Example 1.2.5 and Subsection 1.5.2. Quantum Levy pro- 
cesses also arise in the construction of dilations of quantum dynamical semigroups, cf. 
[Sch90]. 
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This thesis presents several recent contributions to the theory of quantum Levy 
processes. These works were motivated by three central ideas. 

The first is the desire to understand better the role of independence in quantum 
probability. If one requires that the joint law of independent quantum random variables 
is uniquely determined by their marginal distributions and imposes certain natural 
conditions on the construction of joint law, then there exist exactly five possibilities, 
see [Spe97, BGS99, BGS02, Mur02c, Mur02b, Mur02a] or Chapter 2. It has 
been shown that three of them can be reduced to tensor independence, see [Fra03b] or 
Section 2.4. This reduction can also be applied to reduce the corresponding quantum 
Levy processes to Levy processes on involutive bialgebras. It is not known if such a 
reduction is also possible for free independence. 

Another central topic of this thesis is the relation between classical and quantum 
probability. Many interesting classical stochastic processes arise as components of 
quantum stochastic processes, see, e.g., [Par90, Sch91a, Fra99] or also Sections 4.4 
and 7.4. Some properties of these classical processes can then be proved using the 
whole quantum stochastic process, see, e.g., the proof of the chaos completeness of the 
Azema martingale in [Par99] or the calculation of quasi-invariance formulas for certain 
increment processes in Chapter 7. On the other hand, ideas from classical probability 
theory can often be applied successfully for the study of quantum stochastic processes, 
see Chapter 6. 

The value of a theory is of course also determined by the richness of its examples. 
Therefore the third central theme is the detailed study of examples. In Chapter 4, we 
have looked at the special case of Levy processes on real Lie algebras and classified 
the Schurmann triples belonging to unitary irreducible representations for several Lie 
algebras. More general Schurmann triples can then be constructed as direct sums. In 
Section 5.7, the Brownian motions, i.e., Levy processes with quadratic generators, were 
classified on several standard examples of so-called braided spaces. Finally, in Chapter 
8, we determined all generators and all quadratic generators on the non-commutative 
analogue of the algebra of coefficients of the unitary group. This bialgebra is related to 
the construction of dilations of quantum dynamical semigroups on the matrix algebra 
M„. 

This thesis is written in cumulative form. Most of the chapters are taken from 
separate publications and can also be read individually. In the next section we give a 
detailed summary of this thesis and its main results. 
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Summary of results 



In this thesis various recent results on quantum Levy processes are presented. Most 
chapters are taken from separate publications and can be read by themselves. The first 
part provides an introduction to the theory of Levy processes on involutive bialgebras. 
The notion of independence used for these processes is tensor independence, see Defi- 
nition 1.1.1. 

In quantum probability there exist other notions of independence and Levy pro- 
cesses can also be defined for the five so-called universal independences. This is the 
topic of the second part. In particular, we show that boolean, monotone, and anti- 
monotone independence can be reduced to tensor independence. 

Finally, in the third part, we consider several classes of quantum Levy processes 
of special interest, e.g., Levy processes on real Lie algebras or Brownian motions on 
braided spaces. We also present several applications of these processes. 

1. Levy processes on involutive bialgebras 

In the first chapter, we give an introduction to the basic theory of Levy processes 
on involutive bialgebras. We recall their definition and the one-to-one correspondence 
between Levy processes, convolution semigroups of states, generators, and Schurmann 
triples. We also recall without proof Schiirmann's representation theorem, see Theorem 
1.3.1. Section 1.4 contains the recent result by Franz and Skeide that the vacuum vector 
is cyclic for the Fock space realization of a Levy process, if the cocycle is surjective, 
see Theorem 1.4.1. 

This chapter is taken from a series of lectures on quantum Levy processes held at 
the school "Quantum Independent Increment Processes: Structure and Applications 
to Physics" in Greifswald in March 2003, see [FS03]. 

2. The five universal independences 

In Chapter 2, we recall the classification of universal non- commutative indepen- 
dences due to Ben Ghorbal and Schurmann [BGS99, BGS02], and Muraki [Mur02c, 
Mur02b, Mur02a], see also [Sch95a, Spe97]. 

The starting point of their work is the assumption that the joint law of independent 
random variables should be uniquely determined by their marginals. If one imposes 
certain natural conditions like associativity on the construction of the joint law, it be- 
comes possible to classify all notions of independence on a given category of probability 
spaces. For classical probability spaces it turns out that the only possible construction 
is the tensor product. Therefore the usual notion of independence used in classical 
probability is the only universal notion of independence available for that case. 

But for categories of non- commutative probability spaces several universal notions 
can exist. If the underlying algebra is an arbitrary unital algebra, then there exist 
exactly two independences: one based on the tensor product and one based on the 
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free product of states. For non-unital algebras, five universal independence exist. In 
addition to tensor and free independence, we also have boolean, monotone, and anti- 
monotone independence, cf. [Mur02c, Mur02b, Mur02a]. 

In [Fra02], it was shown that the axioms imposed in [BGS99, BGS02, Mur02b] 
on the construction of the joint law are equivalent to saying that it is a tensor product 
(in the sense of category theory, see Definition 2.1.27) and that there exist natural 
transformations embedding the probability spaces into their tensor product, see Section 
2.5. 

Once the notion of independence is reformulated in this way, it is straight forward 
that a reduction from one universal notion to another should be a tensor functor, 
or rather a cotensor functor F, see Definition 2.4.1. In addition, we need a natural 
transformation from the first category to the image of F in the second category. This 
then allows to embed any products taken in the first category nicely into products 
taken in the second category. Therefore all calculations requiring the first product can 
be reduced to calculations using the second product. In particular, it is shown that 
three of the universal independences, namely boolean, monotone, and anti-monotone 
independence, can be reduced to tensor independence, see Subsection 2.4.3. 

This chapter is also taken from the series of lectures on quantum Levy processes held 
at the school "Quantum Independent Increment Processes: Structure and Applications 
to Physics" in Greifswald in March 2003, see [FS03], and contains a fairly detailed 
section with preliminaries on category theory, see Section 2.1. 

3. Levy processes on dual groups 

In Chapter 3, the reduction of boolean, monotone, and anti-monotone independence 
is applied to quantum Levy processes. Bijections between the classes of Levy processes 
on dual groups with boolean, monotonically, or anti-monotonically independent incre- 
ments and certain classes of Levy processes on involutive bialgebras are constructed, 
see Theorem 3.3.5. These bijections are used to classify and construct Levy processes 
on dual groups with boolean, monotonically, or anti-monotonically independent incre- 
ments. These processes can always be realized on the symmetric Fock space. Therefore 
we can also reduce the corresponding quantum stochastic differential calculi to Hudson- 
Parthasarathy quantum stochastic differential calculus on the symmetric Fock space, 
see Subsection 3.3.3. 

As another application of the reduction we show that monotone Markov processes 
have a natural Markov structure, see Corollary 3.3.16. 

This chapter is based on the results published in [Fra03b]. 

4. Renormalized squares of white noise and other non-Gaussian noises as 

Levy processes on real Lie algebras 

Let a t , a+ be the white noise creation and annihilation operators on the Fock space, 
cf. [HKPS93, Oba94]. Formally, they satisfy the relation 

(4.1) [a t ,af] = 5(t-s), 

for s, t e R. This relation can be given meaning by considering integrals 

Mf) = [ W)da t , A+(g) = [ g(t)dat 
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against test functions /, g from some appropriate function space S (R) . Then Equation 
(4.1) becomes 

[A(f),A + (g)} = [ f({jg(8)5(t - s)dtds = [ f(fig(t)dt 
Jr Jr 

for f,geS(R). 
Taking squares 

h = \{a t f and bj = i(a+) 2 , 
one obtains formally the relation 

[bt, bt] = \ [a 2 t , (at) 2 } = \ {2a t at6(t - s) + 2ata t 5(t - s)) 

= at st5(t-s) + ±(5(t-s)) 2 . 

But this relation cannot be given a rigorous meaning simply by integrating against test 
functions. To overcome this difficulty, Accardi, Lu, and Volovich [ALV99] proposed 
the "renormalization rule" 

(S(t - s)) 2 -> 2 1 5(t - s) 

where 7 is some "renormalization constant." Using this rule, they obtained the follow- 
ing three algebraic relations for b t = (a t ) 2 /2, bt = (at) 2 /2, and n t = a t af ', 

(4.2a) [b t ,bt\=n t 5{t-s)+ 1 5{t-s), 
(4.2b) [n t ,b s ] = -2b t 6(t-s), 

(4.2c) [n t ,bt}=2btS(t-s). 

These relations can be made rigorous by integrating them against test functions, see 
Equations (4.1.1). For 7 > 0, Accardi, Lu, and Volovich [ALV99] have constructed a 
realization of these relations by operators acting on a Hilbert space with a cyclic vector 
fl which is annihilated by b t and n t . They have also shown that such a realization does 
not exist for 7 < 0. 

Chapter 4 starts from the relations (4.2) and shows that any factorizable current 
representation of the current algebra slf over the Lie algebra si s = sZ(2,R) gives a 
realization. Furthermore, any realization of (4.2) that satisfies (bt)* = b t and (nt)* = nt 
and an independence property can be obtained in this way. This includes also the 
realization constructed in [ALV99]. 

In Chapter 4, we also recall how these factorizable current representations can be 
classified and constructed using the representation theory and cohomological properties 
of the underlying Lie algebra. For several Lie algebras we compute the relevant coho- 
mological information for their unitary irreducible representations and thereby classify 
their factorizable current representations. 

In the last section of Chapter 4, we show that one can associate a classical Levy 
process to these factorizable current representations by fixing an element of the Lie 
algebra, see Theorem 4.4.3. For the realization of [ALV99], one finds that the marginal 
distributions of these Levy processes are the measures of orthogonality of three of the 
five Meixner classes [Mei34] of orthogonal polynomials, namely the Meixner-Pollaczek, 
Laguerre, and Meixner polynomials. In probability theory these processes are called 
Meixner, Gamma, and Pascal process. 
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The results of this chapter have been published in [AFS02]. 

5. Levy processes and Brownian motion on braided spaces 

To get more than the five universal independences, one has to consider categories 
of probability spaces with additional structure. In Example 2.3.3, Fermi independence 
was defined for Z 2 -graded quantum probability spaces. Recently, the theory of the 
so-called Z 2 -graded superspaces and supergeometry has been generalized to braided 
spaces and braided geometry, see [Maj95b] and the references therein. In Chapter 5, 
the notion of braided independence is developed. Braided quantum probability spaces 
are *-algebras equipped with an action and coaction of some *-bialgebra and a state 
that satisfies an invariance condition. 

In Chapter 5, we show how a braided category can be constructed from an involutive 
Hopf algebra or from an involutive bialgebra equipped with an r-form. Algebras and 
bialgebras in such a category are called braided algebras and braided bialgebras, if their 
structure maps are morphisms of the category. Braided spaces are braided bialgebras 
which are generated by a finite number of primitive elements. We show how such 
braided spaces can be constructed for any bi-invertible, real type I R-matrix, see Section 
5.5. The construction is similar to the one in [Maj95b], but the axioms for the 
involution are new. 

In Section 5.4, we show that for a braided *-bialgebras B it is possible to construct a 
*-bialgebra H that contains B as a subalgebra and as a one-sided coideal. Furthermore, 
it is possible to extend the generator L : B — > C in a canonical way to a generator 
L H : H — > C such that the Levy process (j s t)o<s<t associated to L can be recovered 
from the Levy process (j^)o< s <t associated to L H . This construction can actually be 
formulated as a reduction in the sense of Definition 2.4.1. 

In Section 5.7, we classify all quadratic generators on several standard examples of 
braided spaces. This gives a classification of all Brownian motions on these spaces, i.e., 
of the analogue of time- and space-homogeneous diffusions. 

6. Malliavin calculus and Skorohod integration for quantum stochastic 



In Chapter 6, we develop a non-commutative analogue of infinite-dimensional anal- 
ysis on the Wiener space. Our goal is to find sufficient conditions for the regularity of 
joint densities of non-commuting operators. 

Let h be a real Hilbert space. The Wiener space W(f)) is replaced by the algebra of 
bounded operators on its complexification r(f)c) = W(l))c- On r(f) c ) we have two non- 
commuting quantum stochastic processes Q and P, indexed by elements of t), which 
satisfy 



Operators which can be obtained via Weyl's functional calculus play the role of smooth 
functionals. For these operators we obtain a Girsanov type formula in Proposition 6.4.6 
and as its infinitesimal version an integration by parts formula, see Proposition 6.4.7. 
The left-hand-side of the integration by parts formula can be interpreted as a directional 
or Frechet derivative, 



processes 



[P(h),Q(k)] = 2i(h,k), 



for h, k e f). 
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for k = (k 1 ,k 2 ), k±,k 2 G f), and B a "smooth" operator. As a next step a derivation 
operator D is defined, which is related to the Frechet derivative by 



for k = (hi, k 2 ), k±, k 2 G f), and B a "smooth" operator, see Proposition 6.5.8. 

Even though D is no longer a map between Hilbert spaces, we can define also an 
analogue of the divergence operator 5. Both the derivation operator and the divergence 
operator are shown to be closable. 

In the white noise case, i.e., if f) is the space of L 2 -functions on some measurable 
space, e.g., f) = L 2 (R + ), the classical divergence operator is the Hitsuda-Skorohod 
integral, which extends the Wiener integral to not necessarily adapted processes. Here 
it turns out that the divergence operators coincides with a non-causal extension of the 
Hudson-Parthasarathy quantum stochastic integral, which had already been studied 
by Belavkin [Bel91a, Bel91b] and Lindsay [Lin93]. 

We also show that the derivation operator can also be used to obtain sufficient 
conditions for the existence of smooth densities, see Subsection 6.7.2. 

This chapter is taken from [FLS01], see also [FLS99]. 



7. Quasi-invariance formulas for components of quantum Levy processes 

The Girsanov type formula in Proposition 6.4.6 actually contains the classical Gir- 
sanov formula for Brownian motion with a deterministic drift as a special case. In 
Chapter 7, we study this situation in more detail. We start from a quantum stochastic 
process whose restriction to a commutative subalgebra gives a classical stochastic pro- 
cess. Then we choose unitary operators and let them act on the range of the quantum 
stochastic process. This action can be computed in two ways. We can let the unitary 
act on the algebra or on the state vector. Since the expectations computed either way 
have to agree, this leads to a kind of quasi-invariance formula. Under certain conditions 
this quasi-invariance formula carries over to the classical process. 

The basic idea of this construction is described in Section 7.3. In the following 
section we give several examples, including the classical Girsanov formula and a quasi- 
invariance formula for the Gamma process recently obtained by Tsilevich, Vershik, 
and Yor [TVYOO, TVY01]. We also derive a new invariance formula for the Meixner 
process, see Subsection 7.4.6. 



8. Levy processes and dilations of completely positive semigroups 

Let Ud be the free *-algebra generated by indeterminates Uij, u*j, i,j = l,...,d, 
with the relations 



D k B = (k, DB) 



d 




3=1 



d 
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The *-algebra Ud is turned into a *-bialgebra, if we define A : U d — > Ud <8> Ud and 
e : Ud — > C on the generators by 



and extend them as *-algebra homomorphisms. Schiirmann [Sch90] has shown that 
the Hudson-Parthasarathy cocycles which are used to construct dilations of quantum 
dynamical semigroups on M. d are equivalent to Levy processes on Ud- 

In Chapter 8, we classify the Gaussian generators and all generators on U d) see 
Theorems 8.3.1 and 8.3.3. We also recall how dilations of quantum dynamical semi- 
groups on Aid can be constructed from Levy processes on Ud- Furthermore, we give the 
relation between the generator of the quantum dynamical semigroup and the generator 
of the Levy process. 



d 




Part 1 



The Theory of Levy Processes on 
Involutive Bialgebras 



CHAPTER 1 



Levy Processes on Involutive Bialgebras 



Levy processes on involutive bialgebras first appeared in models of the laser, cf. 
[Wal73, Wal84]. Their algebraic framework was formulated in [ASW88]. They are 
a generalization of both classical stochastic processes with independent and stationary 
increments, called Levy processes, and factorizable current representations of groups 
and Lie algebras. 

In this Chapter we will give the definition of these processes, cf. Section 1. 

In Section 2 be will begin to develop their basic theory. We will see that the 
marginal distributions of a Levy process form a convolution semigroup of states and 
that we can associate a generator with a Levy process on an involutive bialgebra, that 
characterizes uniquely its distribution, like in classical probability. By a GNS-type 
construction we can get a so-called Schiirmann triple from the generator. 

This Schiirmann triple can be used to obtain a realization of the process on a 
symmetric Fock space, see Section 3. This realization can be found as the (unique) 
solution of a quantum stochastic differential equation. It establishes the one-to-one 
correspondence between Levy processes, convolution semigroups of states, generators, 
and Schiirmann triples. We will not present the proof of the representation theorem 
here, but refer to [Sch93, Chapter 2]. 

In Section 4, we present a recent unpublished result by Franz and Skeide. If the 
cocycle of the Schiirmann triple is surjective, then the vacuum vector is cyclic for the 
Levy process constructed on the symmetric Fock space via the representation theorem. 

Finally, in Section 5, we look at several examples. 

For more details, see also [Sch93][Mey95, Chapter VII][FS99]. 

1. Definition of Levy processes on involutive bialgebras 

A quantum probability space in the purely algebraic sense is a pair (A, 3>) consisting 
of a unital *-algebra A and a state (i.e. a normalized positive linear functional) $ on A. 
A quantum random variable j over a quantum probability space (.4., $) on a *-algebra 
B is simply a *-algebra homomorphism j : B — > A. A quantum stochastic process is an 
indexed family of random variables (jt)tei- F° r a quantum random variable j : B — > A 
we will call tpj = $ o j its distribution in the state $. For a quantum stochastic process 
(jt)tei the functionals ip t = $ o j t : B — > C are called marginal distributions. The joint 
distribution $ o (]J tgJ jt) of a quantum stochastic process is a functional on the free 
product \J teI B, see Chapter 2. 

Two stochastic processes ( jl 1 } :B->Ai) and ( j? ] : B ^ A 2 ) on B over 

V / tei V / tei 

(Ai,$i) and (.4.2, $2) are called equivalent, if there joint distributions coincide. This 
is the case, if and only if all their moments agree, i.e. if 




holds for all n e N, ti, . . . , t n e / and all b 



...,&„ E £>. 
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1. LEVY PROCESSES ON INVOLUTIVE BIALGEBRAS 



The term 'quantum stochastic process' is sometimes also used for an indexed family 
(Xtjtei of operators on a Hilbert space or more generally of elements of a quantum 
probability space. We will reserve the name operator process for this. An operator 
process (X t ) teI C A always defines a quantum stochastic process (j t : C(a, a*) — > A) teI 
on the free *-algebra with one generator, if we set jt(a) = X t and extend jt as a *- 
algebra homomorphism. On the other hand operator processes can be obtained from 
quantum stochastic processes (j t : B — > A)tei by choosing an element x of the algebra 
B and setting X t = j t (x). 

The notion of independence we use for Levy processes on involutive bialgebras is the 
so-called tensor or boson independence. In Chapter 2 we will see that other interesting 
notions of independence exist. 

1.1. Definition. Let (A,<&) be a quantum probability space and B a *-algebra. 
The quantum random variables j±, . . . , j n : B — > A are called tensor or boson indepen- 
dent (w.r.t. the state $), if 

(i) $(ji(6i)---j n (M) = ■••®(jn(bn)) for all &i,...,& n G B, and 

(ii) [ji(6i),j fc (62)] = for all k ^ I and all b u b 2 G B. 

Recall that an involutive bialgebra (£>, A, e) is a unital *-algebra £> with two *- 
homomorphisms A : £> ^ £> £g> £>, e : B ^ C called coproduct and counit, satisfying 

(id <S> A) o A = (A <S> id) o A (coassociativity) 

(id (8) e) o A = id = (e <S> id) o A (counit property). 

Let ji, j 2 : B — > ^4 be two linear maps with values in some algebra ^4, then we define 
their convolution j 1 * j 2 by 

h *h = m A o (j x ®j 2 ) o A. 

If ji and j2 are two independent quantum random variables, then is again a quan- 
tum random variable, i.e. a *-homomorphism. The fact that we can compose quantum 
random variables allows us to define Levy processes, i.e. processes with independent 
and stationary increments. 

1.2. Definition. Let B be an involutive bialgebra. A quantum stochastic process 
(jst)o<s<t on £> over some quantum probability space (A, <&) is called a Levy process, if 
the following four conditions are satisfied. 

(1) (Increment property) We have 

jrs*3st = jrt for all < r < s < t, 
ju = loe for all < t. 

(2) (Independence of increments) The family (j s t)o<s<t is independent, i.e. the 
quantum random variables js^, ■ ■ ■ ,j s „t„ are independent for all n G N and 
all < si < h < s 2 < ■ ■ ■ < t n . 

(3) (Stationarity of increments) The distribution <p st = $ o j st of j st depends only 
on the difference t — s. 

(4) (Weak continuity) The quantum random variables j st converge to j ss in dis- 
tribution for t \ s. 

Recall that an (involutive) Hopf algebra (B, A,e, S) is an (involutive) bialgebra 
(£>, A, e) equipped with a linear map called antipode S : B — > B satisfying 

(1.1) S*id = 1 oe = id*S. 
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The antipode is unique, if it exists. Furthermore, it is an algebra and coalgebra anti- 
homomorphism, i.e. it satisfies S(ab) = S(b)S(a) for all a,b G B and (S <g) S) o A = 
roAoS, where r : B <g> B -> B ® B is the flip r(a <g> 6) = 6 <g> a. If (£, A, e) is an 
involutive bialgebra and S : B — > £> a linear map satisfying (1.1), then 5 satisfies also 
the relation 

S , o*oS , o* = id, 

in particular, it follows that S is invertible. 

One can show that if (jt)t>o is any quantum stochastic process on an involutive 
Hopf algebra, then the quantum stochastic process defined by 

jst = m A o ((j s o5)0 j t ) o A, 

for < s < t, satisfies the increment property (1) in Definition 1.2. A one-parameter 
stochastic process (jt)t>o on a Hopf *-algebra H is called a Levy process on H, if its 
increment process (j s t)o<s<t with j st = ((j s o 5) ® j t ) o A is a Levy process on H in the 
sense of Definition 1.2. 

Let (j s t)o<s<t be a Levy process on some involutive bialgebra. We will denote the 
marginal distributions of (j s t)o< s <t by ip t - s = $ o j st . Due to the stationarity of the 
increments this is well defined. 

1.3. Lemma. The marginal distributions (</?t)t>o of a Levy process on an involutive 
bialgebra B form a convolution semigroup of states on B, i.e. they satisfy 

(1) (po = e, (p s * <ft — fs+t for all s,t > 0, and lim t \ Vt(&) = e (B) for all b G B, 
and 

(2) ^ t (l) = I, and (p t (b*b) > for allt>0 and all beB. 

Proof. (p t = $oj ot is clearly a state, since j ot is a *-homomorphism and $ a state. 
From the first condition in Definition 1.2 we get 

ip = $ o j 00 = $(l) e = e , 

and 

V? s+t (6) = $(jo, s+ t(b)) = $ (5^J'o-(6(i))j«,»+t(6(2))) , 

for beB, A(b) = ^(i) <8>fc(2)- Using the independence of increments, we can factorize 
this and get 

<p a+t (b) = ^^O'o.(6(i)))^0' a ,.+t( 6 (2))) =5^V.(6(i))¥'t(6(2)) 
= ¥» a ®¥» t (A(6)) = <p 8 *<p t (b) 

for all G B. 

The continuity is an immediate consequence of the last condition in Definition 

1.2. □ 

1.4. Lemma. TTie convolution semigroup of states characterizes a Levy process on 
an involutive bialgebra up to equivalence. 

Proof. This follows from the fact that the increment property and the indepen- 
dence of increments allow to express all joint moments in terms of the marginals. E.g., 
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for < s < u < v and a,b,c G B, the moment $(j su ( a )ist(&).7sj;( c )) becomes 
$(jsu(a)jst(b)j sv (c)) = $((jst *jtu)(a)jst(b)(j s t*jtu*juv)(c)) 

= $ (jst (O(l) )jtu (fl(2) ) jrf (6)^ (C(i) jiu (C( 2 ) ju« (C( 3 ) ) ) 
= $ (jrf (O(l) 6C(i) ) jtu (a (2 ) C (2 ) ) j u „ (C( 3 ) ) ) 
= (fts (a(i)feC(i) )f u -t (0(2) C( 2 ) ) Vu-u (C(3) • 

□ 

It is possible to reconstruct process (j s t)o<s<t from its convolution semigroups, see 
[Sch93, Section 1.9] or [FS99, Section 4.5]. Therefore, we even have a one-to-one 
correspondence between Levy processes on B and convolution semigroups of states on 
B. 

2. The generator and the Schiirmann triple of a Levy process 

In this section we will meet two more objects that classify Levy processes, namely 
their generator and their triple (called Schiirmann triple by P.-A. Meyer, see [Mey95, 
Section VII. 1.6]). 

We begin with a technical lemma. 

2.1. Lemma. (a): Let tp : C — > C be a linear functional on some coalgebra C. 

Then the series 

exp ^(6) = ^ = £ ^ + ^ + ^ * ^ + • • • 

n=0 

converges for all b G C. 
(b): Let (<pt)t>o be a convolution semigroup on some coalgebraC. Then the limit 

L(b)=lun- t ( Vt (b)-e(b)) 

exists for all b G C. Furthermore we have tp t = exptL for all t > 0. 

The proof of this Lemma uses the fundamental theorem of coalgebras [Swe69], 
which states that for any element c of a coalgebra C there exists a finite-dimensional 
subcoalgebra C b of C containing b. 

2.2. Proposition. (Schoenberg correspondence) Let B be an involutive bial- 
gebra, ((fit)t>o a convolution semigroup of linear functionals on B and 

L = lim -((ft — e). 

Then the following are equivalent. 

(i) : ((fit)t>o is a convolution semigroup of states. 

(ii) : L : B — > C satisfies L(l) = 0, and it is hermitian and conditionally positive, 
i.e. 

L(b*) = W) 

for all b G B, and 

L(b*b) > 

for allb eB with e(b) = 0. 
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Proof. We prove only the (easy) direction (i)=^(ii), the converse follows from the 
representation theorem 3.1, whose proof can be found in [Sch93, Chapter 2]. 

The first property follows by differentiating <£>t(l) = 1 w.r.t. t. 

Let b G B, e(b) = 0. If all (p t are states, then we have (ft(b*b) > for alH > and 
therefore 

L(b*b) = Hm 1(^(6*6) -e(b*b)) = ^^j^ > 0. 
Similarly, L is hermitian, since all ip t are hermitian. □ 

We will call a linear functional satisfying condition (ii) of the preceding Proposition 
a generator. Lemma 2.1 and Proposition 2.2 show that Levy processes can also be 
characterized by their generator L — ^| t=0 ^t- 

Let D be a pre-Hilbert space. Then we denote by C(D) the set of all linear operators 
on D that have an adjoint defined everywhere on D, i.e. 

there exists X* : D — > D linear s.t. 
(u,Xv) = (X*u,v) for all u,v G D 



C(D) = |X : D —> D linear 
C(D) is clearly a unital *-algebra. 



2.3. Definition. Let B be a unital *-algebra equipped with a unital hermitian 
character e : B — > C (i.e. = 1, e(b*) = e(b), and e(ab) = e(a)e(b) for all a, 6 G £>). 
A Schiirmann triple on (B, e) is a triple (p, 77, L) consisting of 

• a unital ^representation p : B — > >C(D) of i3 on some pre-Hilbert space D, 

• a p-£-l-cocycle 77 : £> — > D, i.e. a linear map 77 : B — > D such that 

(2.1) 77(06) = p(a)r/(6) + 77(0)5(6) 
for all a,b E B, 

• and a hermitian linear functional L : /3 — > C that has the linear map B x B 3 

(a,b) 1— > —(i](a*), i](b)) as a e-e-2-coboundary, i.e. that satisfies 

(2.2) -(77(0*), 77(6)) = <9L(a, 6) = e(a)L(6) - L(a6) + L(a)e(6) 
for all a,b <E B. 

We will call a Schiirmann triple surjective, if the cocycle 77 : £> — > D is surjective. 

2.4. THEOREM. Lei /3 6e an involutive bialgebra. We have one-to-one correspon- 
dences between Levy processes on B (modulo equivalence) , convolution semigroups of 
states on B, generators on B, and surjective Schiirmann triples on B (modulo unitary 
equivalence) . 

Proof. It only remains to establish the one-to-one correspondence between gen- 
erators and Schiirmann triples. 

Let (p, 77, L) be a Schiirmann triple, then we can show L is a generator, i.e. a 
hermitian, conditionally positive linear functional with L(l) = 0. 

The cocycle has to vanish on the unit element 1, since 

77(1) = 77(1 ■ 1) = p(l)77(l) + 77(1)^(1) = 277(1). 

This implies 

L{1) = L(l ■ 1) = e(l)L(l) + (77(1), 77(1)> + L(l)e(l) = 2L(1) = 0. 
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Furthermore, L is hermitian by definition and conditionally positive, since by (2.2) we 
get 

L(b*b) = (r ] (b),r ] (b)} = \\r ] (b)\\ 2 >0 

for b G ker e. 

Let now L be a generator. The sesqui-linear form (•, -)l : B x B — ■> defined by 



(a,6) L = L((a-e(a)l)*(6-e(6)l)) 



for a, ft G £> is positive semi-definite, since L is conditionally positive. Dividing B by 
the null-space 

N L = {aeB\(a,a) L = 0} 

we obtain a pre-Hilbert space -D = B/Ml with a positive definite inner product (•, •) 
induced by (•, For the cocycle i] : B — > L> we take the canonical projection, this is 
clearly surjective and satisfies Equation (2.2). 

The ^representation p is induced from the left multiplication on B on kere, i.e. 

p(a)r)(b — e(b)l) = r)(a(b — s(b)l) j or p(a)r)(b) — rj(ab) — r)(a)e(b) 

for a,b G B. To show that this is well-defined, we have to verify that left multiplication 
by elements of B leaves the null-space invariant. Let therefore a,b G B, b G Ml, then 
we have 

(a(&-e(6)l)) 2 = Z,((a&-ae(&)l)*(a&-ae(&)l)) 

= L((&-e(&)l)V(a6-ae(&)l)) = (6 - £(6)1, a*a(6 - e(6)l)) J 

< ||6-£(6)1|| 2 ||a*a(6-e(6)l|| 2 = 0, 

with Schwarz' inequality. 

That the Schiirmann triple (p, 77, L) obtained in this way is unique up to unitary 
equivalence follows similarly as for the usual GNS construction. □ 

2.5. Example. Let (X t ) t >o be a classical real-valued Levy process on a probability 
space (fi,jF, P)), whose characteristic function 

E(e iuXt ) = expt (idu - °—u 2 + / (e iu:c - 1 - itxa;l| x |<i)di/(a:) > ) 

V 2 JM\{0i / 



is analytic in a neighborhood of 0. We will now define a Levy process on the free 
algebra C[x] generated by one symmetric element x = x* with the coproduct and 
counit determined by A(x) = x<g>l + l<g>x and e(x) = 0, whose moments agree with 
those of (X t ) t >o, i.e. such that 

${jst(x k )) =E((X t -X s ) k ) 

holds for all k G N and all < s < t. Furthermore, we will construct its Schiirmann 
triple. 

We take A = Pol(X), i.e. the algebra generated by {X t \t > 0}, and for the the 
state $ we take the expectation functional. The Levy process is defined by j s t{% k ) — 
(X t — X s ) k , for < s < t. It is straightforward to verify that this defines indeed a 
Levy process on C[x}. 
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Our assumptions allow us compute the generator L as 



L{x k ) 



$ (jot(x k )) 



t=Q 



d 
dt 







t=o 
k 
k 



d 
dt 



t=o 



1 d fe 



E(e 



iuXt' 



U=0 



L 2 {y). The repre- 



0, 

^ + Jr\{o} z 2 di/(x) fc = 2, 
/r\{o} x k dv(x) k>3. 

We can define the Schurmann triple on the Hilbert space H — C 
sent at ion p acts as 

p(p)(A,/) = (p(0)A,p/) 

for a polynomial p G C[x], and A G C, / G L 2 (v). The cocycle : C[x] — > if can be 
written as 

v(p) = (o-p'(o),p-p(o)) 

where p' denotes the first derivative of p. It is not difficult to check that this defines 
indeed a Schurmann triple. 

For the classification of Gaussian and drift generators on an involutive bialgebra B 
with counit e, we need the ideals 

K = ker e, 

K 2 = span {ab\a, b G K}, 
K 3 = span {abc\a, b, c G K}. 

2.6. Proposition. Let L be a conditionally positive, hermitian linear functional 
on B. Then the following are equivalent. 

(i) : V = 0, 

(ii) : L\ K 2 =0, 

(iii) : L is an e- derivation, i.e. L(ab) = e(a)L(b) + L(a)e(b) for all a,b G B, 

(iv) : The states ip t are homomorphisms, i.e. (pt( a b) = Vt^Vtip) for all a,b G B 
and t > 0. 

If a conditionally positive, hermitian linear functional L satisfies one of these condi- 
tions, then we call it and the associated Levy process a drift. 

2.7. Proposition. Let L be a conditionally positive, hermitian linear functional 
on B. 

Then the following are equivalent. 



(i): L\ 



(ii) : L(b*b) = for all B G K 2 , 

(iii) : L(abc) = L(ab)e(c) + L(ac)e(b) + L(bc)e(a) — e(ab)L(c) — e(ac)L(b) — 
e(bc)L(a) for all a, b, c G B, 

(iv) : p\x = for the representation p in the surjective Schurmann triple (p, r), L) 
associated to L by the GNS-type construction presented in the proof of Theorem 

2.4, 

(v) : p = el, for the representation p in the surjective Schurmann triple (p, p, L) 
associated to L by the GNS-type construction presented in the proof of Theorem 

2.4, 

(vi) : i]\ K 2 = for the cocycle p in any Schurmann triple (p, r),L) containing L, 
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(vii): i](ab) = e(a)r)(b) + r)(a)e(b) for all a,b e B and the cocycle rj in any 
Schiirmann triple (p,7],L) containing L. 

If a conditionally positive, hermitian linear functional L satisfies one of these condi- 
tions, then we call it and also the associated Levy process quadratic or Gaussian. 

2.8. Proposition. Let L be a conditionally positive, hermitian linear functional 
on B. The the following are equivalent. 

(i) : There exists a state ip : B — > C and a real number A > such that 

L(b) = \(ip(b) - e(b)) 

for all b e B. 

(ii) : There exists a Schiirmann triple (p, rj, L) containing L, in which the cocycle 
i] is trivial, i. e. of the form 

v (b) = (p(b) - e(b))u, forallbeB, 

for some non-zero vector uj G D. 

If a conditionally positive, hermitian linear functional L satisfies one of these condi- 
tions, then we call it a Poisson generator and the associated Levy process a compound 
Poisson process. 

Proof. To show that (ii) implies (i), set (p(b) = (u,p(b)u) and A = |M| 2 . 
For the converse, let (D,p,u) be the GNS triple for (B,tp) and check that (p,r],L) 
with r](b) = (p(b) — e(b))u, b e B defined a triple. □ 

2.9. Remark. The Schiirmann triple for a Poisson generator L = X((p — e) obtained 
by the GNS construction for tp is not necessarily surjective. Consider, e.g., a classical 
additive M-valued compound Poisson process, whose Levy measure p is not supported 
on a finite set. Then the construction of a surjective Schiirmann triple in the proof 
of Theorem 2.4 gives the pre-Hilbert space Dq = span{a; fc |A; = 1,2, . . .} C L 2 (R, p). 
On the other hand, the GNS-construction for f leads to the pre-Hilbert space D = 
span {x k \k = 0, 1, 2, . . .} C L 2 (IR, p). The cocycle r\ is the coboundary of the constant 
function, which is not contained in D . 

3. The representation theorem 

The representation theorem gives a direct way to construct a Levy process from 
the Schiirmann triple, using quantum stochastic calculus. 

3.1. Theorem. (Representation theorem) Let B be an involutive bialgebra and 
(p,r),L) a Schiirmann triple on B. Then the quantum stochastic differential equations 

(3.1) dj st = j st * (dA* t o rj + dA t o (p - e) + dA t o rj o * + Ldt) 

with the initial conditions 

j ss = el 

have a solution (j s t)o<s<t- Moreover, in the vacuum state <£>(•) = (Q, -Q), (j s t)o< s <t is 
a Levy process with generator L. 

Conversely, every Levy process with generator L is equivalent to (j s t)o<s<t- 
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For the proof of the representation theorem we refer to [Sch93, Chapter 2]. 
Written in integral form and applied to an element b G B with A(b) = &(i) <8>&(2), 
Equation (3.1) takes the form 

j^b) =e(b)l+J* j„(b (1) )(dA^{ V (b^ 

One can show that 

dM t = dA* t o r] + dA t o (p - e) + dA t o 77 + Ldt 

formally defines a *-homomorphism on ker e = Bq, if we define the algebra of quantum 
stochastic differentials (or Ito algebra, cf. [Bel98] and the references therein) over some 
pre-Hilbert space D as follows. 

The algebra of quantum stochastic differentials 2(D) over D is the *-algebra gen- 
erated by 

{dA(F)|F G C(D)} U {dA*{u)\u G D} U {dA{u)\u G D} U {dt}, 
if we identify 

dA(AF + fiG) = AdA(F) +/idA(G), 
dA*(\u + /iv) = XdA*{u) +(jdA*(v), 
dA(\u + fiv) = XdA(u) +~pdA(v), 
for all F, G G C(D), u, v G D, A, G C. The involution of J(D) is defined by 

dA(F)* = dA(F*), 
(dA*(u)y = dA(u), 
dA{u)* = dA*(u), 
for F G C(D), u £ D, and the multiplication by the Ito table 



• 


dA*{u) 


dA(F) 


(L4(u) 


dt 


dA*(v) 














dA(G) 


dA*(Gu) 


dA(GF) 








dA(v) 


(v, u)dt 


dA(F*v) 








dt 















for all F,G G C(D), u,v G D, i.e. we have, for example, 

dA(v) • dA*(w) = (v, u)dt, and dA*(w) • dA(v) = 0. 

3.2. Proposition. Let (j s t)o<s<t be a Levy process on a *-bialgebra B with Schiirmann 
triple (p,rj,L), realized on the Fock space T(L 2 (M. + , D)) over the pre-Hilbert space D. 
Let furthermore u be a unitary operator on D and u G D. Then the quantum stochastic 
differential equation 

dU t = U t (dA t (u) - dA* t (ucu) + dA t (u - 1) - ^j-dtj 

with the initial condition Uq — 1 has a unique solution (U t )t>o with U t a unitary for all 
t > 0. 

Furthermore, the quantum stochastic process (j s t)o<s<t defined by 

~3st(b) = U* t j st (b)U u forbeB, 
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is again a Levy process with respect to the vacuum state. The Schiirmann triple (p, fj, L) 
of (jst)o<s<t is given by 

p(b) = u*p(b)u, 

fj(b) = u*r)(b) — u*p(b)uu, 

L(b) = L(b) — (vw,r)(b)) + (r)(b),uu) + (uu , p{b)uuj) 
= L(b) - (u, fj(b)) + (V{b),u) ~ P( b P) 
On exponential vectors the operator process {U t )t>o can be given by 

where T t (u) denotes the second quantization of u. (U t )t>o is a unitary local cocycle, 
cf. [Lin03, Bha03]. 
Setting 

h{x) = u t 

and extending this as a *-homomorphism, we get a Levy process on the group algebra 
A = CZ. The algebra A can be regarded as the *-algebra generated by a unitary x, 
i.e. CZ = C(x,x*) / {xx* — l,x*x — 1). Its Hopf algebra structure is given by 

e(x) = 1, A(x) = x <S> x, S(x)—x*. 

Now it is straightforward to verify that (j s t)o<s<t is a Levy process, using the 
information on (U t )t>o we have due to the fact that it is a local unitary cocycle or a 
Levy process. 

Using the quantum Ito formula, one can then show that (j s t)o< s <t satisfies the 
quantum stochastic differential equation 

djst = 3 st * (dA* t o 77 + dA t o (p - e) + dA t o fj o L + Ldt) 

with initial condition j ss = el, and deduce that (p,fj, L) is a Schiirmann triple for 

\Jst)o<s<t- 

3.3. Corollary. If the cocycle i] is trivial, then (j s t)o< s <t is cocycle conjugate to 
the second quantization (L s t(p)) 0<s<t of p. 

4. Cyclicity of the vacuum vector 

Recently, Franz and Skeide [FSS03] have shown that the vacuum vector is cyclic 
for the realization of a Levy process over the Fock space given by Theorem 3.1, if the 
cocycle is surjective. 

4.1. Theorem. Let (p,r),L) be a surjective Schiirmann triple on an involutive 
bialgebra B over D and let (j s t)o<s<t be the solution of Equation (3.1) on the Fock 
space r(L 2 (R + , £>)) . Then the vacuum vector Q is cyclic for (j s t)o<s<t, z.e. 

span-{j Sltl (&i) • • • j Sntn (b n )Q\n e N, < si < h < s 2 < ■ • • < t n , h, . . . , b n e B) 

is dense in T(L 2 (R + ,D)). 

The proof which we will present here is due to Skeide. It uses the fact that the 
exponential vectors of indicator functions form a total subset of the Fock space. 
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4.2. Theorem. [PS98, SkeOO] Let f) be a Hilbert space and B G f) a total subset 
of h. Let furthermore 1Z denote the ring generated by bounded intervals in R+. Then 

{£(vl r )\v eB,I eTZ} 

is total in r(L 2 (M + , h)). 

We first show how exponential vectors of indicator functions of intervals can be 
generated from the vacuum vector. 

4.3. Lemma. Let < s < t and b G kere. For n GN, we define 

nf s>t] (6) = j StS+s (i + b)j s+s , s+2S (i + b) ■ ■ -jtsAi + %- ( *- s)L(b) , 

where 5 = (t — s)/n. Then Yl^ st ^(b)Q converges to the exponential vector S(r](b)l[ s t\) 

PROOF. Let b G B and k E D. Then the fundamental lemma of quantum stochastic 
calculus implies 

{S(kl [0 ,T\),Mb)n)=e(B)+ / ,t (5(A;l [ o )31 ),j 8T (6 (1) )n>((A ; ,77(6 (2) )> + L(6 (2) ))dr 

J s 

for < s < t < T . This is an integral equation for a linear functional on £>, it has a 
unique solution given by the convolution exponential 

(£(kl [0 , T] ),j st (b)Q) = ex P+ (t - s)({k,r](b)) + L(b)). 

Let b G kere, then we have 

(S(kl [0 , T] ),j st (l + b)e-<!-W>n) = l + (t- s)(k,r ] (b)} + O (t - s) 2 ) . 

for all < s < t < T. 
Furthermore, we have 

( 3st (l + b)e-^ L ^n, 3st (i + b)e^~ s ^n) 
= (tt,j st ((l + 6)*(1 + 6))e-(*- s )( L ( 6 ) +L ( 6 *))fi) 
= (1 + Vt _ s (b*) + <p t _ s {b) + ^ S (b*b))e-^ L ^ +L ^ 
for b G kere, and therefore 

(j st (l + b)e-^ L ^n,j st (l + b)e~^ L ^n) = l + (t- s)(r)(b),r)(b)) +0((t- s) 2 ) . 
These calculations show that U™ s ^(b)Q converges in norm to the exponential vectors 
£(?7(&)l[ Sit ]), since using the independence of increments of (j s t)o<s<t, we get 

||nf Sjt] (6)Q-£:(^)i M )|| 2 = (nf S;t] (6)fi,nf Sit] (6)fi) - (np^(6)n,f {v(b)i [s , t] )) 

-(S(r](b)l [s , t] ),U^ t] (b)Q) + (S^b)!^)^^)!^ 



2 



= (l+dW^W' + O^y-e^^U 

n^oo 

□ 

Proof, (of Theorem 4.1) We can generate exponential vectors of the form £(vli), 
with / = 1\ U ■ • • U Ik G 1Z a union of disjoint intervals by taking products 

n?(6) = ny 1 (6)...ny h (6) 

with an element b G kere, 77(6) = v. If rj is surjective, then it follows from Theorem 4.2 
that we can generate a total subset from the vacuum vector. □ 
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If the Levy process is defined on a Hopf algebra, then it is sufficient to consider 
time-ordered products of increments corresponding to intervals starting at 0. 

4.4. Corollary. Let H be a Hopf algebra with antipode S. Let furthermore 
(p,r),L) be a surjective Schiirmann triple on H over D and (j s t)o<s<t the solution 
of Equation (3.1) on the Fock space F(L 2 (IR + , D)) . Then the subspaces 

= span{j otl (6i) • • • j otn (b n )n\n G N, < h < t 2 <■■■< t n , b u ...,b n G H}, 

H l = span{j otn (6i) • • ■ j otl (b n )Vt\n G N, < fi < f 2 <•••<*„, &i, ...,&„ G H}, 

are dense in F(L 2 (IR + , /})) . 

4.5. REMARK. Let (p,r],L) be an arbitrary Schiirmann triple on some involutive 
bialgebra B and let (j s t)o< s <t be the solution of Equation (3.1) on the Fock space 
r(L 2 (R + , £>)). Then we have Hi C Ho and Hi C Ho for the subspaces Hi, Hi, Ho Q 
r(L 2 (R + , .D)) defined as in Theorem 4.1 and Corollary 4.4. This follows since any 
product js^ipi) • • • j s „t n (b n ) with arbitrary bounded intervals [si,ti], . . . [s n ,£ n ] C R + 
can be decomposed in a linear combination of products with disjoint intervals, see the 
proof of Lemma 1.4. 

E.g., for jo s (a)jo t (b), a, b G B, < s < t, we get 

3os(a)jot(b) = jos(ab {1 ))j st (b {2 )) 

where A(b) = b^ <8> &( 2 ). 

Proof. The density of Hi follows, if we show Hi = Ho- This is clear, if we show 
that the map T\ : H®H ->■ H®H, 7\ = (m<g>id) o (id® A), i.e., T^a^b) = ab^^b^) 
is a bijection, since 

joh(bi) ■ ■ ■ jot n ( b n) 

= roSr 1 ' o ® Jtlt2 ® • • • ® j tn _ ltn ) ((&! ® l^) (A(6 2 ) ® 1«(- 2 )) ■ ■ ■ (A^ 1 ))) 
= o ( Jotl ® j tlt2 <g> ■ ■ ■ <g> j tn _ ltn ) o 7; (n) (6i <g> • • • <g> 6 n ), 

where 

j>) _ ^ ^ i(j ff(8(n _ 2) ^ (i£ H ^j 1 ^ id H ®(„-3)) o • • • o (id H ®(„-2) ® 7\) 

see also [FS99, Section 4.5]. To prove that 7\ is bijective, we give an explicit formula 
for its inverse, 

Tf 1 = (m <g> id) o (id (8) 5 <g> id) o (id <g> A). 

To show Hi = Ho it is sufficient to show that the map T 2 : H ® H — > H ® H , 
T 2 = (m ® id) o (id ® r) o (A ® id), T 2 (a <8> 6) = a(i)6 <8> a( 2 ) is bijective. This follows 
from the first part of the proof, since 7\ = (* <8> *) o T 2 o (* <g> *). □ 

The following simple lemma is useful for checking if a Gaussian Schiirmann triple 
is surjective. 

4.6. Lemma. Let (p,r),L) be a Gaussian Schiirmann triple on a *-bialgebra B and 
let G C B be a set of algebraic generators, i.e. 

span{#i • ••g n \n G N, gi, . . . , g„ G G} = B. 

T/ien we /lave 

span 77(G) = 77(B). 
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Proof. For Gaussian Schurmann triples one can show by induction over n, 

n 

V(9i---9n) = ^2e(9i ■ ■ ■ 9k-i9k+i ■ ■ ■ 9n)v(9k)- 

k=l 

□ 

5. Examples 

5.1. Additive Levy processes. For a vector space V the tensor algebra T(V) is 
the vector space 

T(V) = 0V 0n , 

neN 

where V® n denotes the n-fold tensor product of V with itself, V®° = C, with the 
multiplication given by 

(v 1 <g> • ■ ■ <8 v n ) (w l <8 • • ■ ® iu m ) = <8) • • • (8) v n (8) iui <8) • • • <8 iu m , 

for n, m G N, f i, . . . , v n , w± : . . . , w m E V. The elements of UneN V® n are called homo- 
geneous, and the degree of a homogeneous element a ^ is n if a G \/® n . If {i>j|i G /} 
is a basis of V, then the tensor algebra T(V) can be viewed as the free algebra gener- 
ated by Vi, i G /. The tensor algebra can be characterized by the following universal 
property. 

There exists an embedding % : V — > T(V) of V into T(V) such that for any 
linear mapping R : V ^ A from V into an algebra there exists a unique algebra 
homomorphism T(R) '■ T{V) — > „4 such that the following diagram commutes, 



V — -^A 




T(V) 

i.e. T(R) o % = R. 

Conversely, any homomorphism Q : T(V) ^ A is uniquely determined by its 
restriction to V. 

In a similar way, an involution on V gives rise to a unique extension as an involution 
on T(V). Thus for a *- vector space V we can form the tensor *-algebra T{V). The 
tensor *-algebra T(V) becomes a *-bialgebra, if we extend the linear *-maps 

e : V^C, e(v) = 0, 

A : V -> T(F) ® T(y), A(u) = + 

in the same way. We will denote the coproduct T(A) and the counit T(e) again by 
A and e. The tensor *-algebra is even a Hopf *-algebra with the antipode defined by 
S(v) = —v on the generators and extended as an anti-homomorphism. 

We will now study Levy processes on T(V). Let D be a pre-Hilbert space and 
suppose we are given 

(1) a linear *-map R : V — > C(D), 

(2) a linear map N : V ^ D, and 

(3) a linear *-map ip : V — > C (i.e. a hermitian linear functional), 
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then 

(5.1) J t (v) = A t (R(v))+A* t (N(v))+A t (N(v*))+t^(v) 

for v G V extends to a Levy process (jt)t>o, jt = 1~(J t ), on T(V) (w.r.t. the vacuum 
state). 

In fact, all Levy processes on T(V) are of this form, cf. [Sch91b]. 

The maps (R, N, tp) can be extended to a Schurmann triple on T(V) as follows 

(1) Set p = T(R). 

(2) Define r] : T(V) -> D by r?(l) = 0, 77^) = N(y) for oGV, and 

r}(vi <8> • • • <8> v n ) = R{vi) ■ ■ ■ R{v n -i)N(v n ) 

for homogeneous elements v± <g> ■ ■ ■ <g> v n G \/® n , n > 2. 

(3) Finally, define L : T(V) -> C by L(l) = 0, L(u) = ^(u) for 1)6 V, and 

77(^1 ® ®v n )-^ ^ M R(v2) R{Vn _ i)N{Vn ^ if „ > 3j 

for homogeneous elements f 1 ® • • • <E> f n G \/® n , n > 2. 
One can prove furthermore that all Schurmann triples of T(V) are of this form. 

5.2. Levy processes on real Lie algebras. The theory of factorizable represen- 
tations was developed in the early seventies by Araki, Streater, Parthasarathy, Schmidt, 
Guichardet, • • • , see, e.g. [Gui72, PS72] and the references therein, or Section 5 of 
the historical survey by Streater [StrOO]. In this Section we shall see that in a sense 
this theory is a special case of the theory of Levy processes on involutive bialgebras. 

5.1. Definition. A Lie algebra q over a field IK is a K-vector space with a linear 
map [•,•]: Q x g — > g called Lie bracket that satisfies the following two properties. 

(1) Anti-symmetry: for all X, Y G Q, we have 

[X,Y] = [Y,X]. 

(2) Jacobi identity: for all X, Y, Z G 5, we have 

[X, [Y, z\] + [y, [Z, X]] + [Z, [X, Y}] = 0. 

For K = R, we call q a real Lie algebra, for K = C a complex Lie algebra. 

If „4 is an algebra, then [a, b] = ab — ba defines a Lie bracket on A. 

We will see below that we can associate a Hopf *-algebra to a real Lie algebra, 
namely its universal enveloping algebra. But it is possible to define Levy processes on 
real Lie algebras without explicit reference to any coalgebra structure. 

5.2. Definition. Let q be a Lie algebra over M, D be a pre-Hilbert space, and 
flGDa unit vector. We call a family (j st : q — > £(/})) 0<s<t of representations of q by 
anti-hermitian operators (i.e. satisfying j st (X)* = —j st (X) for all X G g, < s < t) a 
Levy process on g over L> (with respect to Q), if the following conditions are satisfied. 

(1) (Increment property) We have 

j st (X) + j tu (X) = j su (X) 
for all < s < t < u and all X G g. 
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(2) (Independence) We have [j st (X), j sV (Y)] = for all X, Y G 0, < s < t < 
s' < t' and 

(Qjs^ix^ ■ ■■ 3sntn (x n ) k -n) = (njs^x^Q) ■ ■ ■ (n, 3sntn (x n ) k -n) 

for all n, ki, . . . , k n G N, < si < t± < s 2 < • • • < t n , Xi, . . . , X n G 0. 

(3) (Stationarity) For all n G N and all X e 0, the moments 

m ri (X; S ,t) = (fi, Jst (X)"fi) 

depend only on the difference t — s. 

(4) (Weak continuity) We have lim t ^ s (fi, j st (X) n Q) = for all n G N and all 
XG0. 

For a construction of Levy processes on several Lie algebras of interest to physics 
and for several examples see also [AFS02, Fra03a]. 

Let be a real Lie algebra. Then the complex vector space 0c = C ®r = © iQ 
is a complex Lie algebra with the Lie bracket 

[X + iY, X' + %Y'\ = [X, X'] - [Y, Y'\ +i([X, Y'\ + [Y, X']) 

for X,X',Y,Y' G 0. 

We summarize the relation between real Lie algebras and complex involutive Lie 
algebras in the following proposition. 

5.3. Proposition. (1) The map * : C — >■ 0c, Z — X + iY h-> Z* — -X + iY, 
X, Y G 0, is an involution on 0c, i.e. it satisfies 

(Z*)* = Z and [Z u Z 2 ]* = [Z*, Z{\ 

for all Z, Zi,Z 2 G C 
(2) The functor g i— > (0c,*) is an isomorphism between the category of real Lie 
algebras and the category of involutive complex Lie algebras. 

The universal enveloping algebra U(g) of a Lie algebra can be constructed as the 
quotient T(g)/J of the tensor algebra T(g) over by the ideal J generated by 

{X ® Y - Y ® X - [X, Y] \X, Y G 0}. 

The universal enveloping algebra is characterized by a universal property. Composing 
the embedding 1 : — > T(g) with the canonical projection p : T(g) — > T{g) we get an 
embedding 1' — p o 1 : g — > U(g) of into its enveloping algebra. For every algebra 
A and every Lie algebra homomorphism R : g ^ A there exists a unique algebra 
homomorphism U (R) :U(g) — > A such that the following diagram commutes, 

0^-^ 



U{R) 

U{g) 

i.e. U(R) 01' — R. If g has an involution, then it can be extended to an involution of 
U{g). 

The enveloping algebra U(g) becomes a bialgebra, if we extend the Lie algebra 
homomorphisms 

e : 0^C, e(X) = 0, 

A : g^U(g)®U(g), A(X) = X®1 + 1®X, 
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to U(q). We will denote the coproduct U(A) and the counit U(e) again by A and e. 
It is even a Hopf algebra with the antipode S : U(q) — > U(q) given by S(X) = —X on 
and extended as an anti-homomorphism. 

5.4. Proposition. Let q be a real Lie algebra andU = U(qc) the enveloping algebra 
of its complexification. 

(1) Let (jst)o<s<t be a Levy process on U. Then its restriction to Q is a Levy 
process on g. 

(2) Let (k st ) < s < t now be a Levy process on 0. Then its extension to U given by 
the universal property is a Levy process on U. 

This establishes a one-to-one correspondence between Levy processes on a real Lie al- 
gebra and Levy processes on the universal enveloping algebra of its complexification. 

We will now show that Levy processes on real Lie algebras are the same as factor- 
izable representation of current algebras. 

Let be a real Lie algebra and (T, T, p) a measure space (e.g. the real line R with 
the Lebesgue measure A). Then the set of q- valued step functions 

q 1 = lx = Y^XiiM^Xi e a, Mi e T, //(M,) <oo,M j c i,ne n\ . 

on an I C T is again a real Lie algebra with the pointwise Lie bracket. For I\ C I 2 we 
have an inclusion ii u i 2 : Q h — > Q l2 , simply extending the functions as zero outside I^. 
Furthermore, for disjoint subsets Ii,h G T, g IlUl ' 2 is equal to the direct sum Q h © g* 2 . 
If 7i is a representation of q t and I G T, then have also a representation n 1 = n o ij T 

Recall that for two representations p±, p 2 of two Lie algebras q± and g 2 , acting on 
(pre-) Hilbert spaces Hi and H 2 , we can define a representation p — (pi<S> P2) of fli ©fli 
acting on Hi © H 2 by 

(pi © p 2 ){Xi + X 2 ) = pi(Xi) © 1 + 1 © p 2 (X 2 ), 

for Xi e 01, x 2 e 02- 

5.5. Definition. A triple (n, D, Q) consisting of a representation tt of T by anti- 
hermitian operators and a unit vector Q G D is called a factorizable representation of 
the simple current algebra T , if the following conditions are satisfied. 

(1) (Factorization property) For all h,I 2 G T, h n I 2 — 0, we have 

(n hul2 ,D, n) = {n h © n 1 ' 2 , D © D, SI © SI). 

(2) (Invariance) The linear functional <pi :U(q) — > determined by 

^/(X n ) = (0,^X1/)^) 

for X G 0, / G T depends only on /i(/). 

(3) (Weak continuity) For any sequence (Ik) ken with lim^oo /i(Ik) = we have 
lim^oo (p Ik (u) = e(u) for all u eW(g). 

5.6. Proposition. Let0 be a real Lie algebra and take (T,T,/x) = (R + , A). 
T/ien we /iove a one-to-one correspondence between factorizable representations of g R + 
and Levy processes on g. 
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The relation which is used to switch from one to the other is 

7r(Xl [Stt[ ) = j st (X) 

for < s < t and X G Q. 

5.7. Proposition. Let g be a real Lie algebra and (T, T , ji) a measure space without 
atoms. Then all factorizable representations of g T are characterized by generators or 
equivalently by Schiirmann triples onU(Qc)- They have a realization on the symmetric 
Fock space r(L 2 (T, T, /i)) determined by 

n(Xl I ) = A*(l I x p{X)) +A(l I ®p(X)) +A(l I ®r ] (X*)) +n(I)L(X) 
for I eT with /x(7) < oo and X G 0. 

5.3. The quantum Azema martingale. Let q G C and B q the involutive bial- 
gebra with generators x, x* , y, y* and relations 

yx = qxy, x*y = qyx* , 

A(x) = x®y + l®x 1 A(y) = y <S>y, 

e(x)=0, e(y) = l. 

5.8. Proposition. There exists a unique Schiirmann triple on B q acting on D = C 
with 

p(y) = q, p(x) = o, 

V(y) = 0, rj(x) = 1, 
L(y) = 0, L(x) = 0. 

Let (j s t)o<s<t be the associated Levy process on B q and set Y t = jot(y), X t = jot{x), 
and XI = jot(x*). These operator processes are determined by the quantum stochastic 
differential equations 

(5.2) dY t = (q-l)Y t dAt, 

(5.3) dX t = dA* t + (q - l)X t dA t , 

(5.4) dX; = dA t + (q-l)X t dA t , 

with initial conditions Y — 1, X — Xq = 0. This process is the quantum Azema 
martingale introduced by Parthasarathy [Par90], see also [Sch91a]. The first Equation 
(5.2) can be solved explicitely, the operator process (Y t ) t > is the second quantization 
of multiplication by q, i.e., 

Y t = T t (q), fort>0 

Its action on exponential vectors is given by 

Y t S(f)=S(qfl m + fl [t , +oo[ ). 

The hermitian operator process (Z t ) t > defined by Z t = X t + X t * has the same joint 
moments as the classical Azema martingale (M t ) t >o introduced by Azema and Emery, 
cf. [Eme89], i.e. is has the same joint moments, 

(Q,Z^..-Z^Q) = E(M^---M^) 

for all rii, ■ ■ ■ , n-k G N, ti, . . . , tk G R+. This was the first example of a classical normal 
martingale having the so-called chaotic representation property, which is not a classical 
Levy process. 



Part 2 



Independences and Quantum Levy 

Processes 



CHAPTER 2 



The Five Universal Independences 

In classical probability theory there exists only one canonical notion of indepen- 
dence. But in quantum probability many different notions of independence have been 
used, e.g., to obtain central limit theorems or to develop a quantum stochastic cal- 
culus. If one requires that the joint law of two independent random variables should 
be determined by their marginals, then an independence gives rise to a product. Im- 
posing certain natural condition, e.g., that functions of independent random variables 
should again be independent or an associativity property, it becomes possible to clas- 
sify all possible notions of independence. This program has been carried out in re- 
cent years by Schiirmann [Sch95a], Speicher [Spe97], Ben Ghorbal and Schiirmann 
[BGS99, BGS02], and Muraki [Mur02c, Mur02b]. In this chapter we will present 
the results of these classifications. Furthermore we will formulate a category theoret- 
ical approach to the notion of independence and show that boolean, monotone, and 
anti-monotone independence can be reduced to tensor independence in a similar way 
as the bosonization of fermi independence [HP86] or the symmetrization of [Sch93, 
Section 3]. 

1. Preliminaries on category theory 

We give the basic definitions and properties from category theory that we shall use. 
For a thorough introduction, see [Mac98]. 

1.1. Definition. A category C consists of 

(a) a class ObC of objects denoted by A, B,C, . . ., 

(b) a class MorC of morphism (or arrows) denoted by g, f,h,.. ., 

(c) mappings tar, src : MorC — > ObC assigning to each morphism / its source (or 
domain) src(/) and its target (or codomain) tar(/). We will say that / is a 
morphism in C from A to B or write "/ : A — > B is a morphism in C" if / is 
a morphism in C with source src(/) = A and target tar(/) = B, 

(d) a composition (f,g) i— > g o / for pairs of morphisms f,g that satisfy src(g) = 
tar(/), 

(e) and a map id : ObC — > MorC assigning to an object A of C the identity 
morphism id^ : A — > A, 

such that the 

(1) associativity property: for all morphisms / : A — > B, g : B — > C, and h : C — > 
D of C, we have 

(hog)o f = ho (go f), 

and the 

(2) identity property: id tar (/) f — f and / o id src (j) = / holds for all morphisms 
fa£C, ' ' 

are satisfied. 
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Let us emphasize that it is not so much the objects, but the morphisms that contain 
the essence of a category (even though categories are usually named after their objects). 
Indeed, it is possible to define categories without referring to the objects at all, see the 
definition of "arrows-only metacategories" in [Mac71, Mac98, Page 9]. The objects 
are in one-to-one correspondence with the identity morphisms, in this way ObC can 
always be recovered from MorC. 

We give an example. 

1.2. Example. Let Ob ©ct be the class of all sets (of a fixed universe) and Mor (Set 
the class of total functions between them. Recall that a total function (or simply 
function) is a triple (A, /, B) , where A and B are sets, and / C A x B is a subset of 
the cartesian product of A and B such that for a given x G A there exists a unique 
y G B with (x,y) G /. Usually one denotes this unique element by f(x), and writes 
x i— > f(x) to indicate (x, /(x)) G /. The triple (A, f, B) can also be given in the form 
/ : A -> B. We define 

src((A, /, B)) = A, and tar((A, /, B)) = B. 

The composition of two morphisms (A, /, B) and (B, g, C) is defined as 

(B,g,C)o(A,f,B) = (A,gof,C), 

where g o / is the usual composition of the functions / and g, i.e. 

jo/ = {(j,z) GixC; there exists a y G 5 s.t. (x, y) G / and (y, z) G (?}. 

The identity morphism assigned to an object A is given by (A, id a, A), where id^ Q 
Ax A is the identity function, idA = {(x, x); x G A}. It is now easy to check that these 
definitions satisfy the associativity property and the identity property, and therefore 
define a category. We shall denote this category by 6et. 

1.3. Definition. Let C be a category. A morphism / : A — > B in C is called 
an isomorphism (or invertible), if there exists a morphism g : B ^ A in C such that 
go f — idyi and / o g = id#. Such a morphism g is uniquely determined, if it exists, it 
is called the inverse of / and denoted by Objects A and 1? are called isomorphic, 
if there exists an isomorphism / : A — > Z?. 

Morphisms / with tar(/) = src(/) = A are called endomorphisms of A. Isomorphic 
endomorphism are called automorphisms. 

For an arbitrary pair of objects A, B E ObC we define Mor c (A, £?) to be the 
collection of morphisms from A to -B, i.e. 

Moi c (A, B) = {f G MorC; src(/) = A and tar(/) = B}. 

Often the collections Mor c (A, 5) are also denoted by home (A, B) and called the hom- 
sets of C. In particular, Morc(A, A) contains exactly the endomorphisms of A, they form 
a semigroup with identity element with respect to the composition of C (if Mor c (A, A) 
is a set). 

Compositions and inverses of isomorphisms are again isomorphisms. The automor- 
phisms of an object form a group (if they form a set). 

1.4. Example. We define now the category of sets and partial functions, tyazt. As 
objects we have again the class of all sets (of a fixed universe) and as morphisms we 
take the class of partial functions between them. A partial function is a triple (A, /, B) 
where A and B are sets, and / C A x B is a subset of the cartesian product of A and 
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B such that for a given x G A there exists at most one y G B with (x,y) G /, i.e. if 
(x, y) G / and (x, y') G / then y = y'. If for a given x £ A there exists no y G -B with 
G /, then we say that / is undefined at x. 

1.5. Example. In Set and ^3att the morphisms are maps. We will now define a 
category in which the arrows are not given by maps. The objects of the category are 
all sets (or the elements of some set of sets M, if we want to define the small category 
9Mm), and the morphisms between two objects A and B are all binary relations R C 
A x B. The identity morphism is given by the identity relation id^ = {(a, a); a G A}, 
and the composition R o S : A — > C of two morphisms S : A — > i? and i? : I? — > C is 
defined by the relative product 

Ro S = {(a, c) C Ax C; there exists a b £ B s.t. (a, b) £ S and (6, c) G i?}. 

This category has an additional structure: for each morphism i? : A — > 5 there is a 
converse relation i? # : — > A consisting of all pairs (6, a) with (a, 6) G -R. 

1.6. Example. Let (G, o, e) be a semigroup with identity element e. Then (G, o, e) 
can be viewed as a category. The only object of this category is G itself, and the 
morphisms are the elements of G. The identity morphism is e and the composition is 
given by the composition of G. 

1.7. DEFINITION. For every category C we can define its dual or opposite category 
C op . It has the same objects and morphisms, but target and source are interchanged, 
i.e. 

tar C o P (/) = src c (/) and src C o P (/) = tar c (/) 
and the composition is defined by / o op g — g o f. We obviously have C opop = C. 

Dualizing, i.e. passing to the opposite category, is a very useful concept in category 
theory. Whenever we define something in a category, like an epimorphism, a terminal 
object, a product, etc., we get a definition of a "cosomething" , if we take the corre- 
sponding definition in the opposite category. For example, an epimorphism or epi in C 
is a morphism in C which is right cancellable, i.e. h G MorC is called an epimorphism, if 
for any morphisms gi, g 2 G MorC the equality 9\oh = g 2 oh implies gi = g 2 . The dual 
notion of a epimorphism is a morphism, which is an epimorphism in the category C op , 
i.e. a morphism that is left cancellable. It could therefore be called a "coepimorphism" , 
but the generally accepted name is monomorphism or monic. The same technique of 
dualizing applies not only to definitions, but also to theorems. A morphism r : B — > A 
in C is called a right inverse of h : A — > B in C, if h o r = ids. If a morphism has 
a right inverse, then it is necessarily an epimorphism, since g\ o g = g 2 o h implies 
9i — 9i ° 9 ° r — 92 ° h o r = g 2 , if we compose both sides of the equality with a right 
inverse r of h. Dualizing this result we see immediately that a morphism / : A — > i? 
that has a ie/t inverse (i.e. a morphism I : B ^> A such that I o f — id^) is necessarily 
a monomorphism. Left inverses are also called retractions and right inverses are also 
called sections. Note that one-sided inverses are usually not unique. 

1.8. Definition. A category V is called a subcategory of the category C, if 

(1) the objects of V form a subclass of ObC, and the morphisms of V form a 
subclass of MorC, 

(2) for any morphism / of V, the source and target of / in C are objects of T> and 
agree with the source and target taken in V, 
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(3) for every object D of T>, the identity morphism id/? of C is a morphism of T>, 
and 

(4) for any pair / : A — > B and g : B — > C in T>, the composition g o / in C is a 
morphism of X> and agrees with the composition of / and g in V. 

A subcategory V of C is called full, if for any two objects A, B G ObD all C-morphisms 
from A to -B belong also to X>, i.e. if 

Mor^A, 5) = Mor c (A, 5). 

1.9. Remark. If D is an object of T>, then the identity morphism of D in X> is the 
same as that in C, since the identity element of a semigroup is unique, if it exists. 

1.10. Definition. Let C and T> be two categories. A covariant functor (or simply 
functor) T : C — > X> is a map for objects and morphisms, every object A G ObC is 
mapped to an object T(A) G ObX>, and every morphism / : A — > I? in C is mapped to 
a morphism T(/) : T(A) — > T(_B) in D, such that the identities and the composition 
are respected, i.e. such that 

T(icU) = id T ( A ), for all Ae Ob C 
T(g o /) = T(^) o T(/), whenever p o / is defined in C. 

We will denote the collection of all functors between two categories C and V by 
Punct(C,P). 

A contravariant functor T : C — > "D maps an object A G Ob C to an object T(A) G 
Ob T>, and a morphism / : A — > in C to a morphism T(/) : T(5) — > T(A) in X>, such 
such that 

T(id A ) = id T (A), for all AG Ob C 
^(fl 1 /) — ^(/) ° ^(fl 1 )! whenever p o / is defined in C. 

1.11. Example. Let C be a category. The identity functor id c : C — > C is defined 
by id c {A) = A and id c (/) = /. 

1.12. Example. The inclusion of a subcategory V of C into C also defines a functor, 
we can denote it by C: V — > C or by "D C C. 

1.13. Example. The functor op : C — > C op that is defined as the identity map on 
the objects and morphisms is a contravariant functor. This functor allows to obtain 
covariant functors from contravariant ones. Let T : C — > X> be a contravariant functor, 
then T o op : C op — > X> and op o T : C — > "D op are covariant. 

1.14. EXAMPLE. Let G and if be unital semigroups, then the functors T : G — > H 
are precisely the identity preserving semigroup ho mo morphisms from G to H . 

Functors can be composed, if we are given two functors S : A — > B and T : B — > C, 
then the composition ToS:>l^C, 

(ToS')(A) = T(S , (i4)), for AG Ob A, 

(ToS)(/) = T(S(/)), for/GMorA, 

is again a functor. The composite of two covariant or two contravariant functors is 
covariant, whereas the composite of a covariant and a contravariant functor is con- 
travariant. The identity functor obviously is an identity w.r.t. to this composition. 
Therefore we can define categories of categories, i.e. categories whose objects are cate- 
gories and whose morphisms are the functors between them. 
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1.15. Definition. Let C and V be two categories and let S, T : C — > V be two 
functors between them. A natural transformation (or morphism of functors) rj : S — > T 
assigns to every object A G ObC of C a morphism 77^ : 5(A) — > T(A) such that the 
diagram 



S(A) 



VA 



T{A) 



s(f) 



S(B)^T(B) 

is commutative for every morphisms / : A — > in C. The morphisms 77^4, A G ObC 
are called the components of 77. If every component t]a of 77 : 5 — > T is an isomorphism, 
then 77 : 5 — > T is called a natural isomorphism (or a natural equivalence) , in symbols 
this is expressed as 77 : S = T. 

We will denote the collection of all natural transformations between two functors 
S,T : C -> I? by Nat(S,T). 

1.16. Definition. Natural transformations can also be composed. Let S,T,U : 
B — > C and let 77 : £ — > T and $ : T — > [/ be two natural transformations. Then 
we can define a natural transformation $ ■ i] : S — > C/, its components are simply 
(1? • 77)^4 = 7^ o rjA- To show that this defines indeed a natural transformation, take a 
morphism / : A — > of £>. Then the following diagram is commutative, because the 
two trapezia are. 



5(A) 



U(A) 



s(f) 




T(B) 





u(f) 



S(B) 



U(B) 



For a given functor S : /3 — > C there exists also the identical natural transformation 
ids '■ S — > S that maps A G Ob/3 to id S (A) G MorC, it is easy to check that it behaves 
as a unit for the composition defined above. 

Therefore we can define the functor category C B that has the functors from B to C 
as objects and the natural transformations between them as morphisms. 

1.17. REMARK. Note that a natural transformation rj : S — > T has to be defined 
as the triple (S, (t)a)a,T) consisting of its the source S, its components (i]a)a an d its 
target T. The components (i]a)a do not uniquely determine the functors S and T, they 
can also belong to a natural transformation between another pair of functors (S',T'). 

1.18. Definition. Two categories B and C can be called isomorphic, if there exists 
an invertible functor T : B — > C. A useful weaker notion is that of equivalence or 
categorical equivalence. Two categories £> and C are equivalent, if there exist functors 
F : B — > C and G : C — > £> and natural isomorphisms G o F = id B and F o G = idc- 
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We will look at products and coproducts of objects in a category. The idea of the 
product of two objects is an abstraction of the Cartesian product of two sets. For 
any two sets M\ and M 2 their Cartesian product M\ x M 2 has the property that for 
any pair of maps (fi,f 2 ), fi '■ N — > Mi, f 2 : N — > M 2 , there exists a unique map 
/i : iV — > Mi x M 2 such that fi = niohfori = 1, 2, where : Mi x M 2 — > Mi are 
the canonical projections Pi(mi,m 2 ) = TOj. Actually, the Cartesian product Mi x M 2 
is characterized by this property up to isomorphism (of the category Set, i.e. set- 
theoretical bijection). 

1.19. Definition. A tuple (A IT B, n^, tib) is called a product (or binary product) of 
the objects A and B in the category C, if for any object C G Ob C and any morphisms 
/ : C — > A and g : C — > P there exists a unique morphism ft, such that the following 
diagram commutes, 



C 



A 




We will also denote the mediating morphism h : C — > AITP by [/, 

Often one omits the morphisms 7Ta and 7Tb and simply calls AY1B the product of 
A and 5. The product of two objects is sometimes also denoted by A x B. 

1.20. PROPOSITION. (a) The product of two objects is unique up to isomor- 
phism, if it exists. 

(b) Let fi : A\ — > B\ and / 2 : A 2 — > P 2 fre too morphisms in a category C and 
assume that the products A\ II A 2 and B\ II B 2 exist in C. Then there exists a 
unique morphism fi II f 2 : A 1 II A 2 — > B 1 II P 2 snc/i i/ja£ £/ie following diagram 
commutes, 




(c) Let A\, A 2 ,B\,B 2 ,C\, C 2 be objects of a category C and suppose that the prod- 
ucts A\ II A 2 , BiYi B 2 and C\ II C 2 exist in C. Then we have 

id Al n id A2 = id Al nA 2 and (giUg 2 ) o (f\ II f 2 ) = {g l o f t ) II (g 2 o / 2 ) 

/or all morphisms fi'.Ai^ B i} g,i : Bi — > Cj 7 i — 1,2. 

Proof. (a) Suppose we have two candidates (P, 7Ta, 7Tb) and (P', 7r^, 7r^) for 
the product of A and B, we have to show that P and P' are isomorphic. 
Applying the defining property of the product to (P, it a, ^b) with C — P' and 
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to (P', ir' A , 7i' B ) with C = P', we get the following two commuting diagrams, 

p> p 




h 

y 

P 





KB 



B 



H' 
V 

P' 




B 



We get tta ° h o h' = n' A o h! = tva and n B o h o h! = tt' b o h! = n B , i.e. the 
diagram 

P 



1*A 



hoh' 

y 




7TA 



1"S 



5 




is commutative. It is clear that this diagram also commutes, if we replace 
h o hi by idp, so the uniqueness implies hoh' — idp. Similarly one proves 
h! o h — idp/, so that /i : P' — > P is the desired isomorphism. 

(b) The unique morphism fi II / 2 exists by the defining property of the product 
of Bi and B 2 , as we can see from the diagram 

A 1 UA 2 
X /in / 2 
B x B 1 n B 2 

(c) Both properties follow from the uniqueness of the mediating morphism in the 
defining property of the product. To prove id^ Ilid^ = id^n/^ one has to 
show that both expressions make the diagram 

A 1 TIA 2 



A 1 UA 2 



commutative, for the the second equality one checks that (g 1 Ug 2 ) ° (/i n / 2 ) 
and ((?! o /j) II (j 2 o both make the diagram 

A 1 TIA 2 






CiIIC 2 




commutative. 



□ 



The notion of product extends also to more then two objects. 

1.21. Definition. Let (Ai) i( zj be a family of objects of a category C, indexed by 
some set I. The pair ^ILe/ ^ {^j '■ Yliei — > ^i) j&i) cons i s ti n g of an object Yiiei A 
of C and a family of morphisms (nj : Yli<=i Ai — > Aj)jej of C is a product of the family 
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(Ai)i & i if for any object C and any family of morphisms (/, : C — > AA ieI there exists 
a unique morphism h : C —> Yliei ^ sucn that 

Tij o h = fj, for all j G / 

holds. The morphism Hj : flip/ — ¥ A? ^ or e ^ * s can ed the jth product projection. 
We will also write for the morphism /i : C — > J| i6J Aj. 

An object T of a category C is called terminal, if for any object C of C there exists 
a unique morphism from C to T. A terminal object is unique up to isomorphism, if it 
exists. A product of the empty family is a terminal object. 

1.22. Remark. Let C be a category that has finite products. Then the product is 
associative and commutative. More precisely, there exist natural isomorphisms ola,b,c '■ 
AU(BUC) -> (AUB)UC and 7a,b : Bni^ A1T5 for all objects A,B,Ce ObC. 

The notion coproduct is the dual of the product, i.e. ^LL 6/ Aj, (ij : — > ]J iG/ ^i)j g/ 

is called a coproduct of the family (Aj) ieI of objects in C, if it is a product of the same 
family in the category C op . Formulated in terms of objects and morphisms of C only, 
this amounts to the following. 

1.23. Definition. Let (Aj)j 6 j be a family of objects of a category C, indexed by 
some set I. The pair ^LL G/ Aj, (ij '■ A/, — > Yiiei ^Ojgj) consisting of an object LL e/ Aj 
of C and a family of morphisms (ij : — ■> ]J ig/ A) ^ of C is a coproduct of the family 
(Ai)i e / if for any object C and any family of morphisms (/j : Aj — ■> C)j 6 j there exists 
a unique morphism h : LL 6 j A, — > C such that 

hoij = fj , for all j G / 

holds. The morphism ij : Aj — > n«e/ ^ or e ^ * s ca U e d the jth coproduct injection. 
We will write [fi]iei for the morphism h : riie/ ^ — ¥ ^ ■ 

A coproduct of the empty family in C is an initial object, i.e. an object / such that 
for any object A of C there exists exactly one morphism from / to A. 

It is straightforward to translate Proposition 1.20 to its counterpart for the coprod- 
uct. 

1.24. Example. In the trivial unital semigroup (G = {e},o,e), viewed as a cate- 
gory (note that is is isomorphic to the discrete category over a set with one element) 
its only object G is a terminal and initial object, and also a product and coproduct for 
any family of objects. The product projections and coproduct injections are given by 
the unique morphism e of this category. 

In any other unital semigroup there exist no initial or terminal objects and no 
binary or higher products or coproducts. 

1.25. Example. In the category 6et a binary product of two sets A and B is given 
by their Cartesian product A x B (together with the obvious projections) and any 
set with one element is terminal. A coproduct of A and B is defined by their disjoint 
union ACiB (together with the obvious injections) and the empty set is an initial object. 
Recall that we can define the disjoint union as A\JB = (A x {A}) U (B x {B}). 

The following example shall be used throughout this chapter and the following. 
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1.26. Example. The coproduct in the category of unital algebras 2Ug is the free 
product of *-algebras with identification of the units. Let us recall its defining universal 
property. Let {Ak}kei be a family of unital *-algebras and U fce/ -4.fc their free prod- 
uct, with canonical inclusions {ik : Ak — > Ylkei Ak}kei- If B is an y unital *-algebra, 
equipped with unital *-algebra homomorphisms {i' k : Ak — > £>}fce/j then there exists a 
unique unital *-algebra homomorphism /i : \J keI Ak ^ B such that 

hoi k — i' k , for all k E I. 

It follows from the universal property that for any pair of unital *-algebra homomor- 
phisms j\ : Ai — > Bi, j 2 '■ A2 — > i?2 there exists a unique unital *-algebra homomor- 
phism ji TJ j 2 : -4.1 U ^2 — > 61 TJ £>2 such that the diagram 





^1 II A> .Ml/.' - B 1 \JB 2 

A 2 —^B 2 





n 



commutes. 

The free product Yikei can ^ e constructed as a sum of tensor products of the Ak, 
where neighboring elements in the product belong to different algebras. For simplicity, 
we illustrate this only for the case of the free product of two algebras. Let 



A=\J{ee{l,2} n \e 1 ^e 2 ^...^e n } 



and decompose Ai = CI © A®, i = 1,2, into a direct sum of vector spaces. Then 
A± TJ A 2 can be constructed as 

where A 9 = C, A e = A° ei <g> • • • <g> A° 6n for e = (e x , . . . , e n ) . The multiplication in „4i TJ „4 2 
is inductively defined by 

v y v y [ ai ® • • • <g) a n ® 61 ® • • • ® 6 m if e„ / di, 

for ai ® ■ • • ® a n G A £ , b x <8> • • • <8> 6 m G .A 5 . Note that in the case e n = 5 1 the product 
a n ■ b\ is not necessarily in A® , but is in general a sum of a multiple of the unit of 
A e „ and an element of A° €n . We have to identify a\ <S> • • ■ a n -i <8> 1 <S> b 2 <g> • • • b m with 
a± <g) • • • <8> a„_i -b 2 ® ■ ■ - b m . 

Since TJ is the coproduct of a category, it is commutative and associative in the 
sense that there exist natural isomorphisms 

(1-1) lAuAi ■ Ai\\A 2 ^ A 2 \[Ai, 

a Al , MA3 : A l \\ [A 2 \\ A^j ^ (a± \\ -4 2 ) I] A 3 

for all unital *-algebras Ai, A 2 , A3. Let i£ : Ae — > AlTJAj and i' e : An — > ^IJ^i, 
£ = 1, 2 be the canonical inclusions. The commutativity constraint jAuAi '■ A\ \JA 2 — > 
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A U A\ maps an element of A ]J A of the form ii (01)22(^1) • • -^(^n) with ai, . . . , a n G 
A, h, . . . ,b n G A 2 to 

7^1,^2 (^l( a l)^(&l) • ■■kipn)) = ' ' £ A]J A 

We also consider non-unital algebras. The free product of algebras without iden- 
tification of units is a coproduct in the category nuSUjj of non-unital (or rather not 
necessarily unital) algebras. 

The following defines a a functor from the category of non-unital algebras nuSUjj 
to the category of unital algebras SUjj. For an algebra A G ObnuSUjj, A is equal to 
A = CI © A as a vector space and the multiplication is defined by 

(AI + a)(X'l + a) = XX'l + X'a + Xa + aa 

for A, A' G C, a, a' G A We will call A the unitization of A Note that A = 01 + A C A 
is not only a subalgebra, but even an ideal in A. 

The following relation holds between the free product with identification of units 
Hats an d the free product without identification of units LJ nu2l[fl , 

A I] A = A]jA 

nu2U0 2U 

for all A, A G Ob nu2Ufj. 

Note furthermore that the range of this functor consists of all algebras that admit a 
decomposition of the form A = CI© A, where A is a subalgebra. This is equivalent to 
having a one-dimensional representation. The functor is not surjective, e.g., the algebra 
M.2 °f 2 x 2- matrices can not be obtained as a unitization of some other algebra. 

Let us now recall the definition of a tensor category. 

1.27. DEFINITION. A category (C, □) equipped with a bifunctor □ : C x C — > C, 
called tensor product, that is associative up to a natural isomorphism 

a AAC ■■ AD(BDC) 5 {AUB)UC, for all A,B,C G Ob C, 
and an element E that is, up to natural isomorphisms 

X A :EDA^A, and p A : ADE ^ A, for all A G Ob C, 
a unit for □, is called a tensor category or monoidal category, if the pentagon axiom 

(ADB)D(CDD) 



AU(BU{CUD)) ({AUB)UC)UD 



idAOaA,B,c 



ctA,B,cOidr> 



AD((BDC)DD) . (AD(BDC))DD 

and the triangle axiom 

AD(EDC) (ADE)DC 

ADC 
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are satisfied for all objects A, B, C, D of C. 

If a category has products or coproducts for all finite sets of objects, then the 
universal property guarantees the existence of the isomorphisms a, A, and p that turn 
it into a tensor category. 

A functor between tensor categories that behaves "nicely" with respect to the tensor 
products, is called a tensor functor or monoidal functor, see, e.g., Section XI. 2 in 
MacLane[Mac98]. 

1.28. Definition. Let (C, □) and (£',□') be two tensor categories. A cotensor 
functor or comonoidal functor F : (C, □) — > (C, □') is an ordinary functor F : C — > C 
equipped with a morphism Fq : F(Ec) — > Ec and a natural transformation Fi : 
F(-n-) -> F(-p'-F(-), i-e. morphisms F 2 (A,S) : F(ADS) -> F(A)D / F( J B) for all 
ObC that are natural in A and -B, such that the diagrams 



(1.2) F(AD(BDC)) - 

F 2 {A,BUC) 

F(A)U'F(BUC) 

\A F{A) U'F 2 {B,C) 

F(A)U'{F(B)U'F(C)) - 



F(a A ,B,c) 



F(A),F(B),F(C) 



-F((ADB)nC) 

F 2 (AUB,C) 

F(AUB)U'F(C) 

F 2 (A,B)a id nc) 

(F(A)HF(B))HF(C) 



(1.3) 



F(BDEc) F2(B ' Ec \ F{B)n'F{E c ) 



F{ PB ) 

F(B) 



Pf(b) 



id s L7F 

F(S)n'£b' 



:i-4) 



F(E C DB) F2[Ec ' B \ F(E c )n'F(B) 



F(X B ) 

F(B) 

commute for all A, B, C G Ob C. 



FoD'ids 

E a WF(B) 



V(s) 



We have reversed the direction of F and F 2 in our definition. In the case of a 
strong tensor functor, i.e. when all the morphisms are isomorphisms, our definition of 
a cotensor functor is equivalent to the usual definition of a tensor functor as, e.g., in 
MacLane[Mac98]. 

The conditions are exactly what we need to get morphisms 

F n (A 1 , ...,A n ): F(A 1 D ■ ■ ■ OA n ) - F(A 1 )D' ■ ■ ■ U'F{A n ) 

for all finite sets {A ± , . . . , A n } of objects of C such that, up to these morphisms, the 
functor F : (C, □) — > (C, □') is a homomorphism. 
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2. Classical stochastic independence and the product of probability spaces 

Two random variables Xi : (fi,.P,P) -> and X 2 : (fi,.F,P) -»• (E 2 ,S 2 ), 

defined on the same probability space (Q, T , P) and with values in two possibly distinct 
measurable spaces (Ei, Si) and (E 2 , S 2 ), are called stochastically independent (or simply 
independent) w.r.t. P, if the a-algebras X 1 " 1 (^ 1 ) and X 2 _1 (^ 2 ) are independent w.r.t. 
P, i.e. if 

P((Xr 1 (M 1 )nX 2 - 1 (M 2 )) = P{(X^\Mi))P{X 2 \M 2 )) 

holds for all Mi E Si, M 2 £ S 2 . If there is no danger of confusion, then the reference 
to the measure P is often omitted. 

This definition can easily be extended to arbitrary families of random variables. A 
family (Xj : (ft, J 7 , P) — > (Ej,Sj))j e j, indexed by some set J, is called independent, if 

(n \ n 

k=l J k=l 

holds for all n G N and all choices of indices ki, . . . , k n e J with 7^ for j 7^ £, and 
all choices of measurable sets Mj k e £j fc . 

There are many equivalent formulations for independence, consider, e.g., the fol- 
lowing proposition. 

2.1. Proposition. Lei Xi and X 2 &e iwo real-valued random variables. The fol- 
lowing are equivalent. 

(i) Xi and X 2 are independent. 

(ii) For all bounded measurable functions f\, f 2 on R we have 

E(fi(Xi)f 2 (X 2 )) = E(fi(Xi))E(f 2 (X 2 )). 

(iii) The probability space (R 2 , i3(R 2 ), P(Xi,x 2 )) ^ e product of the probability 
spaces (R,B(R),P Xl ) and (R, B(R), Px 2 )> i-e. 

P{x u x 2 ) = Px,®Px 2 - 

We see that stochastic independence can be reinterpreted as a rule to compute 
the joint distribution of two random variables from their marginal distribution. More 
precisely, their joint distribution can be computed as a product of their marginal dis- 
tributions. This product is associative and can also be iterated to compute the joint 
distribution of more than two independent random variables. 

The classifications of independence for non-commutative probability [Spe97, BGS99, 
BG01, Mur02c, Mur02b] that we are interested in are based on redefining indepen- 
dence as a product satisfying certain natural axioms. 

3. Definition of independence in the language of category theory 

We will now define the notion of independence in the language of category theory. 
The usual notion of independence for classical probability theory and the independences 
classified in [Spe97, BGS99, BG01, Mur02c, Mur02b] will then be instances of 
this general notion obtained by considering the category of classical probability spaces 
or categories of algebraic probability spaces. 

In order to define a notion of independence we need less than a (co-) product, but 
a more than a tensor product. What we need are inclusions or projections that allow 
us to view the objects A, B as subsystems of their product ADB. 
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3.1. Definition. A tensor category with projections (C,0,ir) is a tensor category 
(C, □) equipped with two natural transformations 7Ti : □ — > P\ and n 2 : □ — > P 2 , where 
the bifunctors Pi,P 2 : C x C -> C are defined by P 1 (B 1 ,B 2 ) = B u P 2 (B 1 ,B 2 ) = B 2 , 
on pairs of objects Bi,B 2 of C, and similarly on pairs of morphisms. In other words, 
for any pair of objects Bi,B 2 there exist two morphisms tvb 1 '■ PiDP 2 — > Pi, ttb 2 '■ 
B 1 DB 2 — > B 2 , such that for any pair of morphisms f\ : A 1 — > Pi, / 2 : A 2 — > P 2 , the 
following diagram commutes, 



B 1 



7TA 



7Tg- 



B l UB 2 



2 

/2 
5.. 



Similarly, a tensor product with inclusions (C, □,«) is a tensor category (C, □) 
equipped with two natural transformations %\ : Pi — > □ and i 2 : P 2 ^ □, i.e. for any 
pair of objects Pi, P 2 there exist two morphisms : Pi — > PiDP 2 , '■ B 2 ^ PiDP 2 , 
such that for any pair of morphisms /1 : Ai — > Pi, f 2 : A 2 — > P 2 , the following diagram 
commutes, 



Pi 



/lQ/2 
1 

IB-, ' IB, 

— i PiDP 2 



2 

/2 
P9. 



In a tensor category with projections or with inclusions we can define a notion of 
independence for morphisms. 

3.2. DEFINITION. Let (C, □, n) be a tensor category with projections. Two mor- 
phism fi : A — > Pi and / 2 : A — > P 2 with the same source A are called independent 
(with respect to □), if there exists a morphism h : A — > PiDP 2 such that the diagram 

(3.1) 




commutes. 

In a tensor category with inclusions (C, □, i), two morphisms /1 : Pi — > A and 
/ 2 : P 2 — > A with the same target P are called independent, if there exists a morphism 
ft, : PiDP 2 — > A such that the diagram 

(3.2) 




commutes. 

This definition can be extended in the obvious way to arbitrary sets of morphisms. 

If □ is actually a product (or coproduct, resp.), then the universal property in 
Definition 1.19 implies that for all pairs of morphisms with the same source (or target, 
resp.) there exists even a unique morphism that makes diagram (3.1) (or (3.2), resp.) 
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commuting. Therefore in that case all pairs of morphism with the same source (or 
target, resp.) are independent. 

We will now consider several examples. We will show that for the category of 
classical probability spaces we recover usual stochastic independence, if we take the 
product of probability spaces, cf. Proposition 3.3. 

3.1. Example: Independence in the Category of Classical Probability 
Spaces. The category DJlcas of measurable spaces consists of pairs (ft, J 7 ), where Q 
is a set and T C V(£l) a u-algebra. The morphisms are the measurable maps. This 
category has a product, 

(fix, Ti) n (fi 2 , T 2 ) = x n 2 , T x <g> T 2 ) 

where Q\ x Q 2 is the Cartesian product of Qi and Q 2 , and T\ <8> T 2 is the smallest 
c-algebra on Qi x Q 2 such that the canonical projections pi : Q\ x f2 2 —* ^i an d 
j) 2 : (l! x fl 2 ^ f2 2 are measurable. 

The category of probability spaces %$xob has as objects triples (f2,jF, P) where 
is a measurable space and P a probability measure on JF). A morphism 
X : jFi, Pi) — > (fii, .F 2 ,P 2 ) is a measurable map X : (f2i,jFi) — > (f2 l5 jF 2 ) such that 

PxoX- 1 = P 2 . 

This means that a random variable X : (Q, T) — > (E,S) automatically becomes a 
morphism, if we equip (E,£) with the measure 

P x = P o X- 1 

induced by X. 

This category does not have universal products. But one can check that the product 
of measures turns ^hrob into a tensor category, 

(fii, JFi, Pi) (g) (fi 2 , ^ 2 , P 2 ) = (fii x fi 2 , ^ <g> JF 2 , Pi ® P 2 ), 

where Pi ® P 2 is determined by 

(Pi ® P 2 )(Mi x M 2 ) = Pi(Mi)P 2 (M 2 ), 

for all Mi G JFi, M 2 G JF 2 . It is even a tensor category with projections in the sense 
of Definition 3.1 with the canonical projections pi : (Qi x fi 2 ,jFi <g> T 2 ,Pi ® P 2 ) — > 
(fii, p 2 : (fii x fi 2 , J r 1 (g)J r 2 ,P 1 (g)P 2 ) -> (fi 2 , F 2 ,P 2 ) given bypi((wi,w 2 )) = 

P 2 ((cji,cj 2 )) = w 2 for cji G fii, uo 2 G fi 2 . 

The notion of independence associated to this tensor product with projections is 
exactly the one used in probability. 

3.3. PROPOSITION. Two random variables X 1 : P) — >• (E 1 ,£ 1 ) and X 2 : 

(Q,JF, P) — > (E 2 ,£ 2 ), defined on the same probability space (Q, JF, P) and wrai/i values 
in measurable spaces (Ei,£i) and (E 2 ,£ 2 ), are stochastically independent, if and only 
if they are independent in the sense of Definition 3.2 as morphisms X\ : (Q, T , P) — > 
(Ei, Si, Pxi) and X 2 : (fi, JF, P) — > (i? 2 , £ 2 , P^J o/ ine tensor category with projections 
(?pxob,®,p). 
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Proof. Assume that X\ and X 2 are stochastically independent. We have to find 
a morphism h : (Q, J 7 , P) — > (E\ x E 2 , £\ <8> £ 2 , Px"i <S> Px 2 ) such that the diagram 

(E 1 ,£ 1 , P Xl ) (Ei x E 2 , £ 1 ® £ 2 , P Xl ® Px 2 ) — (P 2 , £2, ^x 2 ) 

commutes. The only possible candidate is = (Xi(u;), AT 2 (u;)) for all w 6 fi, the 
unique map that completes this diagram in the category of measurable spaces and that 
exists due to the universal property of the product of measurable spaces. This is a 
morphism in <J3tob, because we have 

P(h~ 1 {M l x M 2 )) = P{X^ 1 (M 1 ) n X 2 \M 2 )) = P(Xr 1 (M 1 ))P(X 2 ~ 1 (M 2 )) 

= P Xl (M 1 )P X2 (M 2 ) = (P Xl <g> Px 2 )(Mx x M 2 ) 

for all Ml G £1, M 2 G £ 2 , and therefore 

Poh- 1 = P Xl ®P X2 . 

Conversely, if X\ and X 2 are independent in the sense of Definition 3.2, then the 
morphism that makes the diagram commuting has to be again h : uj 1— > (X^oj), X 2 (u>)y 
This implies 

P (Xl ,x 2 ) = P°h- 1 = P Xl ®P X2 

and therefore 

P(Xr 1 (M 1 ) nX.-^M,)) = P(Xr 1 (M 1 ))P(X 2 ~ 1 (M 2 )) 
for all Mi G £1, M 2 G £ 2 . □ 

3.2. Example: Tensor Independence in the Category of Algebraic Prob- 
ability Spaces. By the category of algebraic probability spaces 2Ug*}3tob we denote 
the category of associative unital algebras over C equipped with a unital linear func- 
tional. A morphism j : (Ai,<fi) — > (A 2 ,(p 2 ) is a quantum random variable, i.e. an 
algebra homomorphism j : A\ — > A 2 that preserves the unit and the functional, i.e. 
.7'(lAi) = 1* 2 and (f 2 o j = 

The tensor product we will consider on this category is just the usual tensor product 
(.4.1 <8> A 2 , (pi <S> V2), i- e - the algebra structure of A\ ® A 2 is defined by 

1*1®* 2 = 1*1 ® 1*2) 

(ai <g> a 2 ) {pi ®bi) = a x b 2 <g> a 2 6 2 , 

and the new functional is defined by 

(<Pi ® ^2)(ai ® a 2 ) = y?i(ai)y? 2 (a 2 ), 

for all ai, 61 G ^4i, a 2 , 6 2 £ ^2- 

This becomes a tensor category with inclusions with the inclusions defined by 

Mi(ai) = ai®l* 2 , 
W° 2 ) = l*i ®o 2 , 

for ai G Al, a 2 G .4 2 . 

One gets the category of *-algebraic probability spaces, if one assumes that the 
underlying algebras have an involution and the functional are states, i.e. also positive. 
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Then an involution is denned on A\ © A 2 by (ai © a 2 )* = a* © a 2 and V?i ® ^2 is again 
a state. 

The notion of independence associated to this tensor product with inclusions by 
Definition 3.2 is the usual notion of Bose or tensor independence used in quantum 
probability, e.g., by Hudson and Parthasarathy. See also definition 1.1 in Chapter 1. 

3.4. PROPOSITION. Two quantum random variables j\ : (Bi,ipi) — > (A, tp) and 
j 2 : (82,1^2) (^jV 9 ); defined on algebraic probability spaces (Bi, ip±), (B2, ^2) and 
with values in the same algebraic probability space (A, (p) are independent if and only 
if the following two conditions are satisfied. 

(i) : The images of j± and j 2 commute, i.e. 

[ji (ai), .72(02)] = 0, 

for all a 1 E Ai, a 2 E A 2 - 

(ii) : ip satisfies the factorization property 

<p(h(ai)32(a 2 )) = <p(ji(ai))(p(j 2 (a 2 )), 

for all a 1 E Ai, a 2 E A 2 - 

We will not prove this Proposition since it can be obtained as a special case of 
Proposition 3.5, if we equip the algebras with the trivial Z 2 -grading .4.(°) = A, A^ = 
{0}. 

3.3. Example: Fermi Independence. Let us now consider the category of Z 2 - 
graded algebraic probability spaces Z 2 -2U0*ptob. The objects are pairs (A, <p) consisting 
of a Z 2 -graded unital algebra A = A^ © A^ and an even unital functional </?, i.e. 
</?|_4(i) = 0. The morphisms are random variables that don't change the degree, i.e., for 
j : (Ai,(pi) -> (A 2 ,<P2), we have 

i(4 0) )c4 0) and j(A?)CA?. 

The tensor product (A\ ®% 2 A 2 , (pi © <p 2 ) = (Ai, <pi) ®i 2 {A2, p>2) is defined as follows. 
The algebra A\ ©z 2 A 2 is the graded tensor product of A\ and A 2) i.e. (A\ ©z 2 A 2 )^ = 
Af ] © Af © A? © A { 2 \ (Ar ® Z2 A 2 ) {1) = A? © A { 2 ] © Af ] © A { 2 \ with the algebra 
structure given by 

(ai © a 2 ) ■ (61 © 62) = (-l) dega2deg6l ai6! ©a 2 6 2 , 

for all homogeneous elements ai, bi G Ai, a 2 , 6 2 G -4 2 . The functional </?i ©y? 2 is simply 
the tensor product, i.e. (ipi © y? 2 )(ai © a 2 ) = ipi(ai) © ^2(^2) for all a\ G A±, a 2 G -4 2 . 
It is easy to see that ipi © <p 2 is again even, if (pi and </? 2 are even. The inclusions 
ii : (Ai,pi) -> (^4i ©z 2 -4.2, V?i © ^2) and ? 2 : (^2,^2) -> (A ©z 2 A 2 ,ipi © ^2) are 
defined by 

h{ai) — ai © and ? 2 (a 2 ) = 1^ © a 2 , 

for ai G Ai, a 2 G -4 2 . 

If the underlying algebras are assumed to have an involution and the functionals 
to be states, then the involution on the Z 2 -graded tensor product is defined by (ai © 
a 2 )* = (— l) dc s ai dcga2 a^©a 2 , this gives the category of Z 2 -graded *-algebraic probability 
spaces. 

The notion of independence associated to this tensor category with inclusions is 
called Fermi independence or anti- symmetric independence. 



3. DEFINITION OF INDEPENDENCE IN THE LANGUAGE OF CATEGORY THEORY 49 



3.5. PROPOSITION. Two random variables j\ : (Bi,ipi) — > (A, tp) andj 2 '■ (B 2 ,i/j 2 ) ~~ *■ 
(.4, </?), defined on two 7L 2 -graded algebraic probability spaces (£>i, ipi), (B 2 , ip 2 ) and 
values in the same Z 2 -algebraic probability space (A, tp) are independent if and only if 
the following two conditions are satisfied. 

(i) : The images of ji and j 2 satisfy the commutation relations 

j2(a 2 )ji(a 1 ) = (-l) degaidega2 ii(a 1 )j 2 (a 2 ) 

for all homogeneous elements a± e B\, a 2 e B 2 . 

(ii) : y? satisfies the factorization property 

tp{ji(a 1 )j 2 (a 2 )) = tp{ji{ai))tp{j 2 (a 2 )), 

for all a± & Bi, a 2 & B 2 . 

Proof. The proof is similar to that of Proposition 3.3, we will only outline it. It 
is clear that the morphism h : (Bi,ipi) ®z 2 (B 2 ,ip 2 ) — > (A, tp) that makes the diagram 
in Definition 3.2 commuting, has to act on elements of B\ ® 1b 2 and lg 1 <S> B 2 as 

h(bi <g> la,) =ji(6i) and /i(l Bl <g> 62) = .72(62) ■ 

This extends to a homomorphism from (Bi, Vt) ®z 2 (£>2, ^2) to (^4, tp), if and only if the 
commutation relations are satisfied. And the resulting homomorphism is a quantum 
random variable, i.e. satisfies <p o h — ip± <S> ip 2 , if and only if the factorization property 
is satisfied. □ 

3.4. Example: Free Independence. We will now introduce another tensor 
product with inclusions for the category of algebraic probability spaces 2Ug*}3tob. On 
the algebras we take simply the free product of algebras with identifications of units 
introduced in Example 1.26. This is the coproduct in the category of algebras, there- 
fore we also have natural inclusions. It only remains to define a unital linear functional 
on the free product of the algebras. 

Voiculescu's[VDN92] free product tp 1 * ip 2 of two unital linear functionals ipi : 
Ai — > C and <p 2 : A 2 — > C can be defined recursively by 

(tp 1 *tp 2 )(a 1 a 2 ---a m ) = (-l) m ~ fl/+1 (y?i * p 2 ) I JJ a k J JJ p ek (a k ) 

for a typical element a\a 2 ■ ■ ■ a m G Ai \{A 2 , with a k e A tk , e± 7^ e 2 7^ • • • 7^ e m , i.e. 
neighboring a's don't belong to the same algebra, Jj/ denotes the number of elements 
of / and Ylkei a k means that the a's are to be multiplied in the same order in which 
they appear on the left-hand-side. We use the convention (tpi * <p 2 ) (Ylkeii ak ) = 1- 

It turns out that this product has many interesting properties, e.g., if ipi and p 2 
are states, then their free product is a again a state. For more details, see [BNT03] 
and the references given there. 

3.5. Examples: Boolean, Monotone, and Anti-monotone Independence. 

Ben Ghorbal and Schurmann[BG01, BGS99] and Muraki[Mur02b] have also con- 
sidered the category of non-unital algebraic probability nuSUg^kob consisting of pairs 
(A, tp) of a not necessarily unital algebra A and a linear functional tp. The morphisms 
in this category are algebra homo morphisms that leave the functional invariant. On 
this category we can define three more tensor products with inclusions corresponding 
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to the boolean product o, the monotone product > and the anti-monotone product < 
of states. They can be defined by 



(p x o ip 2 {a\a 2 ■ ■ -a m ) = Y[tp ek (a k ), 



fc=i 

tpx > (f2(aia 2 ■■ -a m ) = tfi I JJ a k J JJ (f 2 (a k ), 

\k:e k = l / k:e k =2 

ipi < v? 2 (aia 2 •• -a m ) = JJ (fi(a k ) W2 I JJ Ofc 

fe:ej c = l \k:t k =2 

for : — > C and (/? 2 : -4 2 - ► C and a typical element aia 2 ---a m G -4.i]j.4 2 , 
a k € A= fe , £i ^ 62 7^ • " 7^ e m , i.e. neighboring a's don't belong to the same algebra. 
Note that for the algebras and the inclusions we here use the free product without 
units, the coproduct in the category of not necessarily unital algebras. 

The monotone and anti-monotone product are not commutative, but related by 

ipi><f 2 — (<P2 < fi) lAi,A 2 i f° r an linear functional <pi : Ai — > C, <p 2 : ^2 — ► C, 

where 7_4 1; .4 2 : «4iU»42 - ► ^2 LJ ^1 is the commutativity constraint (for the commu- 
tativity constraint for the free product of unital algebras see Equation (1.1)). The 
boolean product is commutative, i.e. it satisfies 

Vi o V?2 = (v?2 o Vi) 1b u b 2 , 
for all linear functionals ip± : — > C, </?2 : ~~ *■ C. 

3.6. Remark. The boolean, the monotone and the anti-monotone product can also 
be defined for unital algebras, if they are in the range of the unitization functor. 

Let if 1 : Ai — > C and y9 2 : ^2 — ► C be two unital functionals on algebras „4i, ^.2, 
which can be decomposed as Ai — CI © „4?, ^4 2 = CI © ^4°- Then we define the 
boolean, monotone, or anti-monotone product of ipi and tp2 as the unital extension of 
the boolean, monotone, or anti-monotone product of their restrictions y^iUj and y^U"- 

This leads to the following formulas. 

n 

¥1 o</? 2 (aia 2 •••a n ) = Yi<Pei(ai), 

i=i 

(p 1 xp 2 (a 1 a2- ■ ■ a n ) = v^i ( «i ) ^2(0,), 

\i:ei = l J i:ei=2 

Vi<V 5 2(aia 2 ---a„) = ViK)^ f W a i 

i\€i=\ \i:ei=2 

for aia 2 • • • a n e Ai ]J ^.2, £ «4.°, e i 7^ e 2 7^ ' ' ' 7^ e n- We use the convention that the 
empty product is equal to the unit element. 

These products can be defined in the same way for ^-algebraic probability spaces, 
where the algebras are unital *-algebras having such a decomposition A = CI © A 
and the functionals are states. To check that ipi o <p 2 , <Pi > ¥2, <Pi < <P2 are again states, 
if ipi and tp2 are states, one can verify that the following constructions give their GNS 
representations. Let (7Ti,ifi,£i) and (7r 2 , #2, £2) denote the GNS representations of 
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(Ai, (pi) and (A2, ¥2)- The GNS representations of (A\ <Pi o ^2), (Ai II ^2, fi > 

1P2), and (Ai ]J Ai-, ¥1 <! ^2) can all be denned on the Hilbert space H — H\ Cg) H2 with 
the state vector £ = £1 ® £2. The representations are defined by vr(l) = id and 

tt^o = 'K 1 ®P 2 , 7r|_40 = Pi®7r 2 , for </?i<x/? 2 , 

7r|^o = 7Ti(g)P2, 7rUo = id/f 2 ©7r 2 , for </?i ></? 2 , 
ttU? = 7T!(g)id H2 , vr^o = P 1 ®n 2 , for </?i < y2 2 , 

where Pi, P 2 denote the orthogonal projections Pi : Pi — > C£i, P 2 : H 2 ^ C£ 2 . For the 
boolean case, £ = £1 © £ 2 G Pi © P2 is not cyclic for 7r, only the subspace C£ © P° © P 2 
can be generated from £. 



4. Reduction of an independence 

For a reduction of independences we need a little bit more than a cotensor functor. 

4.1. Definition. Let (C,D,i) and (C, □',«') be two tensor categories with inclu- 
sions and assume that we are given functors I : C — > P and /' : C — > P to some 
category P. A reduction (P, J) of the tensor product □ to the tensor product □' 
(w.r.t. (P, /, P)) is a cotensor functor P : (C, □) — > (C, □') and a natural transforma- 
tion J : 7 -> P o P, i.e. morphisms Ja : /(A) -> P o F(A) in P for all objects A e Ob C 
such that the diagram 

1(A) V o P(A) 



Hf) 



I'oF(f) 



1(B) V o P(P) 

commutes for all morphisms / : A — > B in C 

In the simplest case, C will be a subcategory of C, I will be the inclusion functor 
from C into C, and P the identity functor on C. Then such a reduction provides us 
with a system of inclusions 

J n (A u ...,A n )= F n (A 1 , ...,A n )o J AlU ... UAn : A ± D ■ ■ ■ UA n -> P^p' • • • D'P(A n ) 

with J X (A) = J A that satisfies, e.g., J n+m (A u . . . , A n+m ) = F 2 {F(A 1 )W ■ ■ ■ D'F(A n ), 
F(A n+1 )W ■ ■ ■ U'F(A n+m )) o (j n (A u A n )DJ m (A n+1 , A n+m )) for all n,m e N 
and Ai,... ,A n+m e ObC. 

In our applications we will often encounter the case where C is not a subcategory 
of C, but we have, e.g., a forgetful functor U from C to C that "forgets" an additional 
structure that C has. An example for this situation is the reduction of Fermi inde- 
pendence to tensor independence in following subsection. Here we have to forget the 
Z 2 -grading of the objects of Z 2 -2U$j*Ptob to get objects of 2U$j^3tob. In this situation 
a reduction of the tensor product with inclusions □ to the tensor product with inclu- 
sions □' is a tensor function P from (C, □) to (C, □') and a natural transformation 
J :U -> P. 

4.2. Example. The identity functor can be turned into a reduction from the cat- 
egory (2Ug, ]J) of unital associative algebras with the free product to the category 
(2Ujj, ©) of unital associative algebras with the tensor product (with the obvious inclu- 
sions). The morphism P : IK — > K is the identity map and P 2 = [11,12] '■ Ai IJA2 — > 
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A\ © A 2 is the unique morphism that makes the diagram 

Ai — »- Ai U A 2 * — A 2 

x y 
Ai®A 2 

commuting. 

4.1. The symmetric Fock space as a tensor functor. The category 2Jec with 
the direct product © is of course a tensor category with inclusions and with projections, 
since the direct sum of vector spaces is both a product and a coproduct. 

Not surprisingly, the usual tensor product of vector spaces is also a tensor product 
in the sense of category theory, but there are no canonical inclusions or projections. 
We can fix this by passing to the category 23e£* of pointed vector spaces, whose objects 
are pairs (V, v) consisting of a vector space V and a non-zero vector v G V. The 
morphisms h : (Vi,Vi) — > (V^,^) in this category are the linear maps h : V\ — > V 2 
with h(vi) = v 2 . In this category (equipped with the obvious tensor product (Vi,Vi) © 
(V 2 , v 2 ) = (Vi © V 2 , Vi © v 2 ) inclusions can be defined by I\ : V± 3 u 1— > u © v 2 G Vi © V 2 
and I 2 : V\ 3 u 1— > vi <g> u e V\ ® V 2 . 

In (QJefi*, <S>, I) all pairs of morphisms are independent, even though the tensor 
product is not a coproduct. 

4.3. Proposition. Take V = 2M 7 I = id^, and V : 2Jel* -> 5Je^ i/ie junctor 
that forgets the fixed vector. 

The symmetric Fock space T is a reduction from (QJet, ©,i) to (QJet*, <g>, /) (w.r.t. 

(SWMdaw,/')/ 

We will not prove this proposition, we will only define all the natural transforma- 
tions. 

On the objects, T maps a vector space V to the pair (T(V),f2) consisting of the 
algebraic symmetric Fock space 

r(v) = 0\/ 0n 

rtGN 

and the vacuum vector Q. The trivial vector space {0} gets mapped to the field 
r({0}) — K with the unit 1 as fixed vector. Linear maps h : V\ — > V 2 get mapped to 
their second quantization F(h) : r(lq) -> r(F 2 ). F : T({0}) = (/C, 1) -> (/C, 1) is just 
the identity and F 2 is the natural isomorphism from T(Vi © V 2 ) to r(Vi) © r(V 2 ) which 
acts on exponential vectors as 

F 2 : £(ui + u 2 ) h-> f (ui) © f (1x2) 

for G Vi, m 2 G V 2 . 

The natural transformation J : id£r ec — >■ T finally is the embedding of V into r(V) 
as one-particle space. 

4.2. Example: Bosonization of Fermi Independence. We will now define 
the bosonization of Fermi independence as a reduction from (Z 2 -2llg^3rob, ©^ 2 , i) to 
(Sllg^Prob, ©, i). We will need the group algebra CZ 2 of Z 2 and the linear functional 
e : CZ 2 — > C that arises as the linear extension of the trivial representation of Z 2 , i.e. 

e(l)=e(g) = l, 
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if we denote the even element of Z 2 by 1 and the odd element by g. 
The underlying functor F : Z 2 -2Ug*}3tob — > 2U$j^Ptob is given by 

Ob Z 2 -2UtfPtob 3 (A, <p) i-> (A ®z 2 CZ 2 , y? ® e) e Ob SUtfPtob, 
MorZ 2 -2Ufl^tob 3 f i-> / ® id CZa e Mor SUg^tob. 

The unit element in both tensor categories is the one- dimensional unital algebra 
CI with the unique unital functional on it. Therefore Fq has to be a morphism from 
F(C1) = CZ 2 to CI. It is defined by F (l) = F (g) = 1. 

The morphism F 2 (Ai,A 2 ) has to go from F(A ®z 2 B) = (A ®z 2 B) ® CZ 2 to 
F{A) ® F(B) = (A ®z 2 CZ 2 ) ® (B ®z 2 CZ 2 ). It is defined by 

„ 6A h (X) 1 / (fl 1) (6 ® 1) if 6 iS 6Ven ' 

' ! (a (g) g) <g> (b <g> 1) if b is odd, 



and 



a ° 5 \ (a ® 1) <g> (6 <g> 3) if b is odd, 



for a E A and homogeneous b <E B. 

Finally, the inclusion '■ A ^ A ®z 2 CZ 2 is defined by 

74(a) = a ® 1 

for all a E A. 

In this way we get inclusions J n = J n (A u ...,A n ) = F n (A 1 , . . . , A) JAi®z 2 ...®z 2 A n 
of the graded tensor product A\ ®^ 2 ■ ■ ■ ®z 2 <Ai i n t° the usual tensor product (A± ®^ 2 
CZ 2 ) ® • ■ • ® {A n ®i 2 CZ 2 ) which respect the states and allow to reduce all calculations 
involving the graded tensor product to calculations involving the usual tensor product 
on the bigger algebras F(Ai) = ^i®z 2 CZ 2 , . . . , F(A n ) = -4 n ®z 2 CZ 2 . These inclusions 
are determined by 

J n ( l ® ■ ■ ■ ® 1 ®a ® 1 ® ■ ■ ■ ® 1 ) = g ® ■ ■ ■ ® g ®a ® j ® ■ ■ ■ ® 1 , 

k — 1 times n — k times k — 1 times n — k times 

for a G A, 1 < < n, where we used the abbreviations 

g — l<S>g, a = a ® 1, 1 = 1 ® 1. 

4.3. The Reduction of Boolean, Monotone, and Anti-Monotone Inde- 
pendence to Tensor Independence. We will now present the unification of tensor, 
monotone, anti-monotone, and boolean independence of Franz [Fra03b] in our category 
theoretical framework. It resembles closely the bosonization of Fermi independence in 
Subsection 4.2, but the group Z 2 has to be replaced by the semigroup M = {l,p} with 
two elements, 11 = 1, 1 • p — p ■ 1 = p ■ p = p. We will need the linear functional 
e : CM -> C with e(l) = e(p) = 1. 

The underlying functor and the inclusions are the same for the reduction of the 
boolean, the monotone and the anti- monotone product. They map the algebra A of 
(A, <p) to the free product F(A) — «4]J CM of the unitization A of A and the group 
algebra CM of M. For the unital functional F(ip) we take the boolean product (p o e 
of the unital extension <p of ip with e. The elements of F(A) can be written as linear 
combinations of terms of the form 

p a a 1 p ■ ■ ■ pa m p w 
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with m G N, a, u G {0, 1}, ai, . . . .a m G A, and F(ip) acts on them as 

m 

F(ip)(p a aip---pa m p w ) = JJ<p(a fc ). 

fc=i 

The inclusion is simply 

The morphism F : F(C1) = CM — > CI is given by the trivial representation of M, 
F (l) = F (p) = 1. 

The only part of the reduction that is different for the three cases are the morphisms 



We set 



F 2 (Ai,A 2 ) ■ f(AiY[A 2 ) -> F(A 1 )(S)F(A 2 ) = (A ]J CM) <g> (A ]J CM) . 

F 2 vu 2 )(«)4 ffi ! p 

zv yvy [ p <g> a if a G vA 2 , 



for the boolean case, 



F™{M,A 2 ){a) = { "%P % a l^ 
/v ' w [ 1 <g) a if a G .4.2, 



for the monotone case, and 



Fr(A 1 ,A 2 )(a) = { a ® 1 '% a % A f 



for the anti-monotone case. Furthermore, we have F'(Ai, A 2 ){p) = p <S> p in all three 
cases. 

For the higher order inclusions J* = F'(Ai, . . . , A n ) ° Jai u- LI A«j • e {B, M, AM}, 
one gets 

J AM (a) = p®^" 1 ) ® a <g> l®( n -*\ 

if a G Ah- 

One can verify that this indeed defines reductions (F B , J), (F M , J), and (F AM , J) 
from the categories (nuSllg^rob, o, i), (nu2Ug^3tob, >, i), and (nu2tlg^3rob, <, i) to the 
category (2Ug*Ptob, <S>,i) of algebraic probability spaces with the usual tensor product. 
The functor U : nu2Ug*Ptob — > 2Ug*Ptob is the unitization of the algebra and the unital 
extension of the functional and the morphisms. 

This reduces all calculations involving the boolean, monotone or anti-monotone 
product to the tensor product. These constructions can also be applied to reduce the 
quantum stochastic calculus on the boolean, monotone, and anti-monotone Fock space 
to the boson Fock space. Furthermore, they allow to reduce the theories of boolean, 
monotone, and anti- monotone Levy processes to Schurmann's[Sch93] theory of Levy 
processes on involutive bialgebras, see Franz[Fra03b] or Section 3 in Chapter 3. 

A similar reduction exists for the category of unital algebras A having a decompo- 
sition A = CI © Aq and the boolean, monotone, or anti-monotone product defined for 
these algebras in Remark 3.6 
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5. Classification of the universal independences 

In the previous Section we have seen how a notion of independence can be defined 
in the language of category theory and we have also encountered several examples. 

We are mainly interested in different categories of algebraic probability spaces. 
There objects are pairs consisting of an algebra A and a linear functional ip on A. 
Typically, the algebra has some additional structure, e.g., an involution, a unit, a 
grading, or a topology (it can be, e.g., a von Neumann algebra or a C*-algebra) , 
and the functional behaves nicely with respect to this additional structure, i.e., it 
is positive, unital, respects the grading, continuous, or normal. The morphisms are 
algebra homomorphisms, which leave the linear functional invariant, i.e., j : (A,(p) — > 
(B,ip) satisfies 

<p = i> ° j 

and behave also nicely w.r.t. additional structure, i.e., they can be required to be *- 
algebra homomorphisms, map the unit of A to the unit of B, respect the grading, etc. 
We have already seen one example in Subsection 3.3. 

The tensor product then has to specify a new algebra with a linear functional and 
inclusions for every pair of of algebraic probability spaces. If the category of algebras 
obtained from our algebraic probability space by forgetting the linear functional has 
a coproduct, then it is sufficient to consider the case where the new algebra is the 
coproduct of the two algebras. 

5.1. Proposition. Let (C, □, i) be a tensor category with inclusions and F : C — > V 
a functor from C into another category V which has a coproduct ]J and an initial object 
E v . Then F is a tensor functor. The morphisms F 2 (A, B) : F(A) JJ F(B) — > F(ADB) 
and Fq : Ed — > F(E) are those guaranteed by the universal property of the coproduct 
and the initial object, i.e. F : Ed — * F(E) is the unique morphism from Ed to F(E) 
and F 2 (A,B) is the unique morphism that makes the diagram 

F(A) F(ADB) F(B) 



F(A)UF(B) 

commuting. 

Proof. Using the universal property of the coproduct and the definition of F 2 , one 
shows that the triangles containing the F(A) in the center of the diagram 

F(A) U (F(B) U F(C)) ^hl^U (F(A) Jj F(B)) Jj F(C) 



id F(A) LI F 2 (B,C) 



l F(A) *F (A) 



F 2 (A,B)]Jid F 



(C) 



F{A) JJ F(BDC) +-iF (A) — F(A) F(ADB) ]} F{C) 



F 2 (A,BUC) 



F(i A ) F(i A ) 



F 2 (AOB,C) 



F{AU{BUC)) ^— ,F((ADB)DC) 

commute (where the morphism from F(A) to F(A\3B)Y[F(C) is F(ia) ]Jid^ (c)), 
and therefore that the morphisms corresponding to all the different paths form F(A) to 
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F((AHB)nC) coincide. Since we can get similar diagrams with F(B) and F(C), it fol- 
lows from the universal property of the triple coproduct F(A) ]J (F(B) U-FXC)) that 
there exists only a unique morphism from F{A) \\ (F(B) U-FXC)) to F [[A\Z\B)\3C^ 
and therefore that the whole diagram commutes. 

The commutativity of the two diagrams involving the unit elements can be shown 
similarly. □ 

Let C now be a category of algebraic probability spaces and F the functor that maps 
a pair (A,ip) to the algebra A, i.e., that "forgets" the linear functional tp. Suppose 
that C is equipped with a tensor product □ with inclusions and that F{C) has a 
coproduct ]J. Let (A, (p), (fi, ip) be two algebraic probability spaces in C, we will denote 
the pair (A,(p)n(B,ip) also by (ADB , pDip) . By Proposition 5.1 we have morphisms 
F 2 (A,B) : -4]j£> — > ADB that define a natural transformation from the bifunctor JJ 
to the bifunctor □. With these morphisms we can define a new tensor product □ with 
inclusions by 

(A, pp(B, il>) = (A]l B, (pU^j) o F 2 (A, fi)) . 
The inclusions are those defined by the coproduct. 

5.2. Proposition. // two random variables fi : (Ai,p\) — > (B,ip) and f\ : 
(Ai,ipi) — > (B,ip) are independent with respect to D, then they are also independent 
with respect to □. 

Proof. If f\ and f 2 are independent with respect to □, then there exists a random 
variable h : (AlCL4.2, <PiO(p 2 ) — > (B, ip) that makes diagram (3.2) in Definition 3.2 com- 
muting. Then h o F 2 (Ai : A 2 ) ■ {A\ ]J A 2 , ipiO^) — > (fi, ■0) makes the corresponding 
diagram for □ commuting. □ 

The converse is not true. Consider the category of algebraic probability spaces with 
the tensor product, see Subsection 3.2, and take B = A± and tp = (<pi <8> ip 2 ) o 

F 2 (Ai, A 2 ). The canonical inclusions : (Ai,(pi) — > (B,ip) and i^ : (A 2 ,p 2 ) — > 
(B,ip) are independent w.r.t. ®, but not with respect to the tensor product itself, 
because their images do not commute in B = Ai IJ^2- 

We will call a tensor product with inclusions in a category of quantum probability 
spaces universal, if it is equal to the coproduct of the corresponding category of algebras 
on the algebras. The preceding discussion shows that every tensor product on the 
category of algebraic quantum probability spaces 2Ug^3tob has a universal version. 
E.g., for the tensor independence defined in the category of algebraic probability spaces 
in Subsection 3.2, the universal version is defined by 

pi^p^axa-2 ■ ■ -a m ) = 

for two unital functionals p\ : A\ — > C and p 2 : A 2 — > C and a typical element 
aia 2 • • -a m E A\ II -4-2, with au G A €k , ei ^ e 2 ^ ■ ■ ■ ^ e m , i.e. neighboring a's don't 
belong to the same algebra. 

We will now reformulate the classification by Muraki[Mur02b] and by Ben Ghorbal 
and Schurmann[BG01, BGS99] in terms of universal tensor products with inclusions 
for the category of algebraic probability spaces 2Ug^3tob. 

In order to define a universal tensor product with inclusions on SUg^Ptob one needs 
a map that associates to a pair of unital functionals (p 1 ,p 2 ) on two algebras Ai and 
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A2 a unital functional ipi ■ ip2 on the free product Ai ]J A2 (with identification of the 
units) of Ai and A2 in such a way that the bifunctor 

□ : (Ai, (fi) x (A 2 , (pi) i-> (A ]J A, • W2) 

satisfies all the necessary axioms. Since □ is equal to the coproduct \J on the algebras, 
we don't have a choice for the isomorphisms a, A, p implementing the associativity and 
the left and right unit property. We have to take the ones following from the universal 
property of the coproduct. The inclusions and the action of □ on the morphisms also 
have to be the ones given by the coproduct. 
The associativity gives us the condition 

(5-1) (((pi ■ (P2) ■ V?s) o a AuA2:A3 = (px ■ (ip 2 ■ ip 3 ), 

for all (Ai,(fii) : (A 2 ,<p 2 ): (A3, (fs) in 2U$j<ptob. Denote the unique unital functional on 
CI by 5, then the unit properties are equivalent to 

(ip ■ 5) o p A = ip and (5 ■ ip) o A.4 = <p, 

for all (.4., tp) in 2Ug^3tob. The inclusions are random variables, if and only if 

(5.2) (</?i • ip 2 ) o i Al = (p ± and (</?i • <p 2 ) Ma = ^2 

for all (Ai,(pi), (A 2 ,<p 2 ) in SUgSptob. Finally, from the functoriality of □ we get the 
condition 

(5-3) (tpi ■ <p 2 ) o (ji ]Jj 2 ) = (<fi o ji) ■ (ip 2 oj 2 ) 

for all pairs of morphisms j\ : (Bi^ipi) (^4_i, <Pi), j 2 '■ (&2, 4 ) 2 ) (A2, V2) in SUg^Ptob. 

Our Conditions (5.1), (5.2), and (5.3) are exactly the axioms (P2), (P3), and (P4) 
in Ben Ghorbal and Schurmann[BGS99], or the axioms (U2), the first part of (U4), 
and (U3) in Muraki[Mur02b]. 

5.3. Theorem. (MuruA»[Mur02b], Ben Ghorbal and Schiirmann[BG01, BGS99]; 

There exist exactly two universal tensor products with inclusions on the category of alge- 
braic probability spaces 2Ug^3tob, namely the universal version ® of the tensor product 
defined in Section 3.2 and the one associated to the free product * of states. 

For the classification in the non-unital case, Muraki imposes the additional condi- 
tion 

(5.4) (</?! • (p 2 )(aia 2 ) = </? ei (ai)</? e2 (a 2 ) 

for all (ei,e 2 ) G {(1, 2), (2, 1)}, a x G A ei , a 2 G A e2 . 

5.4. Theorem. (Muraki[Wlur 02b]) There exist exactly five universal tensor prod- 
ucts with inclusions satisfying (5.4) on the category of non-unital algebraic probability 
spaces nu2Ug^3tob ; namely the universal version <8> of the tensor product defined in 
Section 3.2 and the ones associated to the free product *, the boolean product o, the 
monotone product > and the anti-monotone product <. 

The monotone and the anti-monotone are not symmetric, i.e. (Ai Yi^2, <Pi > V2) 
and (A2 U A2, "p>2 > <Pi) are not isomorphic in general. Actually, the anti-monotone 
product is simply the mirror image of the monotone product, 

(Ai Y[ A 2 , (pi > y? 2 ) = (A 2 ]J Ai, (p 2 < (pi) 
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for all (Ai, (fii), (A2, f-i) m the category of non-unital algebraic probability spaces. The 
other three products are symmetric. 

In the symmetric setting of Ben Ghorbal and Schiirmann, Condition (5.4) is not 
essential. If one drops it and adds symmetry, one finds in addition the degenerate 
product 

/ \ / n f Vei(ai) if m — 1, 

( V i.^ 2 )(aia 2 ...a m ) = i J" . f m> { 

and families 

<Pi * q P2 = g((g~V0 ' (9~Va)), 
parametrized by a complex number g G C\{0}, for each of the three symmetric prod- 
ucts, • G {<§), *, o}. 

If one adds the condition that products of states are again states, then one can also 
show that the constant has to be equal to one. 

5.5. Remark. Consider the category of non-unital *-algebraic probability spaces, 
whose objects are pairs (A, if) consisting of a not necessarily unital *-algebra A and a 
state if : A — > C. Here a state is a linear functional f : A — > C whose unital extension 
f : A = CI ® A ^ C, Al + at-^ y5(Al + a) = A + y?(a), to the unitization of A is a 
state. 

Assume we have a product • : S^Al) x S(A 2 ) — > S^Al II -4.2) of linear functionals 
on non-unital algebras Ai,A 2 that satisfies 

(</?i • v? 2 )(aia 2 ) = civ?i(ai)v? 2 (a2), 
(fi ■ f 2 )(a 2 ai) = c 2 fi(ai)if 2 (a 2 ), 

for all linear functionals ifi : Ai — > C, </? 2 : ^2 C, and elements ai e »4i, a 2 G ^2 
with "universal" constants ci,c 2 G C, i.e. constants that do not depend on the algebras, 
the functionals, or the algebra elements. That for every universal independence such 
constants have to exist is part of the proof of the classifications in [BG01, BGS99, 
Mur02b]. 

Take now Ai = C[xi] and A 2 = C[x 2 ], with the states fi, <p 2 determined by 

<PiW) = 1 

for n G N, % — 1, 2. If ipi • ip 2 is a state, then 

ifl ■ f 2 ((Al + pLXi + vx 2 )*(\l + fix 1 + vx 2 )) > 

for all A, /i, v G C. This is equivalent to the matrix 

1 1 1 
1 1 Ci 
1 c 2 1 

being positive semi-definite. This is only possible, if Ci = oi and det A = — (1 — ci)(l — 
c 2 ) > 0, i.e. if ci = c 2 = I. 

The proof of the classification of universal independences can be split into three 
steps. 

Using the "universality" or functoriality of the product, one can show that there 
exist some "universal constants" - not depending on the algebras - and a formula for 
evaluating 

(ip 1 <g> <f 2 )(aia 2 ■■■a m ) 
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for a±a2 ■ • • a m e Ai ]J A2, with G A €k , €\ 7^ €2 7^ • • • 7^ e m , as a linear combination 
of products ipi(Mi), ^2(^2); where Mi, M2 are "sub-monomials" of a\<i2 ■ ■ -a m . Then 
in a second step it is shown by associativity that only products with ordered monomials 
Mi, M 2 contribute. This is the content of [BGS02, Theorem 5] in the commutative 
case and of [Mur02b, Theorem 2.1] in the general case. 

The third step, which was actually completed first in both cases, see [Spe97] and 
[Mur02c], is to find the conditions that the universal constants have to satisfy, if the 
resulting product is associative. It turns out that the universal coefficients for m > 5 
are already uniquely determined by the coefficients for 1 < m < 5. Detailed analysis 
of the non-linear equations obtained for the coefficients of order up to five then leads 
to the classifications stated above. 



CHAPTER 3 



Levy Processes on Dual Groups 

We now want to study quantum stochastic processes whose increments are free or 
independent in the sense of boolean, monotone, or anti-monotone independence. The 
approach based on bialgebras that we followed in the first chapter is based on the tensor 
product and fails in the other cases because the corresponding products are not defined 
on the tensor product, but on the free product of the algebra. The algebraic structure 
which has to replace bialgebras was first introduced by Voiculescu [Voi87, Voi90], 
who named them dual groups. In this chapter we will introduce these algebras and 
develop the theory of their Levy processes. It turns out that Levy processes on dual 
groups with boolean, monotonically, or anti-monotonically independent increments can 
be reduced to Levy processes on involutive bialgebra. We do not know if this is also 
possible for Levy processes on dual groups with free increments. 

In the literature additive free Levy processes have been studied most intensively, 
see, e.g., [GSS92, Bia98a, Ans02, Ans03, BNT02c, BNT02a, BNT02b]. 

1. Preliminaries on dual groups 

Denote by <£om2Ug the category of commutative unital algebras and let B G Ob <£om2Ug 
be a commutative bialgebra. Then the mapping 

Ob ComStlg 3 A h-> Mor £om2 u (£, A) 

can be understood as a functor from <£om2Ug to the category of unital semigroups. The 
multiplication in Mot<m 8 (B, A) is given by the convolution, i.e. 

f -k g = m A o (f (g) g) o A B 

and the unit element is s^Ia- A unit-preserving algebra homomorphism h : Ai — > A 2 
gets mapped to the unit-preserving semigroup homomorphism Mor£ 0m2 i [fl (,S, Ai) 3 f — > 
ho f e Mor €omms (B, A 2 ), since 

ho (f *g) = (ho f)* (hog) 

for all A±,A 2 G Ob£om2Ug, h G Mor £om2irs (A, A 2 ), f,g G Mor £om2Us (#, A±). 

If B is even a Hopf algebra with antipode S, then Mor(r om2 H (£>, A) is a group with 
respect to the convolution product. The inverse of a homomorphism / : B — > A with 
respect to the convolution product is given by / o S. 

The calculation 

(f*g)(ab) = m A o (f ® g) o A B (ab) 

= f(a {1) b {1) )g(a { 2 ) b {2) ) = f(a {1) )f(b {1) )g(a {2) )g(b {2) ) 
= f(a(i))g(a(2))g(b(i))g(b {2) ) = (f * g)(a)(f * g)(b) 

shows that the convolution product f -k g of two homomorphisms /, g : B — > A is again 
a homomorphism. It also gives an indication why non-commutative bialgebras or Hopf 
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algebras do not give rise to a similar functor on the category of non-commutative 
algebras, since we had to commute /(&(i)) with g(a^))- 

Zhang [Zha91], Berman and Hausknecht [BH96] showed that if one replaces the 
tensor product in the definition of bialgebras and Hopf algebras by the free product, 
then one arrives at a class of algebras that do give rise to a functor from the category 
of non- commutative algebras to the category of semigroups or groups. 

A dual group [Voi87, Voi90] (called H-algebra or cogroup in the category of unital 
associative *-algebras in [Zha91] and [BH96], resp.) is a unital *-algebra B equipped 
with three unital *-algebra homomorphisms A : B ^ B\JB, S : B B and e : B — > C 
(also called comultiplication, antipode, and counit) such that 

(1.1) (AjJid)oA = (idJjA^oA, 

(1.2) (e]Jid)oA= id = (idJJe)oA, 

(1.3) m e o (s]Jid) o A= id = ms o ^id S^j o A, 

where m B : B\JB — > B, m B [a\ ®a 2 <S> • • • ® a n ) = a±-a 2 a n , is the multiplication of 

B. Besides the formal similarity, there are many relations between dual groups on the 
one side and Hopf algebras and bialgebras on the other side, cf. [Zha91]. For example, 
let B be a dual group with comultiplication A, and let R : B JJ B — > B (g> B be the 
unique unital *-algebra homomorphism with 

Rb,b ° k(b) = b<S> 1, Rb,b ° h{b) = 1 <8> b, 

for all b e B. Here i±, i 2 : B — > i3 ]J i3 denote the canonical inclusions of i3 into the 
first and the second factor of the free product BY[B. Then B is a bialgebra with the 
comultiplication A = o A, see [Zha91, Theorem 4.2], but in general it is not a 
Hopf algebra. 

We will not really work with dual groups, but the following weaker notion. A dual 
semigroup is a unital *-algebra B equipped with two unital *-algebra homomorphisms 
A : B — > BY[B and e : B — > C such that Equations (1.1) and (1.2) are satisfied. The 
antipode is not used in the proof of [Zha91, Theorem 4.2], and therefore we also get 
an involutive bialgebra (B,A,e) for every dual semigroup (B,A,e). 

Note that we can always write a dual semigroup B as a direct sum B = CI © £>°, 
where B° = ker e is even a *-ideal. Therefore it is in the range of the unitization functor 
and the boolean, monotone, and anti-monotone product can be defined for unital linear 
functionals on £>, cf. Remark 3.6 in Chapter 2. 

The comultiplication of a dual semigroup can also be used to define a convolution 
product. The convolution ji*j 2 of two unital *-algebra homomorphisms ji,j 2 '■ B — > A 
is defined as 

ji *J2 = m A o (ji Y[j 2 S j o A. 

As the composition of the three unital *-algebra homomorphisms A : B — > B ]J B, 
ji II 32 '■ B \J B — > ^4 ]J A, and m_4 : ^4 ]J ^4 — > ^4, this is obviously again a unital 
*-algebra homomorphism. Note that this convolution can not be defined for arbitrary 
linear maps on B with values in some algebra, as for bialgebras, but only for unital 
*-algebra homomorphisms. 
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2. Definition of Levy processes on dual groups 

2.1. Definition. Let j 1 : B± — > (A, $),... ,j„ : B n — > (.A, $) be quantum random 
variables over the same quantum probability space (A, $) and denote their marginal 
distributions by ipi — 4> o j'j, i — 1, . . . , n. The quantum random variables (ji, . . . ,j n ) 
are called tensor independent (respectively boolean independent, monotonically inde- 
pendent, anti-monotonically independent or free), if the state <3> o o (j 1 ]J • • • ]J j n ) 
on the free product U™ =1 is equal to the tensor product (boolean, monotone, anti- 
monotone, or free product, respectively) of <fi, . . . , y? n . 

Note that tensor, boolean, and free independence do not depend on the order, 
but monotone and anti- monotone independence do. An n-tuple (ji, . . . , j n ) of quan- 
tum random variables is monotonically independent, if and only if (j n , . . . ,ji) is anti- 
monotonically independent. 

We are now ready to define tensor, boolean, monotone, anti-monotone, and free 
Levy processes on dual semigroups. 

2.2. Definition. [Sch95b] Let (B, A,e) be a dual semigroup. A quantum sto- 
chastic process {j s t}o<s<t<T on B over some quantum probability space (A, $) is called 
a tensor (resp. boolean, monotone, anti-monotone, or free) Levy process on the dual 
semigroup B, if the following four conditions are satisfied. 

(1) (Increment property) We have 

jrs * 3 st = jrt for all < r < s < t < T, 
j tt = l A oe for all < t < T. 

(2) (Independence of increments) The family {j s t}o<s<t<T is tensor independent 
(resp. boolean, monotonically, anti-monotonically independent, or free) w.r.t. 

i.e. the n-tuple (j Sl t 2 , • • • ,j Sn t„) is tensor independent (resp. boolean, mono- 
tonically, anti-monotonically independent, or free) for all n e N and all < 
si < ti < s 2 < ■ ■ ■ < t n < T. 

(3) (Stationarity of increments) The distribution ip st = $ o j st of j st depends only 
on the difference t — s. 

(4) (Weak continuity) The quantum random variables j st converge to j ss in dis- 
tribution for t \ s. 

2.3. Remark. The independence property depends on the products and therefore 
for boolean, monotone and anti-monotone Levy processes on the choice of a decompo- 
sition B = CI © B°. In order to show that the convolutions defined by (y?i o y? 2 ) ° A, 
(ipi>ip2) ° A, and ((pi<(p 2 )oA are associative and that the counit e acts as unit element 
w.r.t. these convolutions, one has to use the functoriality property [BGS99, Condition 
(P4)], see also (5.3) in Chapter 2. In our setting it is only satisfied for morphisms that 
respect the decomposition. Therefore we are forced to choose the decomposition given 
by B° = kere. 

The marginal distributions (p t ~ s '■= ¥st = &° jst form again a convolution semigroup 
{v 9 t}teK +) with respect to the tensor (boolean, monotone, anti-monotone, or free re- 
spectively) convolution defined by (yi®^) ° A ((^iO^) o A, ((^i^^) A, (</?i<i</7 2 ) o A, 
or (</?! * ip 2 ) o A, respectively). It has been shown that the generator : B — > C, 
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is well-defined for all b G B and uniquely characterizes the semigroup {(pt}tm+> CI> - 
[Sch95b, BGS99, FraOl]. 

Denote by S be the flip map S : £> TJ £> ^ £> TJ i3, S — ttib^b ° («2 LJ where 
: B — > £>TJ£> are the inclusions of £> into the first and the second factor of 
the free product £>TJi3. The flip map S acts on 11(01)22(61) • • -22(671) G S[JS with 

ai,...,a n ,6i,...,6 n G 6 as S (21(01)22(61) • • -2 2 (6 n )) = 22(01)21(61) • • • 2i(6„). If ji : 
B — > A\ and J2 : B — > ^.2 are two unital *-algebra homomorphisms, then we have 
CteUii) S = 7^ l5 ^ 2 o (jijjj^)- Like for bialgebras, the opposite comultiplication 
A op = S o A of a dual semigroup (£>, A, e) defines a new dual semigroup (B, A op , e). 

2.4. Lemma. Let {j^ : B — > (.A, $)}o<s<t<T 6e a quantum stochastic process on a 
dual semigroup (B,A,e) and define its time-reversed process {j°t}o<s<t<T by 

■op ■ 

Jst — jT-t,T-s 

forO< s <t<T. 

(i) The process {j s t}o<s<t<T is a tensor (boolean, free, respectively) Levy pro- 
cess on the dual semigroup (B,A,e) if and only if the time-reversed process 
{j°t}o<s<t<T is a tensor (boolean, free, respectively) Levy process on the dual 
semigroup (B, A op , e) . 

(ii) The process {j s t}o< s <t<T is a monotone Levy process on the dual semigroup 
(B,A,e) if and only if the time-reversed process {j°t}o<s<t<T is an anti- 
monotone Levy process on the dual semigroup (B,A op ,e). 

Proof. The equivalence of the stationarity and continuity property for {j s t}o<s<t<T 
and {j°t}o<s<t<T is clear. 

The increment property for {j s t}o<s<t<T with respect to A is equivalent to the 
increment property of }o<s<t<r with respect to A op , since 

m A o (f s ? II j%) o A op = m A o (j T _ t , T _ s H j T - u , T - t ) 0S0A 

= m A o lAA O ^' T -u,T-t U jT-t.T-a) A 
= m A O (j'r-u.T-t II j T -t,T-^j ° A 

for all < s < t < u < T. 

If {jst}o<s<t<T has monotonically independent increments, i.e. if the n-tuples (j si t 2 , 
■ ■ ■ i3s n t n ) are monotonically independent for all n G N and all < s± < t\ < s 2 < 
•••<*„, then the n-tuples (j Sntn , . . . ,j 8ltl ) = Ut-u^t-^ ■ ■ ■ Jr-tuT-si) are anti " 
monotonically independent and {j°f}o<s<t<T has anti-monotonically independent in- 
crements, and vice versa. 

Since tensor and boolean independence and freeness do not depend on the order, 
{j s t}o<s<t<T has tensor (boolean, free, respectively) independent increments, if and 
only {jgf}o<s<t<T has tensor (boolean, free, respectively) independent increments. □ 

Before we study boolean, monotone, and anti-monotone Levy processes in more 
detail, we will show how the theory of tensor Levy processes on dual semigroups reduces 
to the theory of Levy processes on involutive bialgebras, see also [Sch95b]. If quantum 
random variables ji, ■ ■ ■ ,j n are independent in the sense of Condition 2 in Definition 
1.1.2, then they are also tensor independent in the sense of Definition 2.1. Therefore 
every Levy process on the bialgebra (B, A, e) associated to a dual semigroup (B, A,e) is 
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automatically also a tensor Levy process on the dual semigroup (B, A, e). To verify this, 
it is sufficient to note that the increment property in Definition 1.1.2 with respect to A 
and the commutativity of the increments imply the increment property in Definition 
2.2 with respect to A. 

But tensor independence in general does not imply independence in the sense of 
Condition 2 in Definition 1.1.2, because the commutation relations are not necessarily 
satisfied. Therefore, in general, a tensor Levy process on a dual semigroup (£>, A, e) will 
not be a Levy process on the involutive bialgebra (B,A,e). But we can still associate 
an equivalent Levy process on the involutive bialgebra (£>, A, e) to it. To do this, note 
that the convolutions of two unital functionals <fi, ip 2 '■ B — > C with respect to the dual 
semigroup structure and the tensor product and with respect to the bialgebra structure 
coincide, i.e. 

(y2i<g>(/2 2 ) ° A = (y?i <g> (p 2 ) o A. 

for all unital functionals ipi, ip 2 : B — » C. Therefore the semigroup of marginal distri- 
butions of a tensor Levy process on the dual semigroup (B, A, e) is also a convolution 
semigroup of states on the involutive bialgebra (B,A,e). It follows that there exists a 
unique (up to equivalence) Levy process on the involutive bialgebra (£>, A, e) that has 
this semigroup as marginal distributions. It is easy to check that this process is equiv- 
alent to the given tensor Levy process on the dual semigroup (£>, A, e). We summarize 
our result in the following theorem. 

2.5. Theorem. Let (B, A, e) be a dual semigroup, and (B, A, e) with A = R BtB oA 
the associated involutive bialgebra. The tensor Levy processes on the dual semigroup 
(B,A,e) are in one-to-one correspondence (up to equivalence) with the Levy processes 
on the involutive bialgebra (B,A,e). 

Furthermore, every Levy process on the involutive bialgebra (£>, A, e) is also a tensor 
Levy process on the dual semigroup (B,A,e). 

3. Reduction of boolean, monotone, and anti-monotone Levy processes to 

Levy processes on involutive bialgebras 

In this section we will construct three involutive bialgebras for every dual semigroup 
(£>, A, e) and establish a one-to-one correspondence between boolean, monotone, and 
anti-monotone Levy processes on the dual semigroup (£>, A,e) and a certain class of 
Levy processes on one of those involutive bialgebras. 

We start with some general remarks. 

Let (C, □) be a tensor category. Then we call an object V in S equipped with 
morphisms 

e : V -> E, A : V -> VDV 
a dual semigroup in (C, □), if the following diagrams commute. 




VUiVUV) ^ (VDV)DV V 

v ' CtT> T> T> v ' 
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3.1. Proposition. Let V be a dual semigroup in a tensor category and let F : C — > 
2U$j be a cotensor functor with values in the category of unital algebras ( equipped with 
the usual tensor product). Then F{V) is a bialgebra with the counit F Q o F(e) and the 
coproduct F 2 (V, V) o F(A). 

Proof. We only prove one right half of the counit property. Applying F to \x> ° 
(eOdx)) o A = id©, we get -F(Ax>) o F(eDidx)) ° -FA = id F (py Using the naturality of 
F 2 and Diagram (III. 1.3), we can extend this to the following commutative diagram, 



id F (u)®F(e) 



F(V) <g> F(P) 

F 2 (V,V) 

FiVUV) F(PD£) 



F(£>) <g> F(£) 



F 2 (V,E) 




F(V) 



FiV) 




which proves the right counit property of F(T>). The proof of the left counit property 
is of course done by taking the mirror image of this diagram and replacing p by A. 
The proof of the coassociativity requires a bigger diagram which makes use of (1.2) in 
Chapter 2. □ 

Assume now that we have a family (V t )t>o of objects in C equipped with morphisms 



e : £> n -> E and 5 st : £> 



V s DV t for s, t > such that the diagrams 



V 



s+t+u 



V DV t 



Sot 



Sto 



V t DV 




Os,t + u 



v s uv t+u 



idD<5tt, 

VU{VUD) 



v s+t uv u 



-□id 



id 



Q-T> s ,T> t ,T) u 



5 si Did 

EDV t 

(v s nv t )nv u x ^ 



v 



PT> t 1 



idDe 



VtDE 



In the application we have in mind the objects T> t will be pairs consisting of a fixed 
dual semigroup B and a state ip t on i3 that belongs to a convolution semigroup (3»t)t>o 
on B. The morphisms 5 si and e will be the coproduct and the counit of B. 

If there exists a cotensor functor F : C — > Sllg^Prob, F(T> t ) = (At, (ft) such that the 
algebras Alg(F(X> t )) = ^ and the morphisms F 2 (T> S , V t )oF(5 st ) are do not depend on s 
and t, then ^. = Alg(F(P t )) is again a bialgebra with coproduct A = F2(T> S , T> t )oF(8 s t) 
and the counit e = F o F(e), as in Proposition 3.1. 

Since morphisms in 2Ug*}3tob leave the states invariant, we have $ s ® $ t o A = $ s+t 
and $o = £, i-e. ($t)t>o is a convolution semigroup on A (up to the continuity property). 
From this convolution semigroup we can then reconstruct a Levy process on A. 

3.1. Construction of a Levy process on an involutive bialgebra. After the 
category theoretical considerations of the previous subsection we shall now explicitly 
construct one-to-one correspondences between boolean, monotone, and anti-monotone 
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Levy processes on dual groups and certain classes of Levy processes on involutive 
bialgebras. 

Let M = {l,p} be the unital semigroup with two elements and the multiplication 
p 2 = lp = pi = p, l 2 = 1. Its 'group algebra' CM = span{l,p} is an involutive 
bialgebra with co multiplication A(l) = 1 © 1, A(p) = p © p, counit e(l) = e(p) = 1, 
and involution 1* = 1, p* = p. The involutive bialgebra CM was already used by 
Lenczweski [Len98, LenOl] to give a tensor product construction for a large family of 
products of quantum probability spaces including the boolean and the free product and 
to define and study the additive convolutions associated to these products. As a unital 
*-algebra it is also used in Skeide's approach to boolean calculus, cf. [SkeOl], where it 
is introduced as the unitization of C. It also plays an important role in [SchOO, FSOO]. 

Let B be a unital *-algebra, then we define its p-extension B as the free product 
B = B\[ CM. Due to the identification of the units of B and CM, any element of B can 
be written as sums of products of the form p a bipb 2 p ■ ■ -pb n p^ with n e N, bi, . . . , b n e B 
and a, to — 0, 1. This representation can be made unique, if we choose a decomposition 
of B into a direct sum of vector spaces B = CI © V° and require bi, . . . ,b n G V°. We 
define the p-extension (p : B — > C of a unital functional ip : B — > C by 

(3.1) ^(p a b lP b 2 p-- -pb n p w ) = rthMbz) ■ ..<p(b n ) 

and (p(p) = 1. The p-extension does not depend on the decomposition B = CI © V°, 
since Equation (3.1) actually holds not only for b\, . . . , b n e V°, but also for b±, . . . , b n e 
B. 

If Bi, . . . , B n are unital *-algebras that can be written as direct sums Bi = CI © B® 
of *-algebras, then we can define unital *-algebra homomorphisms lf Bi ... b , 

4 A s 1 ,..,s„ : B k ^ & (8) • • • (8) B n for k = 1, . . . , n by 

^Si,...,S„(^) 



4\,..., B „(&) = i^^i©&©^-^©p. 



rAM 



p ( 


... 


■ © p ©6 




k - 


1 times 


1 


© • • 


■ © 1(8)6 




k - 


1 times 


pi 




© p®b 




k - 


1 times 



for b e B° k . 

Let n £ N, 1< K n, and denote the canonical inclusions of into the k th factor 
of the free product U™ =1 Bj by i^. Then, by the universal property, there exist unique 

unital *-algebra homomorphisms Bn : IJfe=i &k &k=\Bk such that 

R Bi,...,B n oi k = Ik,Bi,...,B n i 



for • e {B, M, AM}. 
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3.2. Proposition. Let (B,A,e) be a dual semigroup. Then we have the following 
three involutive bialgebras (B,A B ,e), (B,A M ,e), and (B, Aam, S), where the comulti- 
plications are defined by 



A B 


— n B,B 


o 


A, 


A m 


dM 


o 


A, 


Aam 


pAM 
— n B,B 


o 


A, 



on B and by 

A B (p) = A M (p) = A AM (p) =p®p 

on CM. 

3.3. Remark. This is actually an application of Proposition 3.1. Below we give an 
direct proof. 

Proof. We will prove that (B,Ab,s) is an involutive bialgebra, the proofs for 
(B,A M ,e) and (B, A AM ,e) are similar. 

It is clear that A B : B — > B®B and e : B — > C are unital *-algebra homomorphisms, 
so we only have to check the coassociativity and the counit property. That they are 
satisfied for p is also immediately clear. The proof for elements of B is similar to the 
proof of [Zha91, Theorem 4.2]. We get 

(A B <g> idg) o A B \ b = RgjBjB o (A ]J id s ) o A 

= Rb,b,b° ( id e II A ) ° A 

= (idg® A B ) o A b | b 

and 

(e ® idg) o A B | B = (e <8> idg) o o A 

= ]J id e ) o A = id B 

= (id B ]Je)oA 

= (idg <S>e)o Rg B o A 
= (idg <g>e) o A B | B . 

□ 

These three involutive bialgebras are important for us, because the boolean con- 
volution (monotone convolution, anti-monotone convolution, respectively) of unital 
functionals on a dual semigroup (B,A,e) becomes the convolution with respect to the 
comultiplication Ab (Am, Aam, respectively) of their p-extension on B. 

3.4. Proposition. Let (£>, A, e) be a dual semigroup and ipi, ip 2 : B —> <C two unital 
functionals on B. Then we have 

((^lOy^oA = <g) (p 2 ) o A B , 

(ip 1 >ip 2 )oA = (<pj <g> (p 2 ) o A M , 

((p 1 <(p 2 )oA = {(pi <g> <^ 2 ) ° Aam- 
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Proof. Let b G B°. As an element of B\[B, A (6) can be written in the form 
A(b) = ^2 teA b € G ® egA £> e . Only finitely many terms of this sum are non-zero. The 
individual summands are tensor products b e = b\ <S> ■ • • <S> b^ and due to the counit 
property we have 6 = 0. Therefore we have 

M 

teiO^)oA(6)=£II^( 6 *)- 

eSA fc = l 

For the right-hand-side, we get the same expression on B, 

(<£i <g> (p-i) o A B (b) = (<^i ® <^ 2 ) o i?gg o A(6) 

= (<fl ® £2) ^ 6 1 ® " ' ® ^ 



kl 



^^l(fclP&3---)^2(pfc 2 P---) 

e£A 

+ Yl &(P b 2P ' ' ' )&( b lP b 3 ■■■) 



e£A 

£1=2 



eSA fc = l 

To conclude, observe 

A B (p a b lP ■ ■ -pbnp") = (p a <g> p a ) A B (6i)(p <g> p) • • • (p (8) p)A B (& n )(p w <g> p w ) 
for all 61, . . . , 6 n G £>, a, a; G {0, 1}, and therefore 

(<pi <S> <f 2 ) A B = (<pi ® <p 2 ) ° A B | 6 = (<fi o if 2) ° A. 
The proof for the monotone and anti-monotone product is similar. □ 
We can now state our first main result. 

3.5. THEOREM. Let (B, A, e) be a dual semigroup. We have a one-to-one corre- 
spondence between boolean (monotone, anti-monotone, respectively) Levy processes on 
the dual semigroup (£>, A,e) and Levy processes on the involutive bialgebra (B,A B ,e) 
((B, Am, e), (B, Aam,£% respectively), whose marginal distributions satisfy 

(3.2) ift(p a bip---pb n p u ')=ip t {b 1 )---ip t (b n ) 

for all t > 0, bi, . . . ,b n G B, a,u G {0, 1}. 

Proof. Condition (3.2) says that the functionals ip t on B are equal to the p- 
extension of their restriction to B. 

Let {jst}o<s<t<T be a boolean (monotone, anti-monotone, respectively) Levy pro- 
cess on the dual semigroup (B, A, e) with convolution semigroup ip t - s = $ jst- Then, 
by Proposition 3.4, their p-extensions {<pt}t>o form a convolution semigroup on the 
involutive bialgebra (B,A B ,e) ((£>, Am,£), (B, Aam,s), respectively). Thus there ex- 
ists a unique (up to equivalence) Levy process {] s t}o<s<t<T 011 the involutive bialgebra 
(B,A B ,s) ((B, Am,£), (B, Aam,£), respectively) with these marginal distribution. 



70 



3. LEVY PROCESSES ON DUAL GROUPS 



Conversely, let {j s t}o<s<t<T be a Levy process on the involutive bialgebra (£>, Ab, e) 
((&, Am, £), (B, Aam, £), respectively) with marginal distributions {y?t}t>o and suppose 
that the functionals tp t satisfy Equation (3.2). Then, by Proposition 3.4, their restric- 
tions to B form a convolution semigroup on the dual semigroup (B, A, e) with respect to 
the boolean (monotone, anti-monotone, respectively) convolution and therefore there 
exists a unique (up to equivalence) boolean (monotone, anti-monotone, respectively) 
Levy process on the dual semigroup (B, A,e) that has these marginal distributions. 

The correspondence is one-to-one, because the p-extension establishes a bijection 
between unital functionals on B and unital functionals on B that satisfy Condition 

(3.2) . Furthermore, a unital functional on B is positive if and only if its p-extension is 
positive on B. □ 

We will now reformulate Equation (3.2) in terms of the generator of the process. 
Let n > 1, b\, . . . , b n G B° — ker e, a, u G {0, 1}, then we have 

ip(p a bip- ■ -pb n p^) = limy (v? t (p a 6ip- • -pb n p") - e(p a b 1 p-- -pbnp")) 
= Jim j ((ftih ) ■ ■ ■ (f t (b n ) - e(&i) ■ ■ ■ e(6„)) 

n 

= E ■ ■ • £(bk-i)ip(b k )e(b k+1 ) ■ ■ ■ e(b n ) 

k=l 

ipipi) if n — 1, 
if n>l. 

Conversely, let {ip t : B — > C} t >o be a convolution semigroup on (B,A,,e), • G 
{B, M, AM}, whose generator ip : B — > C satisfies tp(l) = ip(p) = and 

(3.3) «>f* P ") = {* 11 '' * Hi 

for all n > 1, b u . . . ,b n G B° = kere, a,u G {0, 1}. For bi, . . . ,b n G <B°, A. is of the 
form A.(6i) = &i®H-l<8>& i + ££i 1 bfl®bf k) with 6$ , 6$ G kere. By the fundamental 
theorem of coalgebras [Swe69] there exists a finite-dimensional subcoalgebra C C of 
i3 that contains all possible products of 1, 6j, 6^ , 6^., % — 1, . . . , n, ki — 1, . . . , rij. 
Then we have 

(y s | c ® ¥>t| c ) ((P« ® P a )A.(6i)(p <g> p) • • • (p <g> p)A.(6 n )(p w <g> p w )) 
and, using (3.3), we find the differential equation 



n 



Vs\ c {p a b\p- ■ -pb n p w ) = E <p s \ c {p a bip- ■ -bi-iplpb i+ ip- ■ -bnp^ibi 



i=i 

n rii 



(3-4) + E E (P a *iP • ' • h-wbflpb^p ■ ■ ■ b n p")i>{bfl) 

i=l ki=l 

for {^t\c\t>o- This a linear inhomogeneous differential equation for a function with 
values in the finite-dimensional complex vector space C* and it has a unique global 
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solution for every initial value <po\ c . Since we have 

k=i 

rii 
ki=l 




we see that < (^tU) r satisfies the differential equation (3.4). The initial values 
I cJt>o 

also agree, 

(fo(p a biP-- -pbnP^) = s(p a bip ■ ■ ■ pbnp") = 6(h) • ••£(&„) = <p (&i) ■ '-(po(b n ) 

and therefore it follows that {(pt}t>o satisfies Condition (3.2). 
We have shown the following. 

3.6. Lemma. Let {<p t : B — > C} t >o be a convolution semigroup of unital junctionals 
on the involutive bialgebra (B,A,,e), • G {B, M, AM}, and let ip : B — > C be its 
infinitesimal generator. 

Then the junctionals oj the convolution semigroup {(ft}t>o satisfy (3.2) for allt > 0, 
if and only if its generator ip satisfies (3.3). 

For every linear functional ip : B — > C on B there exists only one unique functional 
tjj : B — > C with ij)\ B = tp that satisfies Condition (3.3). And since this functional i\) 
is hermitian and conditionally positive, if and only if ip is hermitian and conditionally 
positive, we have shown the following. 

3.7. COROLLARY. We have a one-to-one correspondence between boolean Levy pro- 
cesses, monotone Levy processes, and anti-monotone Levy processes on a dual semi- 
group (B,A,e) and generators, i.e. hermitian, conditionally positive, linear functionals 
i):B^C onB with ip(l) = 0. 

Another corollary of Theorem 3.5 is the Schoenberg correspondence for the boolean, 
monotone, and anti-monotone convolution. 

3.8. Corollary. (Schoenberg correspondence) Let {</?t}t>o be a convolution 
semigroup of unital functionals with respect to the tensor, boolean, monotone, or anti- 
monotone convolution on a dual semigroup (£>, A, e) and let ip : B — > C be defined 
by 

m = ^ - t Mb)-e(b)) 

for b G B. Then the following statements are equivalent. 

(i) if t is positive for allt >0. 

(ii) ip is hermitian and conditionally positive. 

We have now obtained a classification of boolean, monotone, and anti-monotone 
Levy processes on a given dual semigroup in terms of a class of Levy processes on a 
certain involutive bialgebra and in terms of their generators. In the next subsection 
we will see how to construct realizations. 
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3.2. Construction of boolean, monotone, and anti-monotone Levy pro- 
cesses. The following theorem gives us a way to construct realizations of boolean, 
monotone, and anti-monotone Levy processes. 

3.9. Theorem. Let {kf t } < s < t < T ({k^} < s < t <T, {k^ M } < s <t<T, respectively) be a 
boolean (monotone, anti-monotone, respectively) Levy process with generator ip on some 
dual semigroup (B,A,e). Denote the unique extension of ip : B — > C determined by 
Equation (3.3) by $ : B -> C. 

If {jft\o<s<t<T ({j™}o<s<t<T, 0^ M }o<s<t<T i respectively) is a Levy process on the 
involutive bialgebra (B,Ab,s) ((B, Am, e), (B, Aam,£% respectively), then the quantum 
stochastic process {jf t }o< s <t<T ({j™}o<s<t<T, {j^ M }o< s <t<T, respectively) on B defined 
by 

ift(l) = id, J>) = jl(p)jf t (b)jfAp) for beB° = kere, 
= id, j*(b) = %(b)M(p) for beB° = kere, 

= id, j£ M (6) = j^(p)jT(b) for beB° = kere, 

for < s < t < T, is a boolean (monotone, anti-monotone, respectively) Levy 
process on the dual semigroup (B,A,e). Furthermore, if {jft}o<s<t<T ({j^t}o<s<t<T, 
{J^ M }o< s <t<T, respectively) has generator^, then {jf t }o<s<t<T ({j™}o<s<t<T, {j^ M }o<s<t<T, 
respectively) is equivalent to {kf t } < s <t<T ({k^}o< s <t<T, {^ M }o<s<t<T, respectively). 

3.10. REMARK. Every Levy process on an involutive bialgebra can be realized on 
boson Fock space as solution of quantum stochastic differential equations, see Theo- 
rem 1.3.1 or [Sch93, Theorem 2.5.3]. Therefore Theorem 3.9 implies that boolean, 
monotone, and anti-monotone Levy processes can also always be realized on a boson 
Fock space. We will refer to the realizations obtained in this way as standard Fock 
realization. 

It is natural to conjecture that monotone and anti-monotone Levy processes can 
also be realized on their respective Fock spaces (see Subsection 3.3) as solutions of 
monotone or anti-monotone quantum stochastic differential equations, like this has 
been proved for the tensor case in [Sch93, Theorem 2.5.3] and discussed for free and 
boolean case in [Sch95b, BG01]. We will show in Subsection 3.4.4 that this is really 
possible. 

PROOF. {j' st }o< s <t<T is a Levy process on the involutive bialgebra (B,Ab,e), • E 
{B,M,AM}, and therefore, by the independence property of its increments, we have 

[TstihlTs'M] = o 

for all < s < t < T, < s' < f < T with ]s,t[n]s' ,t'[= and all 61,62 e B. Using 
this property one immediately sees that the j* st are unital *-algebra homomorphisms. 
Using again the independence of the increments of {j' st }o< s <t<T and the fact that its 
marginal distributions ip' st = $ o J* s , < s < t < T, satisfy Equation (3.2), we get 

HjfM = H^ s (p)jl(b)jfAp)) = H%s(p)M%(b)MjfAp)) = Vlib) 
and similarly 

= 

Hti M (b)) = vT(b), 

for all b G B°. Thus marginal distributions of {j' t }o< s <t<T are simply the restrictions of 
the marginal distributions of {j' st }o<s<t<T- This proves the stationarity and the weak 
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continuity of {j't}o<s<t<T, it only remains to show the increment property and the 
independence of the increments. We check these for the boolean case, the other two 
cases are similar. Let b G B° with A(6) = ^2 eeA b e , where b e = b\ <g> • • 'b\ G £> e = 

(B°)®l e l, then we have 



(3.5) 



A B (6) = E 6 M • • • ® • • • + J] • • • ® 



e£A 



e£A 
£1=2 



We set jf t = j u jg = j 2 , and get 

m A o(jf t l[j£)oA(b) 



e6A 
e^0 



E ^(p)^(6i)^(p)^(p)^,(^)^t(p) • • ■ 3os(p)3l(bU)3?T(p) 

e£A 

+ E ^(p)jt(&i)^T(p)Jo s (p)^(& 2 )JfT(p) • • •£(p)£(&f e |)i5r(p) 



e£A 
^1=2 



\ 



/ 



JuAp) 



eGA 
Vl=2 



JuAp) 



J 



= Jl(p) {m A o (jI ® jfJ o A B (6)) f uT {p) 
= fo s {p)fsu{b)f uT {p)=jl{b). 

For the boolean independence of the increments of {jf t }o< s <t<T, we have to check 

$ o m A o ^f iti ]J ]J jf ntn ) = y£ ti | e o • • • o tp* ntn \ B 

for all n G N and < S\ < t\ < s 2 < • • • < t n < T. Let, e.g., n — 2, and take 
an element of B ]J £> of the form ii(ai)i 2 (&i) • • • i n (b n ), with ai, . . . , a n , bi, . . . , b n G B°. 
Then we have 



®om A o (jf iti ]]_jf 2t2 ) (ii(ai)i 2 (6i) • ••*„(&„)) 
= $ (Jo Sl (p)£ tl (ai)J? ltl (P) • • • £ tl (an)A (p)i* t2 {h)f S2t2 (p) • • • jf 2t2 (6n)jtr(p)) 



(a lP a 2 p-- ■pa n )ip* 2t2 (pb 1 p-- -pb n ) = JJ^itiKO II ^2 ( & i) 

= WitiO^ata) («l( a l)*2(&l)---«n(M)- 

The calculations for the other cases and general n are similar. 



□ 



74 



3. LEVY PROCESSES ON DUAL GROUPS 



For the actual construction of {jf t } < s <t<T ({]^}o< s <t<T, {j^ M }o< s <t<T, respec- 
tively) via quantum stochastic calculus, we need to know the Schiirmann triple of ip. 

3.11. Proposition. Let B be a unital *-algebra, ip : B — > C a generator, i.e. a 
hermitian, conditionally positive linear functional with = 0, and ip : B — > C the 
extension of ip to B given by Equation (3.3). If (p,i],tp) is a Schiirmann triple of-p, 
then a Schiirmann triple (p, r), -p) for -p is given by 

p\b = p, p(p) = 0, 
v\b = V, fj{p) = 0, 

7p\ B = V, 'Pip) = 0, 

in particular, it can be defined on the same pre-Hilbert space as (p,i],i/j). 

Proof. The restrictions of p and i) to B have to be unitarily equivalent to p and rj, 
respectively, since ip\ B = tp. We can calculate the norm of i){p) with Equation (1.2.2), 
we get 

'Pip) = ^(P 2 ) = e(p)$(p) + (rjip*),fiip)) +tpip)eip) 
and therefore ||?Xp)|| 2 = —'Pip) = 0. From Equation (1.2.1) follows 

r){p b lP b 2 p pb n p ) - I . f n > 1 Qr ^ = L 

For the representation p we get 

pip)v(b) = ^7(jo&) — i)ip)eib) = 

for all beB. □ 

The Levy processes {]' st }o< s <t<T on the involutive bialgebras (i3, A., e), • G {B, M, AM}, 
with the generator -p can now be constructed as solutions of the quantum stochastic 
differential equations 

Ub) = e(6)id + QT f„ ® d/ T ) A.(6), for all 6 G B, 

where the integrator dl is given by 

dl t (b) = dA t (p(6) - e(6)id) + dAt(rj(b)) + dA t (fj(b*)) + j>(b)dt. 

The element p G B is group-like, i.e. A.(p) = p ® p, and mapped to zero by 
any Schiirmann triple (p, 77, ^) on £> that is obtained by extending a Schiirmann triple 
(p, 77, -p) on £> as in Proposition 3.11. Therefore we can compute {]° st ip)}o<s<t<T without 
specifying • G {B,M, AM} or knowing the Schiirmann triple (p, 77, -0) . 

3.12. Proposition. Le£ 0^ t }o<s<t<T be a Levy process on (B, A.,e), • G {B,M, AM}, 
whose Schiirmann triple (p, 77, ■?/>) 2s 0/ toe /orm groeri m Proposition 3.11. Denote by 
st toe projection from L 2 ([0, T[, D) to L 2 ([0, s[, £>) L 2 ([t, T[, D) C L 2 ([0, T[, £>), 



n f u _ / f( T ) l f T( £ M 
(W(r) - I i/reMl, 



T/ien 

UP) = r(0 at ) /or a// < s < t < T, 
^■ e - J*t(p) egna/ to toe second quantization of st for all < s < t < T and • G 
{B, M, AM}. 
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PROOF. This follows immediately from the quantum stochastic differential equation 

&(p) = id- yVtpJdMid). 

□ 

3.3. Boson Fock space realization of boolean, monotone, and anti-mono- 
tone quantum stochastic calculus. For each of the independences treated in this 
article, we can define a Fock space with a creation, annihilation and conservation 
process, and develop a quantum stochastic calculus. For the monotone case, this 
was done in [Mur97, Lu97], for the boolean calculus see, e.g., [BGDS01] and the 
references therein. 

Since the integrator processes of these calculi have independent and stationary 
increments, we can use our previous results to realize them on a boson Fock space. 
Furthermore, we can embed the corresponding Fock spaces into a boson Fock space and 
thus reduce the boolean, monotone, and anti-monotone quantum stochastic calculus 
to the quantum stochastic calculus on boson Fock space defined in [HP84] (but the 
integrands one obtains in the boolean or monotone case turn out to be not adapted in 
general). For the anti-monotone creation and annihilation process with one degree of 
freedom, this was already done in [Par99] (see also [Lie99]). 

Let if be a Hilbert space. Its conjugate or dual is, as a set, equal to H = {u\u G H}. 
The addition and scalar multiplication are defined by 

u + v = u + v, ,zu — zu, for u,v G H, z6C 

Then V(H) = H®H®H®H (algebraic tensor product and direct sum, no completion) 
is an involutive complex vector space with the involution 

(v <8> u + x + y)* = u <S>v + y + x, for u, v, x, y G H. 

We will also write \u)(v\ for u®v. Let now Bh be the free unital *-algebra over V(H). 
This algebra can be made into a dual semigroup, if we define the comultiplication and 
counit by 

and e(v) =0 for v G V(H) and extend them as unital *-algebra homomorphisms. On 
this dual semigroup we can define the fundamental noises for all our independences. 
For the Schurmann triple we take the Hilbert space H, the representation p of Bh on 
H defined by 

p(u) = p(u) = 0, p(\u)(v\) ' H 3 x i — ^ (v,x)u G H, 
the cocycle 77 : Bh — > H with 

r](u)=u, r)(u) = r](\u)(v\) = 0, 
and the generator ip : Bh C with 

^(l)=^(u)=^(u)=^(\u)(v\)=0, 

for all u,v G H. 

A realization of the tensor Levy process {j s t}o<s<t 011 the dual semigroup (Bh, A, e) 
with this Schurmann triple on the boson Fock space r(L 2 (M + , if)) is given by 

j st (u) = A*t(u), j st (u) = A st (u), j st (\u}(v\) = A st (\u)(v\), 
for all < s < t < T, u, v G H. 
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3.3.1. Boolean calculus. Let if be a Hilbert space. The boolean Fock space over 
L 2 ([0,T[;H) = L 2 ([0,T]) H is defined as r B (L 2 ([0, T[, H)) = C © L 2 ([0, T[, H). We 
will write the elements of T B (-^ 2 ([0, T[, H)) as vectors 

A 
/ 

with A G C and / G L 2 ([0,T[, H). The boolean creation, annihilation, and conservation 
processes are defined as 



A ) = ( 

M _ //,'(», /M)dT 



0«) 

for A G C, / G L 2 ([0, T[, ii~), u,v £ H. These operators define a boolean Levy process 
{kft\o<s<t<T on the dual semigroup (Bh, A, e) with respect to the vacuum expectation, 
if we set 

= Al + (u), kf t (u) = A»(u), kl(\u)(v\) = A* t (\u)(v\), 

for all < s < t < T, u, v G H, and extend the kf t as unital *-algebra homomorphisms 
to B H - 

On the other hand, using Theorem 3.9 and Proposition 3.11, we can define a re- 
alization of the same Levy process on a boson Fock space. Since the comultiplication 
Ab acts on elements of the involutive bialgebra (Bh, Ab,s) as 

Ab(i>) = v (g> p + p ® f , for f G V(if), 

we have to solve the quantum stochastic differential equations 

£(«) = /'r(o„)<L4+(«)- f jl(u)dA T (id H ), 

J s J s 

jl(u) = j\(0 ST )dA T (u)- Jjl(u)dA T (id H ), 

3U\U)(V\) = fmr)dAr(\u){v\)- f jl(\ U ){v\)dA T (id H ), 
J s J s 

and set 

j B H = r(o 0s )i B Hr(o tT ), 
j B (u) = r(o 0s )j B (Tz)r(o tT ), 
£(I«X«I) = r(o 0s )j B t (k)^)r(o tT ), 

These operators act on exponential vectors as 

jf t (u)£(f) = ul M , 

jf t (u)S(f) = J (u,f(r))drn, 

jf t (\u)(v\)£(f) = l [sA (v,f(.))u, 
for < s < t < T, / G L 2 ([0,T[), u,v G H. 
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Since {kf t }o< s < t <T and {jf t }o<s<t<T are boolean Levy processes on the dual semi- 
group (Bh, A, e) with the same generator, they are equivalent. 

If we isometrically embed the boolean Fock space T B (L 2 ([0,T[,H)) into the boson 
Fock space T(L 2 ([0,T[, H)) in the natural way 9 B : T B (L 2 ([0,T[, H)) -> r(L 2 ([0, T[, H)), 




= xn + f 



for A G C, / G L 2 ([0, T[, if), then we have 
for all 6 G B. 

3.3.2. Anti-monotone calculus. We will treat the anti-monotone calculus first, be- 
cause it leads to simpler quantum stochastic differential equations. The monotone 
calculus can then be constructed using time-reversal, cf. Lemma 2.4. 

We can construct the monotone and the anti-monotone calculus on the same Fock 
space. Let 

T n = {(*!, . . . ,t n )\0 < h < t 2 < ■ ■ ■ < t n < T} C [0,T[ n C R n , 

then the monotone and anti-monotone Fock space Tm(L 2 ([0, T[, f/)) over L 2 ([0, T[, H) 
can be defined as 

oo 

T M (L 2 ([0,T[,H)) =Cft©0L 2 (T n ,/^), 

n=l 

where where H® n denotes the n-fold Hilbert space tensor product of H and the measure 
on T n is the restriction of the Lebesgue measure on M. n to T n . Since T n C [0,T[ n , we 
can interprete A <g> • • • <g> /„ G L 2 ([0, T[, H)® n = L 2 ([0, T[ n , H® n ) also as an element of 
L 2 (T n ,H® n ) (by restriction). 

The anti-monotone creation, annihilation, and conservation operator are defined by 

•<8>/n(tl,...,tn+l) = l[s,tl{tl)u® /i <g) • • • <g> f n (t 2 , . . . , t n +l) 

;>min(t,ti) 

•®/n(*l,---,*n-l) = J (u,fl(T))dTf 2 <S)---<S)fn(tl,...,t n - 1 ) 
■ ■ ■ <g> /„(*!, . . . ,t n ) = l[ a ,t[(tl)(u,/l(*l))w<8) /2 ® • • • <S> /„(* 2 , • • • ,*n)» 

for < s < t < T, < h < t 2 < ■ ■ ■ < t n < t n+1 <T,u,v eH. 

These operators define an anti-monotone Levy process {/c^ M }o<s<t<T on the dual 
semigroup B with respect to the vacuum expectation, if we set 

= AT + (u), k™(u) = AT(u), k^(\u)(v\) = AT(\u)(v\), 

for all < s < t < T, u, v G H, and extend the /c^ M as unital *-algebra homomorphisms 
to B. 

We can define a realization of the same Levy process on a boson Fock space with 
Theorem 3.9. The anti-monotone annihilation operators j^ M (u), u G H, obtained this 
way act on exponential vectors as 

jT(u)S(f) = ul M (.) ® s £(0 ./), / G L 2 ([0,T[,fJ), 



A^(|«><t;|)/i® 
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and the anti-monotone creation operators are given by j^ M (u) = j^ M (w)*, u G H . On 
symmetric simple tensors /i <S> • • • <S> /„ G L 2 ([0, T[, H® n ) they act as 

j s f(«)/l®-'-®/n(tl,..,Ul) = 
f(ti) <g> • • • <g> fk-l{t k -l) ® ul[ 3jt [(t k ) <S> fk+l(t k+1 ) <g> • • • <g> /„(*„) 

where /c has to be chosen such that = min{t 1? . . . , t n+ {\. 

Since {^ m }o<s<<<t and {j^ M }o<s<t<T are boolean Levy processes on the dual 
semigroup B with the same generator, they are equivalent. 

A unitary map 9 M : r M (L 2 ([0, T[, H)) -> r(L 2 ([0, T[, if)) can be defined by ex- 
tending functions on T n to symmetric functions on [0,T[ n and dividing them by \/nI. 
The adjoint 9* M : T(L 2 ([0,T[, H)) -> r M (£ 2 ([0, T[, if)) of # M acts on simple tensors 
/i0-0/„G f 2 ([0, T[, ff)^ n L 2 ([0, T[ n , ii® n ) as restriction to T n and multiplication 
by a/kT, i.e. 

0m/i ® • • • <8> /„(*!, • • • ,*„) = Vn!/i(ti) ® • • • ® /„(*„), 

for all A, ...,/„ G f 2 ([0, T[, if), . . . ,t n ) e T n . 

This isomorphism intertwines between {/c^ M }o<s<t<T and {j^ M }o<s<t<T, we have 

^ s A t M (fe) = Kd^Wfa 

for all < s < t < T and 6 G B H . 

3.3.3. Monotone calculus. The monotone creation, annihilation, and conservation 
operator on the monotone Fock space r M (L 2 ([0, T[, if )) can be defined by 

Af t + ( u )fi ® • • • ® /„(*i, • • • , t„+i) = /i (8) • • • <g) / n (*i, . . . , t n ) <g> l [sA (t n+1 )u 

A^ A (u)f 1 ^---^f n (t 1 ,...,t n - 1 ) = / (w,/n(T))dr/i<8)---(8)/ n _i(ti,...,t n _i) 

J max(s,i„-i) 

A^ M (|M)(^|)/l ® • • • ® /„(*!, • • • , t„) = /l ® • • • ® /„-l(*l, • • .,Vl)l[ S ,f[(*«)(f- /n(*n))«, 

for < s < t < T, u,v G H. These operators define a monotone Levy process 
{ktf}o<s<t<T on the dual semigroup B with respect to the vacuum expectation, if we 
set 

*#(«) = fc*f(«)=^(«), ^(|«>(t;|)=A^(|«>(t;|), 

for all < s < t < T, u, v G if, and extend the as unital *-algebra homomorphisms 
to B. 

Define a time-reversal i? : r M (f 2 ([0, T[, if)) -> T Af (L 2 ([0, T[, H)) for the monotone 
Fock space by Ril = f2 and 

Rh ® • • • ® /„(*i, ...,*„) = /„(r - * n ) ® ••• ® /i( T " 

for (ti, . . . , t n ) G T n , /,..., / n G f 2 (T n ). The time-reversal ff is unitary and satisfies 
R 2 = idr M (£,2([ ,T[;H))- It intertwines between the monotone and anti- monotone noise 
on the monotone Fock space, i.e. we have 

= Rk^ T _ s (b)R 

for all < s < t < T, b G Bh- On the boson Fock space we have to consider 
R M = e M Rdu : r(f 2 ([0,T[,ff)) -> r(f 2 ([0,T[,ff)). This map is again unitary and 
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satisfies also = id. It follows that the realization {j^t}o< s <t<T of {/c^}o<s<t<T on 
boson Fock space can be defined via 

#(«) = £ dAUu)T(0 TT ), 
j™(u) = J* dA T (u)r(0 TT ), 

j%(\v)(v\) = £d~A T (\u)(v\)r(O rT ), 

where the integrals are backward quantum stochastic integrals. 

3.13. Remark. Taking H = C and comparing these equations with [Sch93, Section 
4.3], one recognizes that our realization of the monotone creation and annihilation 
process on the boson Fock space can be written as 

0uAT(i)9* M = j^(i) = x; t r((w), 
0uAf t (i)e* M = m) = x st r(o tT ), 

where {{X* t , ^ s t)}o< s <i<T is the quantum Azema martingale [Par90, Sch91a] with 
parameter q — 0, cf. Subsection 1.5.3. Note that here 1 denotes the unit of H = C, not 
the unit of Be- 

3.4. Markov structure of boolean, monotone, and anti-monotone Levy 
processes. By a conditional expectation E on a quantum probability space (A, $) we 
will mean a completely positive map E : A — > A that satisfies 

$oE = $, 

EoE = E, 

E(xyz) = xE(y)z, for all x,z G E(A),y G A. 

Note that we do not require that E maps the unit of A to itself. This will only be 
the case for the family of conditional expectations that we will use for Levy processes 
on involutive bialgebras and anti-monotone Levy processes, but not for boolean or 
monotone Levy processes on dual semi-groups. 

We call a process {j t : B — > (A, $)}o<t<T markovian (w.r.t. {E t } <t<T), if there 
exists a family of conditional expectations {E t : A — > A}o<t<T such that 

E s (j t (B))c js (B), 

for all < s < t < T. A semi-group {p t : B — > i3} t > is called a markovian semi-group 
of {j t : -> (A^)}o<t<r (w.r.t. {E t } < t < T ), if 

E.(j t (6)) = j s (p t - s (6)), 

for all < s < t < T and b e B. 

A Levy process on an involutive bialgebra (B, A, e) has a natural Markov structure, 
cf. [Fra99]. There exists a semi-group of completely positive maps {P t : i3 — > i3} t > 
such that 

MM*>)) =jos(Pt-s(b)) 
for all < s < t < T and b E B. In [Fra99], we took the inductive limit real- 
ization and {EjIck^t was a family of conditional expectations constructed on that 
realization. But the same holds for the realization on the boson Fock space obtained 
by solving the quantum stochastic differential equation (1.3.1) with respect to the 
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standard conditional expectations {E^} <t<T of the boson Fock space T(L 2 ([0,T[, if)). 
The conditional expectation Ej(X), < t < T, of a (possibly unbounded) operator on 
r(L 2 ([0, T[, H )) is determined by the condition 

(3.6) (u,W$(X)v) = (u t] <g> n [t ,Xv t] <g> ft[t)<U[ t ,U[ t ) 

for vectors m = Ut]<g>u [t ,u = v t] ®v [t G r(L 2 ([0, t[, H))(g)T (L 2 ([t, T[, H)) = T(L 2 ([0, T[, H)) 
such that v t ] <8> fift is in the domain of X. It satisfies (id) = id for all < t < T. The 
markovian semi-group {P t : B — > £>} t >o is defined by 

P t = (id B ® (p t ) o A. 

Since we have <p = e and ip s * <p t = <p s+t for all s,t > 0, is follows that {-Pt}t>o is a 
semi-group, i.e. 

P = idg, and P s o P t = P s+t , for all s, t > 0. 

Due to the fact that A is a unital *-algebra homomorphism and that the ip t , t > are 
states, the P t , t > 0, are completely positive and preserve the unit of B. 

Let {k st }o< s <t<T be a boolean (monotone, anti-monotone, respectively) Levy pro- 
cess on a dual semi-group (B,A,e). The Levy process {jf t } < s <t<T ({J^}o< s <t<r, 
{J^ M }o<s<t<r, respectively) on the involutive bialgebra (£>, A B , e) ((B, A M , £% (B, Aam, £) 
respectively) that we associate to it, is markovian. Its markovian semi-group is given 
by P* = (idg <S><ft) ° A., • G {B, M, AM}. We will now check in what sense this gives a 
markovian semi-group for the boolean (monotone, anti-monotone, respectively) Levy 
process on the dual semi-group (£>, A,e). 

In the following discussion of the Markov property of boolean, monotone, and anti- 
monotone Levy processes on dual semi-groups, we will assume that all our processes are 
realized on a boson Fock space as solutions of quantum stochastic differential equations 
in the way given by Schurmann's representation theorem [Sch93, Theorem 2.5.3] and 
Theorem 3.9, i.e. as their standard Fock realization. 

3.4.1. Markov structure of boolean Levy processes. Here we take the family of (non- 
unital!) conditional expectations {E°} <t<T defined by 

E t °(x) = r(o tr )xr(o tr ), for o < t < r, 

for a (possible unbounded) operator X on r(L 2 ([0, T[, H)), where 

r(0 tT ) :r(L 2 ([0,T[,if)) ^ T(L 2 ([0, T[,ii)) 

is the second quantization of the projection tT of L 2 ([0, T[, H) onto f> 2 ([0, t[, H). 

Note that these conditional expectations do not preserve the identity, instead we 
have 

E°(id) = r(0 tT ), for < t < T. 

Therefore we have to modify the definition of our monotone Levy processes on the unit 
element. 

3.14. Theorem. Let {jf t }o<s<t<T be the standard Fock realization of a boolean Levy 
process on a dual semi-group (B,A,e). Define {kf}o< t <T on B by 

kf(l) = r(0tr), 
kf(p) = r(Oor), 

kf(b) = jM, forbeB° = kere, 
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on B and CM and extend as (non-unital!) *-algebra homomorphisms. 

Then {kf }o<t<r is a Markov process on B with respect to the family of conditional 
expectations {E°} <t<T- Furthermore, {P t B = (idg <g> <p t ) o A B }o<t<T is a markovian 
semi-group for it, i. e. we have 

for allO < s <t <T and b G B. 

Proof. Let {jf t }o<s<t<T be the Levy process on the involutive bialgebra (B, A B , e), 
from which {j^}o<s<t<T is constructed as in Theorem 3.9. 

For general elements b G B we can define {kf }o<t<T also by 

~k?(b)=j» t (b)r(o tT ), o<t<T. 

Let b G B°, then A B (6) has the form given in Equation (3.5), and, using the 
increment property of {]® t }o< s <t<T, we get 

K(kf(b)) = E°(j*(&)r(O tT )) = E° s ((m A o (jg, ® o A B (6))r(0 tT )) 

= r(o sT ) ( E Jl{b\pb\ ■ ■ ■ )f st {pb\ P ■ ■ ■ )r(o iT ) 

egA 

+ E ^(p^p • • • )^(^3 • • • )r(o tr ))r(o sT ) 

egA 
e 1= 2 

= E ^(^3 • • • )mt)fAvb\v ■ ■ ■ )r(o st )r(cw) 

egA 

+ E ^(p^p • • • )mt)f st {b\pbl ■ ■ ■ )r(o st )r(o tT ) 

egA 
e 1= 2 

= E ^.(^ • • • )vst( P b e 2 p ■ ■ • )r(o st )r(o tT ) 

egA 

+ E • • • )Mb]pb\ ■ ■ ■ )r(o st )r(o tT ), 

egA 
e 1= 2 

since 



nOst)jl(p a b lP ■ ■ ■pb n p")T(% t ) = jl(pb lP ■ ■ -pb n p) = Vst(p a b lP ■ ■ -pb n p")T(% t ) 
for all n G N, &i, . . . , b n G £>°, a, a; G {0, 1}. But this is nothing else than 

K (*£(&)) = Jos ( E W ■ ■ ■ Vst(pb £ 2 P • ' • ) + E P b *P ■ ■ ■ Mblpb, ■ ■ ■ )) r(0 sT ) 

egA egA 
e 1 = l e 1= 2 

= jt((id^^)oA B (fe))r(o sT ) = jUPL(b))no sT ) 

This implies that the Markov property also holds for all elements of B. □ 



82 3. LEVY PROCESSES ON DUAL GROUPS 

3.4.2. Markov structure of monotone Levy processes. For monotone Levy processes 
on dual semi-groups we have to use the same family of non-unital conditional expec- 
tations as for the boolean case. 

3.15. Theorem. Let {j^} < s<t<T be the standard Fock realization of a monotone 
Levy process on a dual semi-group (B,A,e). Define {kf} < t <T on B by 

k™(l) = T(Q tT ), 

Wip) = r(o OT ), 

kf{b) = f(b), forb G B° = kere, 

on B and CM and extend as (non-unital!) *-algebra homomorphisms. 

Then }o<t<T is a Markov process on B w.r.t. {E°} <t<r, with markovian semi- 
group Pf 1 = (id <S> 0^) ° Am, i.e. we have 

K(kf{b))=kf(P™ s {b)) 
for allO < s <t <T and b G B. 

Proof. Similar to the proof of Theorem 3.14. □ 
The comultiplication of the involutive bialgebra (B,A M ,e) is given by 
A M = 6 i 6 3 • • • ® Pb\p ■ ■ ■ + b 2 b l ■ ■ ■ ® h \vb\p ■ ■ ■ 

egA egA 
e 1 = l n =2 

for an element b G B° with A(5) = ^2 eeA b e , b e G B t = (B )®^, for the comultiplication 
of the dual semi-group (£>, A, e). The fact that there are no p's on the left-hand-side 
implies that B is a right coideal in (B, A M ,e), i.e. 

A M (#) C B®B. 

This implies that the restriction of {f^}o< s <t<T to B is again a Markov process, cf. 
[Fra99, Theorem 3.2]. The same also holds for {A; t M }o< s <t<T restricted to £>, i.e. the 
non-unital version {kj A \ts}o< s < t <T of a monotone Levy process on a dual semi-group 
defined in the previous theorem is a Markov process on B itself, not only on its p- 
extension. 

3.16. Corollary. Define {kf} < t <T bykf = kf 1 ^ and{P™} < t < T by P™ = P™\ B 
for < t < T . Then {kf l } < t <T is a Markov process on B w.r.t. {E°} <t<T, with 
markovian semi-group {-Pt M }o<i<T, i-e. 

^(kr(b)) = k^(p^M) 

for allO < s <t <T, b G B. 

3.4.3. Markov structure of anti-monotone Levy processes. For anti-monotone Levy 
processes on dual semi-groups we use the same family of unital conditional expectations 
{E^} <t<T as for Levy processes on involutive bialgebras. 

3.17. Theorem. Let {j^ M } < s<t<T be the standard Fock realization of an anti- 
monotone Levy process on a dual semi-group (£>, A,e). Denote by {A;f M } <t<T the 
extension of {jo i M }o<t<T to B as unital * -homomorphisms with 

kt M (p) = T(0 ot ), for allO <t<T, 
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i.e. fc AM =i& M 

Then {& AM }o<t<T is a Markov process on B w.r.t. {E*} < t < T; with markovian semi- 
group P AM , i.e. we have 

for allO < s <t <T andbeB. 

Proof. This is simply [Pra99, Theorem 3.1] and [Fra99, Corollary 3.1], because 
{k^ M }o< t <T is obtained from the Levy process {J^ m }o<s<<<t on the involutive bialgebra 
(B, Aam, S) by fixing s = 0. □ 

3.4.4. Realization of boolean, monotone, and anti-monotone Levy process on boolean, 
monotone, and anti-monotone Fock spaces. Free and boolean Levy processes on dual 
semigroups can be realized as solutions of free or boolean quantum stochastic equa- 
tions on the free or boolean Fock space, see e.g. [Sch95b]. A full proof of this fact is 
still missing, because it would require a generalization of their calculi to unbounded 
coefficients, but for a large class of examples this has been shown in [BG01, Section 
6.5] for the boolean case. For dual semigroups that are generated by primitive elements 
(i.e. A(v ) = ii(v) + 12(f)) it is sufficient to determine the operators jot(v ), which have 
additive free or boolean increments. It turns out that they can always be represented 
as a linear combination of the corresponding creators, annihilators, conservation op- 
erators and time (which contains the projection F(0 t) to the vacuum in the boolean 
case), cf. [GSS92, BG01]. 

We will sketch, how one can show the same for monotone and anti-monotone Levy 
processes on dual semigroups. 

We can write the fundamental integrators of the anti-monotone calculus on the 
monotone Fock space r M (L 2 ([0, t[, H)) as 

dAf M+ (u) = 9* M T(0 0t )dAt(u)9 M , 
dAf M (u) = e* M r(0 ot )dA t (u)6 M , 
dA? M {\u)(v\) = e* M T(0 ot )dA t {\u)(v\)e M , 

where 9m : Lm(£ 2 ([0, t[, if)) — > r(L 2 ([0, t[, if)) is the unitary isomorphism introduced 
in 3.3.2. Anti-monotone stochastic integrals can be defined using this isomorphism. 
We call an operator process {X t } < t < T on the monotone Fock space anti-monotonically 
adapted, if {0 M AT t M } o < t < T is adapted on the boson Fock space r(L 2 ([0, t[, if)) and 
define the integral by 

j A t di t AM :— 9m(^J OmXtOyidlt^ 9m 

for 

d/ AM = dA AM (|x)(y|) -\-dAf~ M+ (u) +dA^ M (v), 

dh = T(0 ot )(dA t (\x)(y\)+dA? M+ (u)+dA? M (v)), 

for x, y,u,v G H. In this way all the domains, kernels, etc., defined in [Sch93, Chapter 
2] can be translated to the monotone Fock space. 

Using the form of the comultiplication of (£>, Aam, £), the quantum stochastic equa- 
tion for the Levy process on the involutive bialgebra (B, Aamj s) that we associated to 
an anti-monotone Levy process on the dual semigroup (B,A,e) in Theorem 3.5, and 
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Theorem 3.9, one can now derive a representation theorem for anti-monotone Levy 
processes on dual semigroups. 

To state our result we need the free product TJ° without unification of units. This 
is the coproduct in the category of all *-algebras (not necessarily unital). The two free 
products TJ and TJ° are related by 

(CI © A) ]J(C1 © B) = CI © (-4Q°#) . 

We will use the notation r M (0 st ) = 0M r ( O st)0M, < s < t < T. 

3.18. Theorem. Let (£>, A, e) be a dual semigroup and let (p, i], ip) be a Schiirmann 
triple on B over some pre-Hilbert space D. Then the anti-monotone stochastic differ- 
ential equations 

(3.7) j st (b) = J* (j ST n°d/ T AM ) o A(b), for beB° = here, 

with 

d/ T AM (6) = dA AM (p(6)) +dAt M+ ( v (b)) + dA AM ( v (b*)) +^)r M ((W)dt, 

have solutions (unique in O^ApOyi)- If we set jstOs) — id, then {j s t}o<s<t<T is an 
anti-monotone Levy process on the dual semigroup (B, A, e) with respect to the vacuum 
state. Furthermore, any anti-monotone Levy process on the dual semigroup (B,A,e) 
with generator ip is equivalent to {j s t}o<s<t<T- 

3.19. Remark. Let b G B°, A (6) = EeeA &e > b " e B e, then Equation (3.7) has to 
be interpreted as 

Jst{b) = £ f 3sM)dI^{bl)j ST {bl) ■ ■ ■ + E f dI r M (bl)jsr(bl)dI^(bl) ■ ■, 

EGA Js eSA Js 

see also [Sch95b]. This equation can be simplified using the relation 
d/ AM (fe 1 )^d/ AM (fo 2 ) = (Q,X t Q) (dl^fa) • d/ t AM (fe 2 )) 



for bi,b 2 G B° and anti-monotonically adapted operator processes {^Q}o<t<T, where 
the product '•' is defined by the anti-monotone Ito table 



• 


dA AM+ ( Ul ) 


dA AM ( Xl )( yi \) 


dA AM ( Vl ) 


dt 


dA AM+ {u 2 ) 














dA AM (|x 2 )(2/ 2 |) 


(y 2 , Ul )dA AM +(x 2 ) 


(ite.xOdA^dxaXyxl) 








dA AM {v 2 ) 


(w 2 ,Mi)r M (o t)dt 


(v 2 , Xl )dA AM ( yi ) 








dt 















for u h v h Xi, yi G D, i = 1, 2. 

One can check that d/ AM is actually a homomorphism on B° for the Ito product, 

d/ AM (6 1 ).d/ AM (6 2 ) = d/ AM (6 1 6 2 ), 

for all b 1 ,b 2 eB°. 



Using the time-reversal R defined in 3.3.3, we also get a realization of monotone 
Levy processes on the monotone Fock space as solutions of backward monotone sto- 
chastic differential equations. 
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It follows also that operator processes with monotonically or anti-monotonically 
independent additive increments can be written as linear combination of the four fun- 
damental noises, where the time process has to be taken as T S ^ M = J s * rM(Oo T )dr, 

< s < t < T, for the anti-monotone case and T^f = J s *r M (0 T T)dr for the monotone 
case. 



Part 3 



Examples and Applications of Quantum 

Levy Processes 



CHAPTER 4 



Renormalized Squares of White Noise and other 
Non- Gaussian Noises as Levy Processes on Real Lie Algebras 



It is shown how the relations of the renormalized squared white noise 
defined by Accardi, Lu, and Volovich [ALV99] can be realized as 
factorizable current representations or Levy processes on the real Lie 
algebra sfe. This allows to obtain its Ito table, which turns out to be 
infinite-dimensional. The linear white noise without or with number 
operator is shown to be a Levy process on the Heisenberg-Weyl Lie 
algebra or the oscillator Lie algebra. Furthermore, a joint realization 
of the linear and quadratic white noise relations is constructed, but 
it is proved that no such realizations exist with a vacuum that is an 
eigenvector of the central element and the annihilator. Classical Levy 
processes are shown to arise as components of Levy processes on real 
Lie algebras and their distributions are characterized. In particular 
the square of white noise analogue of the quantum Poisson process is 
shown to have a x 2 probability density and the analogue of the field 
operators to have a density proportional to |r( m °+ ta: )| 2 where T is the 
usual T-function and m a real parameter. 



Joint work with Luigi Accardi and Michael Skeide. Published in Communications 
in Mathematical Physics Vol. 220, No. 1, pp. 123-150, 2002. 



8!) 



90 



LEVY PROCESSES ON REAL LIE ALGEBRAS 



1. Introduction 

The stochastic limit of quantum theory [ALV02] shows that stochastic equations 
(both classical and quantum) are equivalent to white noise Hamiltonian equations. This 
suggests a natural extension of stochastic calculus to higher powers of white noise. The 
program to develop such an extension was formulated in [ALV98] where it was also 
shown that it requires some kind of renormalization. As a first step towards the re- 
alization of this program a new type of renormalization was introduced in [ALV99] 
which led to a closed set of algebraic relations for the renormalized square of white 
noise (SWN) and to the construction of a Hilbert space representation for these re- 
lations. This construction was extended by Sniady [SniOO] to a family of processes 
including non Boson noises and simplified in [ASOOb] who also showed that the in- 
teracting Fock space constructed in [ALV99] was in fact canonically isomorphic to 
the Boson Fock space of the finite difference algebra, introduced by Feinsilver [Fei89] 
and Boukas [Bou88, Bou91]. Commenting upon this result U.Franz, and indepen- 
dently a few months later K.R.Parthasarathy, (private communications) pointed out 
that the commutation relations of the SWN define a Levy process on the Lie algebra 
of SL(2,M.) or, equivalently, a representation of a current algebra over this Lie alge- 
bra, and suggested that the theory of representations of current algebras, developed 
in the early seventies by Araki, Streater, Parthasarathy, Schmidt, Guichardet, ... (see 
[PS72, Gui72] and the references therein) might be used to produce a more direct 
construction of the Fock representation of the SWN as well as different ones. In the 
present paper we prove that this is indeed the case. As a by-product we reduce the 
stochastic integration with respect to the SWN to the usual stochastic integration in 
the sense of Hudson and Parthasarathy [Par92] and this also allows to write down 
their corresponding Ito tables (see Equation (2.2)). 

After the renormalization procedure (which we shall not discuss here, simply taking 
its output as our starting point) the algebraic relations, defining the SWN are: 



1.1a) 




1.1b) 


- b^n^ = -26^, 


1.1c) 


n 4>K - h % n 4> = 2 Ki» 


l.ld) 


(M* = ( n 4-T = n 6, 



where 7 is a fixed strictly positive real parameter (coming from the renormalization) 
and 

n 

<p,ije E(R+) = {0 = foMsiJS & eC,Si<Ue R+, n e N} 

1=1 

the algebra of step functions on IR + with bounded support and finitely many values. 
Furthermore b + and n are linear and b is anti-linear in the test functions. 

We want to find a Hilbert space representation of these relations, i.e. we want to 
construct an Hilbert space Ti, a dense subspace D C Ti and three maps b,b + ,n from 
S(R + ) to C(D), the algebra of adjointable linear operators on D, such that the above 
relations are satisfied. 
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The simple current algebra g T of a real Lie algebra g over a measure space (T, T, //) 
is defined as the space of simple functions on T with values in g, 

B T = jx = f^Xii^Xi e ,M, e T,n e N j . 

This is a real Lie algebra with the Lie bracket and the involution defined pointwise. 
The SWN relations (1.1) imply that any realization of SWN on a pre-Hilbert space D 
defines a representation 7r of the current algebra slf + of the real Lie algebra sl 2 over 
R + (with the Borel a-algebra and the Lebesgue measure) on D by 

B-l [sM ^b 1[st[ , B + l [sA ^bt M , M M ^7(i-s)+ni M , 

where s[ 2 is the three-dimensional real Lie algebra spanned by {B + , B~ , M}, with the 
commutation relations 

[B~ , B + ] = M, [M, 5 ± ] = ±2B ± , 

and the involution {B~)* = B + , M* = M. The converse is obviously also true, 
every representation of the current algebra si 2 defines a realization of the SWN re- 
lations (1.1). Looking only at indicator functions of intervals we get a family of *- 
representations (j s t)o<s<t on D of the Lie algebra s[ 2 , 

Jst (X)=7i(Xl [s>t[ ), forallXG5[ 2 . 

By the universal property these ^representations extend to ^-representations of the 
universal enveloping algebra U(sl2) of sl 2 . If there exists a vector Q in C(D) such 
that the representations corresponding to disjoint intervals are independent (in the 
sense of Definition 2.1, Condition 2), i.e. if they commute and their expectations in the 
state $(•) = (Q, ■ n) factorize, then (j s t)o<s<t is a Levy process on 5[ 2 (in the sense of 
Definition 5.2). This condition is satisfied in the constructions in [ALV99, ASOOb, 
SniOO]. They are of 'Fock type' and have a fixed special vector, the so-called vacuum, 
and the corresponding vector state has the desired factorization property. 

On the other hand, given a Levy process on sl 2 on a pre-Hilbert space D, we can 
construct a realization of the SWN relations (1.1) on D. Simply set 

n n n 

h = J2(f)ij Si , ti (B-), 6+ = ^2<l>ijs i ,t i (B + ), = ^2</>i(j ai ,u(M) - 7(fi - Si)id D ), 

i=l i=l i=l 

for0 = Er=i^i [SlA[ eS(M + ). 

We see that in order to construct realizations of the SWN relations we can construct 
Levy processes on 5l 2 . Furthermore, all realizations that have a vacuum vector in which 
the expectations factorize, will arise in this way. 

In this paper we show how to classify the Levy processes on sl 2 and how to construct 
realizations of these Levy processes acting on (a dense subspace of) the symmetric 
Fock space over L 2 (R + , H) for some Hilbert space H. Given the generator L of a Levy 
process, we immediately can write down a realization of the process; see Equation (2.1). 
The theory of Levy processes has been developed for arbitrary involutive bialgebras, 
cf. [ASW88, Sch93], but here it will be sufficient to consider enveloping algebras of 
Lie algebras. This allows some simplification, in particular we do not need to make 
explicit use of the coproduct. The construction of this sub-class of Levy process is 
based on the theory of "factorizable unitary representation of current algebras" and 
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the abelian subprocesses of these processes are the stationary independent increment 
processes of classical probability (cf. Section 4 below). 

As already specified, the SWN naturally leads to the real Lie algebra sh, but we 
shall also consider several other real Lie algebras, including the Heisenberg-Weyl Lie 
algebra P)to, the oscillator Lie algebra osc, and the finite-difference Lie algebra fD. 

This paper is organized as follows. In Section 2, we recall the definition of Levy 
processes on real Lie algebras and present their fundamental properties. We also outline 
how the Levy processes on a given real Lie algebra can be characterized and constructed 
as a linear combination of the four basic processes of Hudson-Parthasarathy quantum 
stochastic calculus: number, creation, annihilation and time. 

In Section 3, we list all Gaussian Levy processes or Levy processes associated to 
integrable unitary irreducible representations for several real Lie algebras in terms of 
their generators or Schurmann triples (see Definition 2.2). We also give explicit re- 
alizations on a boson Fock space for several examples. These examples include the 
processes on the finite-difference Lie algebra defined by Boukas [Bou88, Bou91] and 
by Parthasarathy and Sinha [PS91] as well as a process on sl 2 that has been consid- 
ered previously by Feinsilver and Schott [FS93, Section 5. IV]. See also [VGG73] for 
factorizable current representations of current groups over SL(2,M). 

Finally, in Section 4, we show that the restriction of a Levy process to one single 
hermitian element of the real Lie algebra always gives rise to a classical Levy process. 
We give a characterization of this process in terms of its Fourier transform. For several 
examples we also explicitly compute its Levy measure or its marginal distribution. It 
turns out that the densities of self-adjoint linear combinations of the SWN operators 
6 1[st[ , t , n-j_ [st[ in the realization considered in [ALV99, ASOOb, SniOO] are the 
measures of orthogonality of the Laguerre, Meixner, and Meixner-Pollaczek polynomi- 
als. 

2. Levy processes on real Lie algebras 

In this section we give the basic definitions and properties of Levy processes on 
real Lie algebras. This is a special case of the theory of Levy processes on involutive 
bialgebras, for more detailed accounts on these processes see [Sch93],[Mey95, Chapter 
VII],[FS99]. For a list of references on factorizable representations of current groups 
and algebras and a historical survey, we refer to [StrOO, Section 5]. 

By a real Lie algebra we will mean a pair g^ = (g, *) consisting of a Lie algebra 
g over the field of complex numbers C and an involution * : g — > g. These pairs are 
in one-to-one correspondence with the Lie algebras over the field of real numbers IBL 
To recover a Lie algebra go over R from a pair (g, *), simply take the anti-hermitian 
elements, i.e. set g = {X e g\X* = —X}. Note that it is not possible to take 
the hermitian elements, because the commutator of two hermitian elements in not 
again hermitian. Given a Lie algebra go over R, the involution on its complexification 
g = go © m is defined by (X + iY)* = -X + iY for X, Y e g . 

We denote by U (g) the universal enveloping algebra of g and by ZYo(g) the non-unital 
subalgebra of U generated by g. If X i: . . . , X d is a basis of g, then 

{Xf 1 • ■■X n /\n 1) . . . ,n d e N,m + • • • + n d > 1} 

is a basis of ZYo(g). Furthermore, we extend the involution on g as an anti-linear anti- 
homomorphism to U(g) and Uq(q). 
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2.1. Definition. Let D be a pre-Hilbert space and SleDa unit vector. We call 
a family (j st : W(g) — > £(£>)) 0<s<t of unital ^representations of W(g) a Levy process 
on jju over D (with respect to Q), if the following conditions are satisfied. 

(1) (Increment property) We have 

j s t(X) + j tu (X) = j su (X) 

for all < s < t < u and all X G g. 

(2) (Boson independence) We have \j st (X),j s > t r(Y)] = for all X, Y G g, < s < 
t<s'<t' and 

(to, j sitl (wi) • • •j Sn t n { u n)^) = (ft, jsitiMn) ■ ■ ■ (n,j Sntn (u n )n) 

ior &\\ n e ~N, < sx < ti < s 2 < ■ ■ ■ < t n , iix, . . . ,u n E U(q). 

(3) (Stationarity) The functional (p st : U(q) — > C defined by 

y? si (w) = (to,j st (u)to), u G Uo(g), 

depends only on the difference t — s. 

(4) (Weak continuity) We have lim t ^ s (n, j st (u)to) = for all u G W (g). 

If (jst)o<s<t is a Levy process on g^, then the functionals ip t = (to, joi(-)O) : W(g) — > 
C are actually states. Furthermore, they are differentiable w.r.t. t and 

L(u) = lim jip t (u), ueUo(q), 

defines a positive hermitian linear functional on Uq(q). In fact one can prove that the 
family (</? t ) is a convolution semigroup on g^ whose generator is L. The functional L 
is also called the generator of the process. 

Let : W(fl) - £(£ (1) )) < s < t and (jW : - £(L>( 2 ))) ^ be two Levy 

processes on g R with respect to the state vectors to^ and il^, resp. We call them 
equivalent, if all their moments agree, i.e. if 

<n (1) , j$>i) • • ■ iil Wn (1) > = <n (2 > • • -;2lK)^>, 

for all n G N, < S\ < t\ < s 2 < ■ ■ ■ < t n , u±, . . . , u n G U(q). 

By a GNS-type construction, one can associate to every generator a Schurmann 
triple. 

2.2. Definition. A Schurmann triple on g K is a triple (p,r),L), where p is a *- 
representation of ^o(g) on some pre-Hilbert space D, r] : Uq(q) — > is a surjective 
p-l-cocycle, i.e. it satisfies 

77 (m>) = p(u)r)(v), 

for all u,v E Uq(q), and L : W (g) — > C is a hermitian linear functional such that 
the bilinear map (u,v) 1— > — (r/(w*), r/(t>)) is the 2-coboundary of L (w.r.t. the trivial 
representation), i.e. 

L(uv) = (rj(u*),r](v)) 

for all u, v G W (g). 

Let (p, 77, L) be a Schurmann triple on g^, acting on a pre-Hilbert space D. We can 
define a Levy process on the symmetric Fock space r(L 2 (IR + , D)) = ®^L L 2 (R+, _D) 0ra 
by setting 

(2.1) j st (X) = A st {p(X)) + A* st (rj(X)) + A st (r/(X*)) + L(X)(t - s)id, 
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for X G q, where A st , A* t , A st denote the conservation, creation, and annihilation 
processes on T(L 2 (R + ,D)), cf. [Par92, Mey95]. It is straightforward to check that 
we have 

[j st (X),j st (Y)] =j st ([X,Y]), and j st (X)* = j st (X*) 
for all < s < t, X, Y G 0. By the universal property, the family 

extends to a unique family (j s t)o< s <t of unital ^representations of U(q), and it is 
not difficult to verify that this family is a Levy process with generator L on over 
r(L 2 (R + ,D)) with respect to the Fock vacuum Q. 

The following theorem shows that the correspondence between (equivalence classes 
of) Levy processes and Schurmann triples is one-to-one and that the representation 
(2.1) is universal. 

2.3. Theorem. [Sch93] Two Levy processes on are equivalent if and only if their 
Schurmann triples are unitarily equivalent. A Levy process (k st )o< s <t with generator L 
and Schurmann triple (p,rj,L) is equivalent to the Levy process (j s t)o< s <t associated to 
(p,r],L) defined in Equation (2.1). 

2.4. Remark. Since we know the Ito table for the four H-P integrators, 



• 


dA*(u) 


dA(F) 


dA(u) 


dt 


dA*{v) 














dA(G) 


dA*(Gu) 


dA(GF) 








dA(v) 


(v, u)dt 


dA(F*v) 








dt 















for all F,G G C(D), u,v G D, we can deduce the Ito tables for the Levy processes 
on 0r. The map di associating elements u of the universal enveloping algebra to the 
corresponding quantum stochastic differentials diu defined by 

(2.2) d L u = dA (p(u)) + dA* (r](u)) + dA (r](u*)) + L(u)dt, 

is a *-homomorphism from Uq(q) to the Ito algebra over D, see [FS99, Proposition 
4.4.2]. It follows that the dimension of the Ito algebra generated by {diX;X G q} 
is at least the dimension of D (since r] is supposed surjective) and not bigger than 
(dim/} + l) 2 . If D is infinite-dimensional, then its dimension is also infinite. Note that 
it depends on the choice of the Levy process. 

Due to Theorem 2.3, the problem of characterizing and constructing all Levy pro- 
cesses on a given real Lie algebra can be decomposed into the following steps. First, 
classify all ^representations of U(q) (modulo unitary equivalence), this will give the 
possible choices for the representation p in the Schurmann triple. Next determine all 
surjective p-l-cocycles. We distinguish between trivial cocycles, i.e. cocycles which are 
of the form 

rj(u) = p{u)u, u G Uo(q) 

for some vector uj G D in the representation space of p, and non-trivial cocycles, i.e. co- 
cycles, which can not be written in this form. We will denote the space of all cocycles of 
a given ^representation p on some pre-Hilbert space D by Z 1 (Wo(g), p, D), that of triv- 
ial ones by B 1 (U$(q),p, D). The quotient H\U {%), p, D) = Z\U q {q)i P, D)/B 1 (U (g), p, D) 
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is called the first cohomology group of p. In the last step we determine all genera- 
tors L that turn a pair (/?, 77) into a Schiirmann triple (p,i],L). This can again also 
be viewed as a cohomological problem. If 77 is a p-l-cocycle, then the bilinear map 
(u,v) 1— > — (77 (w*), 77(f)) is a 2-cocycle for the trivial representation, i.e. it satisfies 
— (j)((uv)*}, 77(11;)) + (77(1^*), riiyvS)) = for all u,v,w G Uo(g). For L we can take any 
hermitian functional that has the map (u, v) 1— > — (77 (tx*), T)(v)) as coboundary, i.e. L 
has to satisfy L(u*) = L(u) and L(uv) = (r)(u*),r)(v)) for all u,v G Wo(g). If 77 is trivial, 
then such a functional always exists, we can take L(u) = (iv,p(u)u>). For a given pair 
(p,r)), L is determined only up to a hermitian 0-1-cocycle, i.e. a hermitian functional £ 
that satisfies £(uv) = for all u,v G W (g). 

2.5. Remark. A linear *-map n : g — > £(-D) is called a projective ^representation 
of g, if there exists a bilinear map a : g x g — > C, such that 

[n(X),n(Y)] =n([X,Y])+a(X,Y)id, 

for all X,Y G g. Every projective ^representation defines a ^representation of a 
central extension g of g. As a vector space g is defined as g = g © C. The Lie bracket 
and the involution are defined by 

[(X,A),(Y»] = ([X,Y],a(X,Y)), (X,A)* = (X*,A) 

for (X, A), (Y, /i) G g. It is not hard to check that 

7f((A",A)) =7r(X) + Aid 

defines a *-representation of g. If the cocycle a is trivial, i.e. if there exists a (hermitian) 
linear functional (3 such that a(X,Y) = /3([X,Y]) for all X, Y G g, then the central 
extension is trivial, i.e. g is isomorphic to the direct sum of g with the (abelian) 
one-dimensional Lie algebra C. Such an isomorphism is given by g © C 3 (X, p) 1— > 
(X ) f3(X) + p) G g. This implies that in this case 

np(X) = n((X, P(X))) = tt(X) + P(X)id 

defines a ^representation of g. 

For a pair (p, 77) consisting of a ^representation p and a p-l-cocycle 77 we can always 
define a family of projective ^representations (k st )o< s <t of g by setting 

k st (X) = A st (p(X))+A* st (rj(X))+A st (rj(X*)), 

for X G g, < s < t. Using the commutation relations of the creation, annihila- 
tion, and conservation operators, one finds that the 2-cocycle a is given by (X, Y) 1— > 
a(X,Y) = (r)(X*),r)(Y)) - (r)(Y*),r)(X)). If it is trivial, then (k st ) < s < t can be used 
to define a Levy process on g. More precisely, if there exists a hermitian functional ip 
on Uo(g) such that ip(uv) = (rj(u*) : rj(v)) holds for all u, v G W (g), then (/?, 77, -0) is a 
Schiirmann triple on g and therefore defines a Levy process on g. But even if such a 
hermitian functional ip does not exist, we can define a Levy process on g by setting 

k st ((X, A)) = A st (ppT)) + A*( V (X)) + A(t7(X*)) + (t - s)Aid, 

for (X, A) G g, < s < t. 

We close this section with two useful lemmata on cohomology groups. 

Schiirmann triples (p, 77, L), where the ^representation p is equal to the trivial 
representation defined by : Uo{q) 3 u 1— > G are called Gaussian, as well as the 

corresponding processes, cocycles, and generators (cf. Corollary 4.5 for a justification 
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of this definition). The following lemma completely classifies all Gaussian cocycles of 
a given Lie algebra. 

2.6. Lemma. Let D be an arbitrary complex vector space, and the trivial repre- 
sentation of g on D. We have 

z\Uo(a),o,D) = (fl/fo,*])*, B\Uo( a )AD) = {o}, 

and therefore dim H 1 (U (g) , 0, D) = dimg/[$j, g\. 

Proof. Let be a linear functional on g/[g, g], then we can extend it to a unique 0- 
1-cocycle on the algebra Uo(g/[g, g\) (this is the free abelian algebra over g/[g, g\), which 
we denote by 0. Denote by n the canonical projection from g to g/[g, g], by the universal 
property of the enveloping algebra it has a unique extension fc : Uo(g) — > Uo(g/[g, g])- 
We can define a cocycle r/^, on Wo(g) by rj^ = (poji. Furthermore, since any 0-1-cocycle on 
U (g) has to vanish on [g,g] (because Y = [X 1 ,X 2 ] implies r/(Y) = 0rj(X 2 ) — 0rj(X 1 ) = 
0), the map <fi i— > r/^ is bijective. □ 

The following lemma shows that a representation of U (g) can only have non-trivial 
cocycles, if the center of U (g) acts trivially. 

2.7. Lemma. Let p be a representation of g on some vector space D and let C G 
Wo(g) be central. If p{C) is invertible, then 

H 1 (U (g),p,D) = {0}. 

Proof. Let rj be a p-cocycle on U (g) and C G U (g) such that p(C) is invertible. 
Then we get 

p(C)rj(u) = rj(Cu) = rj(uC) = p(u)rj(C) 

and therefore r](u) = p(u)p(C)~ 1 r)(C) for all u G U (g), i.e. r](u) = p{u)uj, where 
uo = p(C)~ 1 ?](C'). This shows that all p-cocycles are trivial. □ 

3. Examples 

In this section we completely classify the Gaussian generators for several real Lie 
algebras and determine the non-trivial cocycles for some or all of their integrable uni- 
tary irreducible representations, i.e. those representations that arise by differentiat- 
ing unitary irreducible representations of the corresponding Lie group. These are *- 
representations of the enveloping algebra U{g) on some pre-Hilbert space D for which 
the Lie algebra elements are mapped to essentially self-adjoint operators. For some of 
the processes we give explicit realizations on the boson Fock space. 

3.1. White noise or Levy processes on f)tt> and osc. The Heisenberg-Weyl Lie 
algebra fjto is the three-dimensional Lie algebra with basis {A + ,A~,E}, commutation 
relations 

[A-,A + ]=E, [A±,E] = 0, 

and involution (A~)* = A + , E* = E. Adding a hermitian element N with commutation 
relations 

[N,A ± ]=±A ± , [N,E} = 0, 

we obtain the four-dimensional oscillator Lie algebra osc. 

We begin with the classification of all Gaussian generators on these two Lie algebras. 
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3.1. Proposition. a): Let vi,v 2 G C 2 fre too vectors andz G C an arbitrary 

complex number. Then 

p(A + )=p(A-)=p(E) = 0, 
V (A + ) = Vl , V {A~) = v 2 , V (E) = 0, 
L(A+) = z, L(A-) = z, L(E) = |M| 2 - |H| 2 , 

defines the Schiirmann triple on D = span{t>i,n 2 } of a Gaussian generator on 
Wo(f)tu). Furthermore, all Gaussian generators onUo(t)to) arise in this way. 
b): The Schiirmann triples of Gaussian generators on U (osc) are all of the form 

p(N)=p(A + )=p(A-)=p(E)=0, 

V(N)=V, v (A+)=r ] (A-)=r ] (E) = 0, 

L(N) = b, L(A + ) = L{A~) = L(E) = 0, 

with v e C, b e R. 

Proof. The form of the Gaussian cocycles on W (f)tt>) and U (osc) follows from 
Lemma 2.6. Then one checks that for all these cocycles there do indeed exist generators 
and computes their general form. □ 

Therefore from (2.2) we get, for an arbitrary Gaussian Levy process on fjro: 

d L A + = dA*(v 1 ) + dA(v 2 ) + zdt, 

d L A~ = dA*(v 2 ) + dA( Vl ) + zdt, 

d L E = (\\ Vl \\ 2 -\\v 2 \\ 2 )dt, 

and the Ito table 



• 


d L A+ 


d L A- 


d L E 


d L A+ 


(v 2 ,vi)dt 


{v 2 ,v 2 )dt 





d L A~ 


(ui,ui)df 


(ui,u 2 )dt 





d L E 












For ||fi|| 2 = 1 and v 2 = 0, this is the usual Ito table for the creation and annihilation 
process in Hudson-Parthasarathy calculus. 

Any integrable unitary irreducible representation of f)to is equivalent either to one 
of the one-dimensional representations defined by 

ir z (A + ) = z, ir z (A~) = z, n z (E) = 0, 

for some z G C, or to one of the infinite-dimensional representations defined by 

(3.1) p h (A + )e n = y/(n + l)he n+1 , p h {A~)e n = \fnhe n _ u p h {E)e n = he n , 

and 

P- h (A~)e n = y/{n + l)h e n+1 , p^ h (A + )e n = Vnhe n - U p- h (E)e n = -he n , 

where h > 0, and {e ,ei, . . .} is a orthonormal basis of £ 2 . By Lemma 2.7, the rep- 
resentations ph have no non-trivial cocycles. But by a simple computation using the 
defining relations of f)tn we see that, for z ^ 0, the representations of the form 7r z idD 
also have only one trivial cocycle. From A + E = EA + we get 

zr](E) = r](A + E) = r](EA + ) = 7i z (E)r](A + ) = 
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and therefore r](E) = 0. But E = A~A + — A + A~ implies 

= r)(E) = n z (A-) V (A + ) - n z (A + ) V (A-) = z V (A + ) - z V (A~), 

and we see that rj is the coboundary of uj = z~ 1 rj(A + ). Thus the integrable unitary 
irreducible representations (except the trivial one) of f)tt) have no non-trivial cocycles. 

Let us now consider the oscillator Lie algebra osc. The elements E and NE — A + A~ 
generate the center of W (osc). If we want an irreducible representation of U(osc), which 
has non-trivial cocycles, they have to be represented by zero. But this implies that we 
have also p{A + ) = p(A~) = (since we are only interested in ^representations). Thus 
we are lead to study the representations p u defined by 

p v {N) = z/id D , p u (A + ) = p v {A~) = Pu(E) = 0, 

with v G M\{0}. It is straightforward to determine all their cocycles and generators. 

3.2. Proposition. For v 6M, v £ {-1, 0, 1}, all cocycles of p v arc of the form 

rj(N) = v, 7](A + ) = rj(A-) = rj(E) = 0, 

for some v G D and thus trivial (coboundaries of uj = v~ x v). 
For v = 1 they are of the form 

V (N)=v u v(A + ) = v 2 , v (A-)=r ] (E) = 0, 
and for v — — 1 of the form 

rj(N) = Vl , ri(A-) = v 2 , V (A + ) = r](E) = 0, 
with some vectors vi,v 2 G D. Therefore we get 

&ittiH l (U Q (osc),p ±1 ,D) = 1, dim J B 1 (W (osc),p ± i,D) = 1 

and 

dimiJ 1 (Wo(osc),p I „D) = 0, dim B 1 (U (osc) , p u , D) = 1 
forve R\{-1,0,1}. 

Let now v — 1, the case v — — 1 is similar, since p\ and p_i are related by the 
automorphism iV i— > — N, A + i— > A~ , A~ i— > A + , E i— > — E. It turns out that for all 
the cocycles given in the preceding proposition there exists a generator, and we obtain 
the following result. 

3.3. Proposition. Let v 1 ,v 2 e C 2 and b e R. Then p = p x , 

V (N)=v u V (A+) = v 2 , r)(A~) = r)(E) = 0, 
L(N) = b, L(E) = |H| 2 , L(A + ) = L[A~) = (v u v 2 ), 

defines a Schiirmann triple on osc acting on D = span {vi, v 2 }. The corresponding 
quantum stochastic differentials are 

d L N = dA(id)+cL4*(ui)+(L4(ui)+6dt, 

d L A + = dA*(v 2 ) + ( Vl ,v 2 )dt, 

d L A~ = dA(v 2 ) + (v 2 , Vl )dt, 

d L E = \\v 2 \\ 2 dt, 
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and they satisfy the following ltd table 



• 


d L A + 


d L N 


d L A~ 


d L E 


d L A+ 














d L N 


d L A+ 


d L N + {\\ Vl \\ 2 -b)dt 








d L A~ 


d L E 


d L A- 








d L E 















Note that for 



\ v i\ 



b, this is the usual Ito table of the four fundamental noises 



of Hudson- Part hasar at hy calculus. 

3.2. SWN or Levy processes on sfe. The Lie algebra sfe is the three-dimensional 
simple Lie algebra with basis {B + , B~ , M}, commutation relations 

[B~,B + ]=M, [M,B ± ] = ±2B ± , 

and involution (B~)* = B + , M* = M. Its center is generated by the Casimir element 

C = M(M - 2) - AB + B~ = M(M + 2) - AB~ B + . 

We have [5(2, sfe] = and so W (sfe) has no Gaussian cocycles, cf. Lemma 2.6, 
and therefore no Gaussian generators either. Let us now determine all the non-trivial 
cocycles for the integrable unitary irreducible representations of s fe- 
lt is known that, beyond the trivial representation p there are three families of 
equivalence classes of integrable unitary irreducible representation of sfe (given in Equa- 
tions (3.3), (3.4), (3.5) below), see, e.g., [GLL90] and the references therein. We will 
consider them separately. We begin to consider the lowest and highest weight represen- 
tations. These families of representations are parametrized by a real number m and are 
induced by p(M)Vl = m Q, p(B~)VL = 0, and p(M)Vl = —m il, p(B + )VL = 0, respec- 
tively. The lowest weight representations are spanned by the vectors v n = p(B + ) n Q, 
with n£ff. We get 

p{B + )v n 



-- v n+ i, 
p(B-)v n = p(B-(B+) n )n 



i (M(M + 2) - C) (B + ) n -^j n 



p{M)v v 



n(n + m — l)p(B^ 
(2n + m )v n . 



\n-l 



= n(n + m - l)v n -i, 



If we want to define an inner product on span {v n ; n G N} such that p(M)* = p{M) and 
p(B~)* = p(B + ), then the v n have to be orthogonal and their norms have to satisfy 
the recurrence relation 



(3.2) 



J n+1\ 



(p(B + )v n ,v n+1 ) = (v n ,p(B )v n+1 ) = (ra + l)(ra + mo)|K 



It follows there exists an inner product on span {v n ; n G N} such that the lowest weight 
representation with p(M)tt = m fl, p(B~)Q = is a ^representation, if and only if 
the coefficients (n + l)(n + m ) in Equation (3.2) are non-negative for all n — 0, 1, . . ., 
i.e. if and only if mo > 0. For mo = we get the trivial one-dimensional representation 
po(B + )tt = p (B-)tt = p (M)tt = (since |M| 2 = 0), for m > we get 



(3.3a) 
(3.3b) 



Pn H) ( B+ ) e n = V( n + l)(n + m ) e n+ i, 
p+ () (M)e n = (2n + m )e n , 
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(3.3c) Pm a ( B )e n = y/n(n + m - l)e n _i, 

where {e ,ei, . . .} is an orthonormal basis of £ 2 . Note that the Casimir element acts 
as p+ o (C)e n = m (m — 2)e n . Similarly we see that there exists a ^representation p 
containing a vector Q such that p(B + )Q = 0, p(M)Q = —m Q Q, if and only if m > 0. 
For m = this is the trivial representation, for m > it is of the form 

(3.4a) p mo (B~)e n = \J (n + l)(ra + m ) e n+1 , 

(3.4b) P mo {M)e n = -{2n + m )e n , 



(3.4c) p (B + )e n = Vn(n + m - 1) e 



'71— 1 J 



and p mo (C)e n = m (m — 2)e n . The integrable unitary irreducible representations of 
SI2, belonging to the third class, have no highest or lowest weight vector. They are 
parametrized by two real numbers m , c and are induced by p(M)Q = m fi, p(C)Vl = 
cQ. Note that since C is central, the second relation implies actually p{C) = cid. The 
vectors {v± n = p(_B ± )"f2; n G N} form a basis for the induced representation, 



p{M)v n = (2n + m )v n 

v n+ i if n > 0, 

(mo+2n+2)(mo+2n)- C ^ +i j f ^ < ^ 



p{B 



4 



/ ("»0+2n-2)(mo+2n)- C j f n>Q 

t Vn-i if n < 0, 

We look again for an inner product that turns this representation into a ^representation. 
The v n have to be orthogonal for such an inner product and their norms have to satisfy 
the recurrence relations 

2 (m + 2n + 2)(m + 2n) -c 2 
lhn+i|| = ^ |Pn|| , forn>0, 

2 (m + 2n - 2)(m + 2n) - c 2 
Ipn-ill = \\v n \\ , for n < 0. 

Therefore we can define a positive definite inner product on span{w n ;n G Z}, if and 
only if A(A + 2) > c for all A G m + 2Z. We can restrict ourselves to m G [0,2[, 
because the representations induced by (c, m ) and (c, m + 2k), k G Z turn out to 
be unitarily equivalent. We get the following family of integrable unitary irreducible 
representations of U(sl 2 ), 

(3.5a) Pcm {B + )e n = -y/ (m + 2n + 2)(m + 2n) - c e n+1 , 

(3.5b) Pcm (M)e n = (2n + m )e n , 

(3.5c) Pcm (B~)e n = ^\/(mo + 2n - 2)(m + 2n) - c e n _i, 

where {e n ; n G Z} is an orthonormal basis of £ 2 (Z), m G [0, 2[, c < m (m — 2). 

Due to Lemma 2.7, we are interested in representations in which C is mapped to 
zero. There are, up to unitary equivalence, only three such representations, the trivial 
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or zero representation (which has no non-zero cocycles at all, by Lemma 2.6), and the 
two representations p ± = p 2 on £ 2 defined by 

p ± {M)e n = ±{2n + 2)e ni 

p + (B + )e n = ^{n + l)(n + 2) e n+1 , 

p + (B~)e n = y/n(n + 1) e n -. u 

p~{B + )e n = y/n(n + l) e n _i, 

p~{B~)e n = a/(u + l)(n + 2) e n+1 , 

for n G N, where {eo, e\, . . .} is an orthonormal basis of £ 2 . The representations p + and 
p~ arc not unitarily equivalent, but they are related by the automorphism M i— > —M, 
B + i— > Z?~, i? _ i— > 5 + . Therefore it is sufficient to study p + . Let 77 be a p + -l-cocycle. 
Since p + (B + ) is injective, we see that 77 is already uniquely determined by r](B + ), since 
the relations [M, B + \ = 2B + and [B~,B+] = M imply 

rj(M) = p + (-B + ) _1 (p + (M) — 2)r](B + ), 

V (B-) = p+(B+)-\p+(B-) V (B+)- V (M)). 

In fact, we can choose any vector for r](B + ), the definitions above and the formula 
rj(uv) = p + {u)rj{v) for u,v G Uq{s[ 2 ) will extend it to a unique p + -l-cocycle. This 
cocycle is a coboundary, if and only if the coefficient Vq in the expansion i](B + ) = 
J2^=o v n e n of f](B + ) vanishes, and an arbitrary p + -l-cocycle is a linear combination of 
the non-trivial cocyle 771 defined by 

(3.6) 77! ((B + ) n M m (B-) r ) = { 9 . /p-nn-i 1 ™ ^ ?' 

V 7 U 7 I 5 r,0<Wp(£ + ) ^0 if n > 1, 

and a coboundary. In particular, for 77 with r](B + ) = Y^=o v n e m we get 77 = v rji + <9u> 
with c<j = ; e n . Thus we have shown the following. 

^™- ^(71+1)^+2) " 6 

3.4. Proposition. We have 

dimH 1 (U (si 2 ),p ± ,e 2 ) = 1 

and dim if 1 (W (s[ 2 ), p, £ 2 ) = /or all other integrable unitary irreducible representations 
of$l 2 . 

Since [5(2, sl 2 ] = sfe, all elements of Uo(sl 2 ) can be expressed as linear combinations 
of products of elements of U (sl 2 ). Furthermore one checks that 

L(u) = {r](ul), t)(u 2 )), for u = u 1 u 2 , u ± , u 2 G U ($l 2 ) 

is independent of the decomposition of u into a product and defines a hermitian linear 
functional. Thus there exists a unique generator for every cocycle on sl 2 . 

3.5. EXAMPLE. We will now construct the Levy process for the cocycle 771 defined 
in Equation (3.6) and the corresponding generator. We get 

L(M) = (r ]l (B+),r ]l (B + )}-(r ]l (B-),r ]l (B~)} = l, 

L{B + ) = L{B~) = 0, 

and therefore 

d L M = dA (p+(M)) +dt, 

(3.7) d L B+ = dA(p+(5+)) +dA*(e ), 

d L B~ = dA(p + (B-))+dA(e ). 



102 



LEVY PROCESSES ON REAL LIE ALGEBRAS 



The Ito table is infinite-dimensional. This is the process that leads to the realization 
of SWN that was constructed in the previous works [ALV99, ASOOb, SniOO]. 
For the Casimir element we get 

d L C = -2d*. 

For this process we have j s t(B~)Q = and j s t(M)Q = (t — s)Q for all < s < t. 
From our previous considerations about the lowest weight representation of sl 2 we can 
now deduce that for fixed s and t the representation j st of sl 2 restricted to the subspace 
j st (U(sl 2 ))Q is equivalent to the representation p£_ s defined in Equation (3.3). 

3.6. Example. Let now p be one of the lowest weight representations defined in 
(3.3) with m > 0, and let rj be the trivial cocycle defined by 

V(u) =pi (u)e , 

for u E U (sl 2 ). There exists a unique generator for this cocycle, and the corresponding 
Levy process is defined by 

d L M = dA (p+ (M)) + m dA* (e ) + m dA(e ) + m dt, 
(3.8) d L B+ = dA ip+ (B+))+^Wr dA*( ei ), 

d L B~ = dA(p+ o (S-))+ v ^dA(e 1 ). 

For the Casimir element we get 

d L C = m (m - 2)(dA(id) + dA*(e ) + dA(e ) + dt). 

3.3. White noise and its square or Levy processes on sl 2 ® a f)to. We can 

define an action a of the Lie algebra sl 2 on htt> by 

A+ i-> A + , A+ i-> 0, A + i-> A~, 

a(M) : E h-> 0, a{B + ) : E i-> 0, a(B~) : E i-> 0, 

A- ^ -A~, A- ^ -A+, A- ^ 0. 

The a(X) are derivations and satisfy (a(X)Y)* = — a(X*)Y* for all X e sl 2 , Y G f)to. 
Therefore we can define a new Lie algebra si 2 hto as the semi-direct sum of sl 2 
and hto, it has the commutation relations [(X i: Yi), (X 2 , Y 2 )] = ([Xl, X 2 \, [Yi, Y 2 \ + 
a(Xi)r 2 - apr 2 )Yi) and the involution (X,Y)* = (X*, Y*). In terms of the basis 
{B ± , M, A ± ) E} the commutation relations are 

[B~,B + ] = M [M, _B ± ] = ±2B ± , 

[A-,A + ]=E, [£,^=0, 

[S ± ,A=F] = = F A ± , [B ± ,A ± ] = 1 

[M, A ± ] = ±A ± , [E, 5 ± ] = 0, [M, E\ = 0. 

The action a has been chosen in order to obtain these relations, which also follow from 
the renormalization rule introduced in [ALV02]. 

In the following we identify W(f)to) and U(sl 2 ) with the corresponding subalgebras 
in U(s\ 2 ® a f)tt>). 

Note that for any cGK, spanjA^ = M + cE, A + , A~ , E} forms a Lie subalgebra of 
sl 2 ® a f)to that is isomorphic to osc. 

There exist no Gaussian Levy processes on sl 2 (B a t)tti, since [sl 2 © a fjttt, sl 2 © a f)tti] = 
sl 2 (B a f)tt). But, like for every real Lie algebra, there exist non-trivial ^representations 
of sl 2 Q) a f)to, and thus also Levy processes, it is sufficient to take, e.g., a trivial cocycle. 
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The following result shows that the usual creation and annihilation calculus cannot 
be extended to a joint calculus of creation and annihilation and their squares. 

3.7. Proposition. Let (p,r],L) be the Schiirmann triple on ()ft) defined in Propo- 
sition 3.1 a), and denote the corresponding Levy process by (j s t)o<s<t- There exists no 
Levy process (j s t)o<s<t on sl 2 ® a f)tt> su ch that 

(jst|w(f>m)) — (jst), 
unless (jst)o<s<t ^ trivial, i.e. j s t(u) = for all u G Uq(\)Xo). 

Proof. We will assume that (j st ) exists and show that this implies ||t>i|| 2 = 
||v 2 || 2 = |z| 2 = 0, i.e. L = 0. 

Let (p,fj,L) be the Schiirmann triple of (Jst). If (j s t\u(t)to)) — (jst), then we have 
L\u (brv) — L, and therefore the triple on ()tt> obtained by restriction of (p,fj,L) is 
equivalent to (p,r],L) and there exists an isometry from D = r] (Uo(t)tt>)) into D = 
fj(U (sl 2 ® a f)tt>)), such that we have 

p\u(t>n>)xD = Pi and v\u (t,n>) — V, 

if we identify D with its image in D. 

From [B + ,A-] = -A + and [B~, A + ] = A~ , we get 

-f l {A + )=p{B + )r 1 {A~)-p{A-)f l {B + ), 

f l {A~)=p{B-)r 1 {A + )-p{A + )f ] {B-). 

Taking the inner product with fj(A + ) = i](A + ) = v\ and fj(A^) = rj(A~) = v 2 , resp., 
we get 

-H^H 2 = (^,p(S> 2 )-(^,p(A-)77(S + )) 

= ( Vl ,p(B + )v 2 ) - (p(A + ) Vl ,fj(B + )) = ( Vl ,p(B + )v 2 ), 

\\V 2 \\ 2 = (w2,P(5 _ )Wi), 

since p(A ± )\ D = p(A ± ). Therefore 

-IMI 2 = ( Vl ,p(B + )v 2 ) = (v 2 ,p(B-)v 1 ) = \\v 2 \\ 2 , 
and thus |M| 2 = ||w 2 || 2 = 0. But A + = -[B + ,A~] and 

L(A + ) = L{A + ) = {f l {A+)^{B+))-{f l {B-)^{A-)) 
= (v 1 ,fj(B + )) - (fj(B-),v 2 ) 
which now implies that z = L(A + ) =0. □ 

Sniady [SniOO] has posed the question, if it is possible to define a joint calculus for 
the linear white noise and the square of white noise. Formulated in our context, his 
answer to this question is that there exists no Levy process on sl 2 (B a f)tn such that 

j st (E) = (t- s)id, and j st (A-)n = j st (B~)n = 0, 

for all < s < t. We are now able to show the same under apparently much weaker 
hypotheses. 

3.8. Corollary. Every Levy process on si 2 (B a f)to such that the state vector Q is 
an eigenvector for j st (E) and j st (A~) for some pair s and t with < s < t is trivial 
on i)W, i.e. it has to satisfy j s t\u (f)n>) — for all < s < t. 
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Proof. Assume that such a Levy process exists. Then it would be equivalent to 
its realization on a boson Fock space defined by Equation (2.1). Therefore we see that 
the state vector is an eigenvector of j s t(E) and j st (A~), if and only if the Schiirmann 
triple of (jst)o<s<t satisfies rj(E) = rj(A~) = 0. If we show that the only Schiirmann 
triples on I)ro satisfying this condition are the Gaussian Schiirmann triples, then our 
result follows from Proposition 3.7. 

Let (p, 77, L) be a Schiirmann triple on htt> such that i](E) = rj(A~) = 0. Then the 
vector r](A + ) has to be cyclic for p. We get 

p(E)rj(A + ) = p(A + ) V (E) = 0, 

since E and A + commute. From [A~ , A + ] = E, we get 

p(A-)r)(A + ) = p(A + )r](A-) + r)(E) = 0. 

But 

MA+MA^W 2 = { v (A + ),p(A-)p(A + ) v (A + )) 

= ( v (A-),p(A + )p(A-) v (A + )) + ( V (A + ), P (E) V (A + )) 
= 

shows that p{A + ) also acts trivially on i](A + ) and therefore the restriction of the triple 
(p,r],L) toW(htn) is Gaussian. □ 

The SWN calculus defined in Example 3.5 can only be extended in the trivial way, 
i.e. by setting it equal to zero on f)tt), J S i|(, TO = 0. 

3.9. PROPOSITION. Let (j st )o< s <t be the Levy process on sl 2 defined in (3.7). The 
only Levy process (j s t)o<s<t on sl 2 ® a fytt> such that 

(jst\u(sh)) — Ust) 

is the process defined by j st = j s t ° n for < s <t, where n is the canonical homomor- 
phism 7T : U(sl 2 ® a -> U((sl 2 ® a f)tu)/f)m) = U(sl 2 ). 

Proof. We proceed as in the proof of Proposition 3.7, we assume that (j s t)o<s<t 
is such an extension, and then we show that this necessarily implies p\u (t)m) — 0, 
v\u (t)ro) = 0, and L\u (^ro) = for its Schiirmann triple (p,fj,L). We know that the 
restriction of the Schiirmann triple (p, fj, L) to the subalgebra sl 2 and the representation 
space D = ^(W (s[ 2 )) has to be equivalent to the Schiirmann triple (p,r],L) defined in 
Example 3.5. 

Our main tool are the following two facts, which can be deduced from our construc- 
tion of the irreducible ^representations of sl 2 in Subsection 3.2. Let it be an arbitrary 
^representation of sl 2 . Then ir(B~)v = and n(M)v = \v, with A < implies v = 0. 
And if we have a vector v ^ that satisfies 7i(B~)v = and 7i(M)v = Xv with A > 0, 
then n restricted to 7r(W(s[ 2 ))w is equivalent to the lowest weight representation p+ o 
with m = A. 

First, we show in several steps that rj(B + ) is cyclic for p and exhibit several vectors 
in D = rj(<Uo(sh®afyft>)) which are lowest weight vectors for sl 2 . Using this information 
we can then prove that p, fj, and L vanish on hto (and therefore also on W (htn)). 

Step 1:: fj(A-) = 0. 

The relations [B~,A~] = and [M,A~] = —A~ imply p(B-)fj(A-) = 
p(A-)r)(B-) = and -rj(A~) = p(M)fj(A-) - p(A~)r](M) = p(M)rj(A-). 
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Step 2:: If u = p(A~)r](B + ) = rj(A + ) ^ 0, then it generates an sl 2 -representation 
that is equivalent to p\. 

Since fj(A~) = 0, the relation [A~, B + ] = A + implies rj(A + ) = p(A-)r](B + )- 
~p{B+)f l {A-) = p(A-)r){B + ). Furthermore [B~,A+] = A~ and [M,A+] = A+ 
y\e\dp{B-)fj{A + ) = p(A+)r](B-)+fj(A-) = and p(M)fi(A + ) = p(A + )r]{M) + 
fj(A+) =fj(A + ). 

Step 3:: The s[ 2 -representation generated from v = p(A~)fj(A + ) = fj(E) is 
equivalent to the trivial one, i.e. p(B~)fj(E) = p(M)rj(E) = p(B + )fj(E) = 0. 

We get p(B-)fj(E) = p(M)fj(E) = from the relations [M, E] = and 
[B~,E] = 0, and p(B + )fj(E) = follows from our basic facts on s [^-represen- 
tations. 

Step 4:: fj(E) = and w = p(A + )f](A + ) is the lowest weight vector of an 
s [^-representation equivalent to p\ (unless wo — 0). 

Applying twice the relation [B~ , A + ] = A~ and once [A~, A + ] = E, we get 

p(B-)p(A + )fj(A + ) = p(A + )p(B-)fj(A + )+p(A-)fj(A + ) 

= p(A+)p(A + ) v (B-) + p(A + )f,(A-) + p(A + )f,(A-) + fj{E) 
= V(E). 

We can use this relation to compute the norm of fj(E), 
\\m\\ 2 = (fj(E):P(B-)p(A + )fj(A + )) = (p(B + )f,(E),P(A + mA + )) = 0, 

since p(B + )fj(E) = 0. 

Using twice the relation [M, A + ] = A + , one also obtains p(M)w = 2w . 
Step 5:: p(E) = 0. 

The results of steps 1, 2, and 4 and the surjectivity of fj imply that r](B + ) 
is cyclic for p, i.e. any vector v G D can be written in the from v = p(u)i]( y B + ) 
for some u £ U(sh ® a hto). Since E is central, we get 

p(E)v = p(E)p(u)r]{B + ) = p(uB + )fj(E) = 0. 

for all v G D. 
Step 6:: w = 0. 

We can compute the norm of p(B + )w = p(B + )p(A + )f](A + ) in two differ- 
ent ways. Since A + and B + commute, we get 

\\p(B + )w \\ 2 = ||p(A + )^(fi + )|| 2 = (^(5 + ),p(A-) 2 p(A + )^(5 + )) 

= (p(A-) 2 v (B + ),p(A-f v (B+)) = \\p(A-)f)(A + )\f = \\f)(E)\\ 2 = 0, 

where we also used p(E) = 0. 

If wo 7^ 0, then p restricted to p(U(sl2)wo is equivalent to p\, so in particu- 
lar the vectors w n = p(B + ) n , n > 0, must be an orthogonal family of non-zero 
vectors with ||u>i|| 2 = 6||u>o|| 2 by Equation (3.2). But we have just shown 
||wi|| 2 = 0. 
Step 7:: u = and p\^ n = 0. 

We get 

IKH 2 = (p(A-) V (B + ),p(A-)r 1 (B + )) = ( v (B + ),p(A + )p(A-)ri(B + )) 
= (r ] (B + ),p(A + )f l (A + )} = ( V (B + ),w ) = 0. 
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Therefore we have fjl^n, = and D = D = span {r]((B + ) k ) \k = 1,2, . . .}. 
From this we can deduce p(A + )r}((B + ) k ) = p({B + ) k )fj(A + ) = 0, i.e. p(A + ) = 
and therefore also p{A~) = p(A + )* = 0. 
Step 8:: L\ w = 0. 

Finally, using, e.g., the relations [M, A^ = ±A ± and E = [A~,A + ], one 
can show that the generator L also vanishes on fjtt), 

±L(A ± ) = (r ] (M),f,(A ± ))-(f,(A^),r ] (M)) = 0, 
L(E) = ||^)|| 2 -||^-)|| 2 = 0. 

□ 

But there do exist non-trivial Levy processes such that j st (A~)Q = j st (B~)Q = 
for all < s < t, as the following example shows. 

3.10. Example. Let h > and let ph be the Fock representation of ZY(f)tu) defined 
in (3.1). This extends to a representation of U(sl 2 ® a f)tt>), if we set 

p h (B ) - — ^— , Ph (M) , p h (B ) - . 

The restriction of this representation to sl 2 is a direct sum of the two lowest weight 
representations py 2 and p^ 2 , the respective lowest weight vectors are e and e 1 . For 
the cocycle we take the coboundary of the 'lowest weight vector' e G £ 2 , i.e. we set 

V(u) = p h (u)e 

for u G W (sl 2 f)tt>), and for the generator 

L{u) = (e ,p h (u)e ) 

for u G U (sl2 Q) a htu). This defines a Schiirmann triple on sl 2 © a f)tt> over £ 2 and 
therefore 

dLi? + = ^dA(p,(A + ) 2 )+i=dA*(e 2 ), 
d L A + = dA(p,(A + ))+v^dA*( ei ), 

d L M = -LdA(p h (A+A- + A-A + )) + ^dA*(e ) + ^dA(e ) + ^dt, 

d L E = /idA(id) + hdA*(e ) + hd(e ) + hdt, 
d L A~ = dA(p h (A-))+VhdA( ei ), 

d L B- = ^dA(p,(A-) 2 )+i=dA(e 2 ), 

defines a Levy process sl 2 Q) a f)tt), acting on the Fock space over L 2 (M, + ,£ 2 ). The Ito 
table of this process is infinite-dimensional. The restriction of this process to sl 2 is 
equivalent to the process defined in Example 3.6 with m Q = |. 

One can easily verify that j st {A~) and j st (B~) annihilate the vacuum vector of 

r(L 2 (M + ,£ 2 )). 

We have Ph(C) = — |id, and therefore 

d L C = -jj(dA(id) + dA*(e ) + dA(e ) + dt) . 
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3.4. Higher order noises. Let us now consider the infinite-dimensional real Lie 
algebra ton that is spanned by {B njTn ;n,m G N} with the commutation relations ob- 
tained by the natural extension, to higher powers of the white noise, of the renormal- 
ization rule introduced in [ALV99], i.e.: 



for rii, n 2 , mi, m 2 G N, and involution (B n>m )* = B m n , where c > is some fixed 
positive parameter. These relations can be obtained by taking the quotient of the 
universal enveloping algebra U(t)to) of f)ro with respect to the ideal generated by E = 
cl. The basis elements B n ^ m are the images of (A + ) n (A~) m . 
We can embed [)ro and sl 2 © Q into inn by 



we get a ^representation of U(xvn). If we set i](u) = p(u)e and L{u) = (e , p(u)e ) 
for u G W (trm), then we obtain a Schiirmann triple on ttm. For this triple we get 



d L B ntm = dA (p c (A+) n Pc (A ) m ) + S m0 V^rddA*(e n ) + 5 n0 Vc m m\ dA(e m ) + 5 n0 5 m0 dt, 



for the differentials. Note that we have j st (B nm )Q = for all m > 1 and < s < t for 
the associated Levy process. 

3.5. Other examples: Levy processes on fD and $j[ 2 . The goal of this sub- 
section is to explain the relation of the present paper to previous works by Boukas 
[Bou88, Bou91] and Parthasarathy and Sinha [PS91]. 

We introduce the two real Lie algebras fD and $j[ 2 . The finite-difference Lie algebra 
fc) is the three-dimensional solvable real Lie algebra with basis {P, Q, T}, commutation 
relations 



and involution P* = Q,T* = T, cf. [Fei87]. This Lie algebra is actually the direct sum 
of the unique non-abelian two-dimensional real Lie algebra and the one-dimensional 
abelian Lie algebra, its center is spanned by T — P — Q. 

The Lie algebra gl 2 of the general linear group GL(2; R) is the direct sum of 
sl 2 with the one-dimensional abelian Lie algebra. As a basis of gl 2 we will choose 
{B + , B~, M, I}, where B + , B~, and M are a basis of the Lie subalgebra s[ 2 , and / 
is hermitian and central. Note that T ^ M + B + + B~ , P ^ (M — I)/2 + B~, 
Q i— > (M — I)/2 + B + defines an injective Lie algebra homomorphism from fO into gl 2 , 
i.e. we can regard f0 as a Lie subalgebra of gl 2 . 







[P,Q] = [T,Q] = [P,T]=T, 
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Following ideas by Feinsilver [Fei89], Boukas [Bou88, Bou91] constructed a cal- 
culus for fD, i.e. he constructed a Levy process on it and defined stochastic integrals 
with respect to it. He also derived the Ito formula for these processes and showed that 
their Ito table is infinite-dimensional. His realization is not defined on the boson Fock 
space, but on the so-called finite-difference Fock space especially constructed for his fd 
calculus. Parthasarathy and Sinha constructed another Levy process on fd, acting on 
a boson Fock space, in [PS91]. They gave an explicit decomposition of the operators 
into conservation, creation, annihilation, and time, thereby reducing its calculus to 
Hudson-Parthasarathy calculus. 

Accardi and Skeide [ASOOb, ASOOa] noted that they were able to recover Boukas' 
fZ) calculus from their SWN calculus. In fact, since q1 2 is a direct sum of sl 2 and the 
one-dimensional abelian Lie algebra, any Levy process (j s t)o<s<t on sl 2 can be extended 
(in many different ways) to a Levy process (j s t)o<s<t on q1 2 . We will only consider the 
extensions defined by 

Jst\si 2 = jst, and j st (I) = X(t - s)id, for < s < t, 

for A G M. Since fc? is a Lie subalgebra of gl 2 , we also get a Levy process on fO by 
restricting {j st )o< s <t to U(fX>). 

If we take the Levy process on defined in Example 3.5 and A = 1, then we get 

d L P = dA(p+(M/2 + fi-)) +dA(e ), 

d L Q = dA(p+(M/2 + £?+)) +dA*(e ), 

d L T = dA(p + (M + B + + B-))+dA*(e )+dA(e )+dt. 

It can be checked that this Levy process is equivalent to the one defined by Boukas. 
If we take instead the Levy process on sl 2 defined in Example 3.6, then we get 

dLP = dA(p+XM/2 + 5-))+dA*(^eo)+dA(^eo + v^e 1 )+^^dt, 

d L Q = dA(p+XM/2 + 5 + ))+dA*(^eo + v ^e 1 )+dA(^eo)+^^dt, 

d L T = dA(p+ o (M + 5 + + 5")) +dA*(m eo + v^ei) + dA(moeo + v^oe^+modt 
= d L P + d L Q + Adt. 

For m = A = 2, this is exactly the Levy process defined in [PS91]. Note that in 
that case the representation p 2 = p + and the Fock space agree with those of Boukas' 
process, but the cocycle and the generator are different. Therefore the construction of 
[PS91] leads to the same algebra as Boukas', but not to the same quantum process - 
a fact that had already been noticed by Accardi and Boukas [AB02] . 

4. Classical processes 

Let (jst)o<s<t be a Levy process on a real Lie algebra 0k over T = T(L 2 (1R + , D)), 
fix a hermitian element Y, Y* = Y, of jjr, and define a map y : S(R + ) — > C(T) by 

n n 
k=l k=l 

It is clear that the operators {y^; <fi G commute, since y is the restriction of 

7T : R + 3 = J2k=i^k^ls k ,t k [ ^ J2k=ijs k t k (^k) e >C(r) to the abelian current algebra 
CF R+ over CY. Furthermore, if <fi is real-valued, then y^ is hermitian, since Y is 
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hermitian. Therefore there exists a classical stochastic process (Y t )t>o whose moments 
are given by 

E(Y tl ■ .-Y tn ) = (n,y 1[oti[ ■ --yi^p), for all h, . . . ,t n e R+. 

Since the expectations of (j s t)o<s<t factorize, we can choose {Yt)t>o to be a Levy process. 
If jst{Y) is even essentially self-adjoint, then the marginal distribution of (Y t ) t > is 
uniquely determined. 

We will now give a characterization of (Y t ) t > . First, we need two lemmas. 

4.1. Lemma. Let X e C{D), u,v e D, and suppose furthermore that the series 
S^Lo ~ n!^ w an d ^n=o ^ X n \ w conver 9 e ^ n D for all w E D . Then we have 

e A ^A(v) = A(e~ x *v)e A W 
e A "^A(v) = (A(v) - (v,u))e A * {u) 
e A * {u) A{X) = (A{X)-A*(Xu))e A *^ 

on the algebraic boson Fock space over D. 

Proof. This can be deduced from the formula for the adjoint actions, Ade x Y = 
e x Ye~ x =Y+[X,Y] + \ [X, [X, ¥}]+■■■ = e adX Y. □ 

The following formula gives the normally ordered form of the generalized Weyl oper- 
ators and is a key tool to calculate the characteristic functions of classical subprocesses 
of Levy processes on real Lie algebras. 

4.2. Lemma. Let X e C(D) and u,v e D and suppose furthermore that the series 
Y^=o w an d S^Lo ^ X n \ w converge in D for all w £ D. Then we have 

exp (A(X) + A*{u) + A(v) + a) = exp (A*(u)) exp (A(X)) exp (A(v)) exp(a) 

on the algebraic boson Fock space over D, where 

°° X n_1 °° (X*)'^ 1 00 x n ~ 2 

u = y^ — —ix, v = ; v, a = a + y^(v, — — ix). 

n=l n=l n=2 

Proof. Let u e D and set u^t) = expt(A(X) + A*(u) + A(v) + a)u and 
Lu 2 (t) = exp (A*(u(t))^j exp (tA(X)) exp (A(v(t))^j exp (a(t))u 
for t G [0,1], where 

u(t) = V : — ix, v(t) = V : v, a(t) =ta + YVu, : — u). 

— ' nl — ' nl — ' nl 

n=l n=l n=2 

Then we have u>i(0) = uj = cj 2 (0). Using Lemma 4.1, we can also check that 

= (A(X) + A*(u) + A(v) + a)Luexpt(A(X) + A*(u) + A{v) + a)cu 
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and 

^ 2 (0 = A*^(t)jexp(A*(S(t)))exp(tA(X))exp(A(^(t)))exp(«(t)) 

+ exp ^A*(u(t))^A{X)exp (tA(X)) exp (A(v(t))^ exp (a(t))cu 

+ exp (j4* («(*))) exp (tA(X))A (^(i)) exp (i4(t;(f))) exp (a(f)) 

+ exp ^4* (u(t))) exp (tA(X))exp (^A(v(t))^j ^(f) exp 
coincide for all t G [0,1]. Therefore we have cji(1) = ^(l). □ 

4.3. Theorem. Let (j s t)o<s<t be a Levy process on a real Lie algebra Qm. with 
Schiirmann triple (p,rj,L). Then for any hermitian element Y of such that rj(Y) 
is analytic for p{Y), the associated classical Levy process (Y t )t>o has characteristic 
exponent 

*(A) = i\L(y) + f2 { ^f(v(y%p(y) n - 2 v(Y)), 

(p(Y)° = id) for A in some neighborhood of zero. 

Proof. The characteristic exponent *(A), A G 1, is defined by E(e iX?t ) = e mw , 
so we have to compute 

E(e a ^) = (Q,e iXjt)tiY) Q) 
for j ot (Y) = Aot(pOO) + A* ot (ri(Y)) + A ot (r](Y)) + tL(Y). Using Lemma 4.2, we get 



CO 



E 



(e iA *) = exp (it\L(Y) + tf^ (v(Y*), * V (Y) 

\ n=2 ^ U ' 



□ 



4.4. Remark. Note that (A) is nothing else than XT=i ^f L ( Yn )- lt is also 
possible to give a more direct proof of the theorem, using the convolution of functionals 
on U(q) instead of the boson Fock space realization of (j s t)o<s<t- 

We give two corollaries of this result, the first justifies our definition of Gaussian 
generators. 

4.5. Corollary. Let L be a Gaussian generator on with corresponding Levy 
process (j s t)o<s<t- Then for any hermitian element Y the associated classical Levy 
process (Y t ) t >o is Gaussian with mean and variance 

E(Y t ) = tL(Y), E(Y t 2 ) = | \ V (Y) \\\ for t > 0. 

We see that in this case we can take (||r](y)||i?( + L(Y)t) t>Q for {Yt)t>o, where 
(B t ) t > is a standard Brownian motion. 

The next corollary deals with the case where L is the restriction to Uq{q) of a 
positive functional on U(q). 

4.6. Corollary. Let (p,rj,L) be a Schiirmann triple on jJr whose cocycle is trivial, 
i.e. there exists a vector uo G D such that r](u) = p(u)uj for all u G Uq{q), and whose 
generator is of the form L(u) = (uj,p{u)uj), for allu G Uo(g). Suppose furthermore that 
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the vector uo is analytical for p(Y), i.e. that e up ^uj := Y^=i ~ u converges for 
sufficiently small u. Then the classical stochastic process (Y t ) t > associated to (j s t)o<s<t 
and Y is a compound Poisson process with characteristic exponent 

V(u) = {uj, {e tup{Y) -l)uo). 

4.7. Remark. If the operator p(Y) is even (essentially) self-adjoint, then we get 
the Levy measure of (Y t ) t >o by evaluating its spectral measure in the state vector u, 

p(d\) = (u,dF x u), 

where p(Y) = J AdP^ is the spectral resolution of (the closure of) p(Y). 

Corollary 4.6 suggests to call a Levy process on q with trivial cocycle i](u) = p(u)u) 
and generator L(u) = (cu,p(u)ui) for u G Uq(q) a Poisson process on g. 

4.8. Example. Let (j s t)o<s<t be the Levy process on s[ 2 defined in Example 3.6 
and let Y = B + + B~ + (3 'M "with (3 e R. The operator X = p+ (Y) is essentially 
self-adjoint. We now want to characterize the classical Levy process (Y t ) t > associated 
to Y and (j s t)o<s<t in the manner described above. Corollary 4.6 tells us that (Y t ) t >o 
is a compound Poisson process with characteristic exponent 

*(u) = (eo, {e luX -l) e ). 

We want to determine the Levy measure of (Y t ) t > , i.e. we want to determine the 
measure p on R, for which 

*( u ) = J (e iux -1) p(dx). 

This is the spectral measure of X evaluated in the state (eo,-eo). Note that the 
polynomials p n G M[x] defined by the condition 

e n = p n (X)e , 

n = 0, 1, . . . , are orthogonal w.r.t. p, since 

J Pn(x)p m (x)p(dx) = (e ,p n (X)p m (X)e ) = (p n (X)e ,p m (X)e ) = S nm , 

for n, m G N. Looking at the definition of X, we can easily identify the three-term- 
recurrence relation satisfied by the p n . We get 

Xe n = ^(n + l)(n + m )e n+ i + fi(2n + m )e n + y/n(n + m - l)e n _i, 
for n G N, and therefore 

(n + l)P n+1 + (2(3n + (3m - x)P n + (n + m - l)P n ^ = 0, 
with initial condition P_i = 0, Pi = 1, for the rescaled polynomials 

n i 

Pn = IT \ — r — Pn - 

According to the value of /3 we have to distinguish three cases. 
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(1) \/3\ = 1: In this case we have, up to rescaling, Laguerre polynomials, i.e. 

p n ( X ) = (-prL^ipx) 

where the Laguerre polynomials are defined as in [KS94, Equation (1.11.1)]. 
The measure \i can be obtained by normalizing the measure of orthogonality 
of the Laguerre polynomials, it is equal to 

l^lmo — 1 

Mdx) = —e-^l^dx. 

If f3 = +1, then this measure is, up to a normalization parameter, the usual 
X 2 -distribution (with parameter mo) of probability theory. The operator X is 
then positive and therefore (Yt)t>o is a subordinator, i.e. a Levy process with 
values in R + , or, equivalently, a Levy process with non-decreasing sample 
paths. 

(2) \j3\ < 1: In this case we find the Meixner-Pollaczek polynomials after rescaling, 

PJ X ) = p(™°/2) [ _g n _ arccos/ 3 

For the definition of these polynomials see, e.g., [KS94, Equation (1.7.1)]. For 
the measure \i we get 

2 



/i(dx) = C exp 



(it — 2 arccos (5)x 




IX 



dx, 



where C has to be chosen such that \x is a probability measure. 
(3) > 1: In this case we get Meixner polynomials after rescaling, 

P n (x) = (-csgnfl" f[ k + m °~ l M n (yj^T^ -^mo; A 
k=i \ l c c - J 

where 

c=\(3\-^^T 

The definition of these polynomials can be found, e.g., in [KS94, Equation (1.9.1)]. 
The density ji is again the measure of orthogonality of the polynomials P n (normalized 
to a probability measure). We therefore get 

n=0 



where 

Xr 



= + (~ ~ s g n A for n G N 



and C 1 = Y^=o ^°' >n = (1 — (?) m °- Here (m ) n denotes the Pochhammer symbol, 
(m ) n = m^mo + 1) • • • (m + n - 1). 

4.9. Example. Let now (j st )o< s <t be the Levy process on s( 2 defined in Example 
3.5 and let again Y = B + + B~ + f3M with /3el. We already noted in Example 3.5 
that j st is equivalent to pf_ s for fixed s and i. Therefore the marginal distributions of 
the classical Levy process (Y t ) t > are exactly the distributions of the operator X that 
we computed in the previous example (with m = t). 
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For (3 — 1, we recover [Bou91, Theorem 2.2]. The classical Levy process associated 
to T = B + + B~ + M is an exponential or Gamma process with Fourier transform 

E = (1 - iu)- % 

and marginal distribution u t (dx) = Y^e~ x l^ + dx. This is a subordinator with Levy 

measure is x~ 1 e~ x lR + dx, see, e.g., [Ber96]. 

For (5 > 1, we can write the Fourier transform of the marginal distributions u t as 

E(e^) = expt ^ W(C ~ 1/C) + E V (e mn(c ~ 1/c) - l) j . 

This shows that we can define (Y t ) t >o as sum of Poisson processes with a drift, i.e. if 
^(A^) t>0 ^ are independent Poisson processes (with intensity and jump size equal 
to one), then we can take 

Yt = (c- 1/c) (j2 nN ^tm + l\ for * > 0. 

The marginal distributions of these processes for the different values of (3 and their 
relation to orthogonal polynomials are also discussed in [FS93, Chapter 5]. 

5. Conclusion 

We have shown that the theories of factorizable current representations of Lie alge- 
bras and Levy processes on *-bialgebras provide an elegant and efficient formalism for 
defining and studying quantum stochastic calculi with respect to additive operator pro- 
cesses satisfying Lie algebraic relations. The theory of Levy processes on *-bialgebras 
can also handle processes whose increments are not simply additive, but are composed 
by more complicated formulas, the main restriction is that they are independent (in 
the tensor sense) . This allows to answer questions that could not be handled by direct 
computational methods, such as the computation of the SWN Ito table, the simulta- 
neous realization of linear and squared white noise on the same Hilbert space, or the 
characterization of the associated classical processes. 

After the completion of the present article, Accardi, Hida, and Kuo [AHK01] have 
shown that using white noise calculus it is possible to obtain a closed Ito table for 
the quadratic covariations of the three basic square of white noise operators. But the 
coefficients in their Ito table contain functions of the Hida derivative and its adjoint. 



CHAPTER 5 



Levy Processes and Brownian Motion on Braided Spaces 



We define and study Levy processes and Brownian motion on braided 
spaces. First, we introduce the necessary notions and generalize some 
fundamental results, in particular about the positivity of the convo- 
lution of positive functionals and the one-to-one correspondences be- 
tween generators, convolution semi-groups and Levy processes. Next 
we exhibit a construction of examples of braided *-Hopf algebras, and 
also give their symmetrization. Finally, we study Brownian motion, 
i.e. Levy processes with quadratic generators, on these algebras. We 
show how Brownian motions on these braided *-spaces can be clas- 
sified and we give the quantum stochastic differential equations that 
define a realization of these processes on Fock space. 



Joint work with Rene Schott and Michael Schurmann. 
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1. Introduction 

Levy processes and especially Brownian motion are important examples of stochas- 
tic processes and they have been crucial in the development of the stochastic calculus 
and the theory of Markov processes. Stochastic integrals were first defined for Brow- 
nian motion, before their theory was extended to semi-martingales. Many important 
properties of Markov processes were first discovered for Levy processes. 

In quantum probability, Levy processes, i.e. processes with independent and sta- 
tionary increments, can be defined whenever we have a notion of independence with an 
associated convolution. Under some weak conditions (cf. [Sch95a, Spe97, BGS99, 
Mur02c, Mur02b]) this leaves only five possibilities, Voiculescu's [VDN92] free in- 
dependence, boolean independence (see e.g. [SW97]), tensor independence, which is 
the closest to the notion of independence used in classical probability theory, and the 
monotone and anti- monotone independence [Lu97, Mur97]. Works by two of the 
present authors [Sch95b, Fra03b] and by R. Lenczewski [Len98] indicate that many 
questions about the free, boolean, monotone, or anti-monotone convolution and Levy 
processes can be resolved by reducing them to the tensor case. 

In this paper we remove an asymmetry in the present theory of Levy processes 
related to tensor independence, i.e. Levy processes on bialgebras [ASW88, Sch93, 
FS99]. The algebras on which the processes are defined were *-bialgebras, but the 
'twisting' of the tensor product was supposed to stem from a group action and coaction. 
But, in general, a 'twisted' (or braided) tensor category does not come from a group 
but from a quasitriangular bialgebra, see e.g. [Maj95b, Chapter 9] and the references 
therein. Here we will define and study Levy processes on *-bialgebras in the category 
of representations of another *-bialgebra. In particular, for explicit calculations we will 
consider processes on primitively generated *-bialgebras with a braiding defined by an 
R-matrix. Here the bialgebra 'behind' the braiding is that associated to the R-matrix 
by the Faddeev-Reshetikhin-Takhtajan (FRT) construction. Following Majid we dub 
these algebras 'braided (*-) spaces'. 

There are several reasons for the generalization presented in the paper. First, as 
explained above, it is an unnecessary restriction to consider only braidings that can 
be defined via an action and coaction of a group. Taking a bialgebra (satisfying some 
additional conditions) instead of the group seems to be the natural framework. But this 
requires some changes in the theory, e.g. the compatibility condition for the action and 
the coaction used in [Sch93] only works for cocommutative bialgebras, in the general 
case it has to be replaced by the one stated in Lemma 3.2. 

Second, it leads to an interesting new class of processes. In dimension one there is 
only one R-matrix, the 1 x 1-matrix R = (q) with q ^ 0. In this case the braiding can be 
defined via a group, and we obtain e.g. the Azema process, whose amazing properties 
have been studied in [Aze85, Eme89, Par90, Sch91a]. But in higher dimension there 
are many possibilities to choose the R-matrix, and most of them cannot be obtained 
from groups. We will classify the Brownian motions (i.e. Levy processes with quadratic 
generator) on the braided spaces associated to the s^- and s/3-R-matrix in Section 7. 

Another motivation is the possibility of so-called braid statistics in two- and three- 
dimensional quantum field theories, see [Maj93, OecOl]. 

This paper is organized as follows. 

In Section 2 we recall the basic definitions and fundamental results and extend them 
to braided *-bialgebras. In particular, this requires a new definition of *-structures, as 
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the one proposed previously by S. Majid [Maj94, Maj95a, Maj97] would lead to a 
definition of positivity of functionals that is not preserved by the convolution, see also 
[FS98]. 

In Section 3, we show how the braided categories can be constructed from a Hopf 
algebra or a coquasi-triangular bialgebra. Our particular setting has been chosen since 
it will be convenient when we consider Levy processes on braided *-algebras in these 
categories. We consider two cases. In the first we have a Hopf *-algebra A and the 
objects of the category are involutive vector spaces carrying an action and a coaction 
of A that satisfy compatibility conditions with respect to each other and with respect 
to the involution, see Equations (3.1), (3.2), and (3.3). In the second case A is an 
involutive coquasi-triangular bialgebra, i.e. it is a *-bialgebra and it is equipped with 
a universal R-form. We show that if the R-form satisfies the compatibility condition 
(3.8) with respect to the involution, then we can build a braided category from the 
comodules whose coaction satisfies (3.3). 

In Section 4 we show that for every braided *-bialgebra B in either of the kinds 
of categories we can construct a symmetrization, i.e., we can embed it into a bigger 
*-bialgebra H as an algebra in a way that allows to 'lift' Levy processes on B to Levy 
processes on H. This reduces the construction and classification of Levy processes on 
braided *-bialgebras to usual involutive bialgebras. 

In the following section (Section 5), we explicitely construct a family of braided 
*-spaces and their bosonization or symmetrization. The construction starts from a 
bi-invertible .R-matrix of real type I, it yields a braided *-space in the category of 
comodules of the quasi-triangular *-bialgebra associated with this R-matrix by the 
Faddeev-Reshetikhin-Takhtajan construction [RTF90]. Furthermore, these braided *- 
spaces always come with a canonical quadratic generator that gives rise to a standard 
Brownian motion on these spaces. 

In Section 6, we prove the existence of these invariant, conditionally positive, qua- 
dratic functionals on our braided *-spaces and study the associated Brownian motions. 
These processes can be considered as multi-dimensional analogues of the Azema mar- 
tingales [Aze85, Eme89, Par90, AE94, AE96]. 

Section 7 contains the explicit quantum stochastic differential equations defining 
the standard Brownian motion on the braided line and the braided plane as well as 
the classification of all quadratic generators for the braided *-spaces associated to the 
1 x 1-R-matrix (q), and the standard s/2- and s/3-R-matrices. In classical probability 
so-called structure equations expressing the Ito products dZi ■ dZj of the differentials 
of multi-dimensional Azema martingales as linear combinations of the differentials dZi 
and dt play a fundamental role. We show that in general their quantum analogues do 
not satisfy a similar set of nice closed structure equations. 

Finally, in the last section (Section 8), we indicate two directions of possible further 
generalization. 

2. Levy processes on braided *-Hopf algebras 

In this section we introduce the notions of braided *-Hopf algebras or braided 
*-bialgebras and Levy processes on a braided *-bialgebra and develop some of their 
elementary theory, in particular the one-to-one correspondence between these processes 
and their generators, see Theorem 2.13. Most of this is a straightforward generaliza- 
tion of [Sch93], therefore we will focus on what is new. The important results are 
the new axioms for *-structures on braided Hopf algebras (Definition 2.1), the notion 
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of ^-invariance (Definition 2.9 and Lemma 3.6) and Lemma 2.11 which shows that 
convolutions of or ^"Mnvariant) positive functionals are again positive. This al- 
lows to extend [Sch93, Theorem 1.9.2] and [Sch93, Theorem 3.2.8], i.e. the one-to-one 
correspondence between invariant hermitian, conditionally positive linear functionals 
and Levy processes, see Theorem 2.13. 

A tensor category or monoidal category is a category C equipped with a bifunctor 
® : C x C — > C satisfying certain conditions, cf. [Mac98, Kas95]. A braiding ^ in 
a tensor category is a natural isomorphism between the functors ® '■ (A, B) i— > A® B 
and ® o r : (A, B) i— > B ® A satisfying the so-called Hexagon Axioms. It is called a 
symmetry, if it is involutive, i.e. if ^b,a ° ^ a,b = id^B for all objects A, B of C. A 
braided tensor category or braided monoidal category is a pair (C, consisting of a 
tensor category C and braiding \l> of C, it is called a symmetric tensor category, if the 
braiding is a symmetry. 

The notions of bialgebras and Hopf algebras can also be defined in braided tensor 
category, this leads to braided bialgebras and braided Hopf algebras. The product, 
coproduct, unit, counit and antipode now have to be morphisms of the braided tensor 
category and satisfy similar axioms as in the usual case, cf. [Maj95b]. Bialgebras 
and Hopf algebras are special cases of braided bialgebras and braided Hopf algebras, 
it suffices to take the flip automorphism t : A® B — > B ® A, t(u ®v) = v ® u for the 
braiding. 

We begin by giving the definition of a braided involutive bialgebra. 

2.1. Definition. A braided *-bialgebra is a braided bialgebra (A, A, e, m, 1, 
over C with an anti-linear map * : A — > A that satisfies 

• (A, m, 1, *) is a *-algebra, 

• A® A admits a *-structure such that the canonical inclusions A — 1 -+ A® A 

A and the coproduct A : A — > A ® A are *-algebra homomorphisms for this 
*-structure. 

If there exists an antipode S (i.e. a linear map S : A — > A s.t. (A, A,e,m, 1,S, \&) 
is a braided Hopf algebra), then we will call (A, A, e, m, 1, S, ^, *) a braided *-Hopf 
algebra. 

2.2. Remark. From the condition that the canonical inclusions A — ^ A® A ^— A 
are *-homomorphisms follows (a ® 1)* = a* ® 1, (1 <8> a)* = 1 <8> a* for all a G A. 
Now the condition that this map is an anti-homomorphism uniquely determines it, 

[a® b)* = ((a<g>l)(l<g>&)) = (1® b*) (a* ®1) = $>(b*®a*) for all a,b e A. This defines 

a *-structure on A® A if and only if it is also an involution, i.e. if (\I/o(*(g)*)oT) 2 = id. To 
see this, let {xt} be a basis of A consisting of self-adjoint elements, i.e. such that x* = xi. 
Define the coefficients of the braiding \1> in this basis by ^(xi ® Xj) = J2m ^ij x i ® x k 
(note that this sum is finite, even though the index set can be infinite). $o(*®*)or 
is an involution, if and only if ^2 nm \l/™ J m \l/^ m = S\5j. With this relation we can show 
that ^ o (* ® *) o r is an anti-homomorphism. It is sufficient to check this on the basis 
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elements, we get 

({Xt <g) Xj) ■ (x k <g) X/)) 

= ® X„X,)* = J]^f *((x n X,)* ® (XiX m )*) 

ran nm, 

= ^X( m ® m ) ° ( id ® * ® id ) ° (* ® *) ° ( id ® * ® id )( x i ® ® a; m ® Xi) 

nm 

= ^2 ^™r^nm( m ® m ) ° ( id ® * ® id ) ° (* ® *)(^ ® ® % ® ^i) 

nmpg 

= (m <g> to) o (id <g> * <g> id) o <g> v[r) (x/ x fc Xj <g> x*) 
= (m ® to) o (id <g> * <g> id) (^(xi ® x fe ) <g> V(xj <g> x*) ) 
= (x fe (g) x/)* • (xj <S> Xj)*. 
If ^ o (* ® *) o r is an involution, then we also have $o*o$o* = i^A^A- 

2.3. Remark. Note that the axioms for the *-structure differ from those proposed 
by S. Majid [Maj94, Maj95a, Maj97]. 

2.4. Remark. If the coproduct is fixed, then the counit and the antipode (if it 
exists) are unique. Therefore one expects their axioms to be a consequence of those 
given in the definition. One can show that e is a *-algebra homomorphism and that S 
satisfies S o * o S o * = id, if it exists. 

2.5. Definition. A braided *-space is a braided space (cf. [Maj96]) equipped with 
an involution that turns it into a braided *-Hopf algebra in the sense of the preceding 
definition. 

Let us now come to the definition of Levy processes. A quantum probability space 
is a pair [A, $) consisting of a *-algebra A and a state (i.e. a normalized positive linear 
functional) $ on A. A quantum random variable j over a quantum probability space 
(A, <&) on a *-algebra B is a *-algebra homomorphism j : B — > A. A quantum stochas- 
tic process is simply a family of quantum random variables over the same quantum 
probability space, indexed by some set, and defined on the same algebra. 

2.6. Definition. Let (A,&) be a quantum probability space, B a *-algebra, and 
\I/ : B®B^B®Ba, linear map. An n-tuple (ji, . . . , j n ) of quantum random variables 
ji : B — > A, % — 1, . . . , n, over (A, $) on B is ^/-independent or braided independent, if 

(i) $^' <r (i)(6i) • • ■3a(n){bn) S j = $0V(i)(&i)) • • • ®(ja{n) (M ) for all permutations <x G 
<S(n) and all bi, . . . , fo n G i3, and 

(ii) o (j; ® j k ) =m A o (j k ® j z ) o * for all 1 < k < I < n. 

2.7. Definition. Let B be a braided *-bialgebra. A quantum stochastic process 
(jst)o<s<t<T, 7" G R+ U {oo} on B over some quantum probability space (A, $) is called 
a Levy process, if the following conditions are satisfied. 

(1) (Increment property) 

jrs * 3 st = jrt for all < r < s < t < T, 
ju = eoe for all < t < T. 
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(2) (Independence of increments) The family (j s t)o<s<t<T is independent, i.e. (jsiti, 
■ ■ ■ :3s„t„) is independent for all n G N and all < si < t\ < S2 < • • • t n < T. 

(3) (Stationarity of increments) The distribution ip st = $ o j st of j st depends only 
on the difference t — s, 

(4) (Weak continuity) j st converges to j ss ( — e o e) in distribution for t \ s. 

2.8. Remark. If B is a Hopf *-algebra, then we can define the increments of a 
process (j t )te[o,T] as follows: 

jst = m A o (^(j s o S) <g> jt^j o A, < s < t < T. 

With this definition the increment property is automatically satisfied. We call a process 
(j*)te[o,T] on a Hopf *-algebra B a Levy process, if its increment process (j s t)o<s<t<T is 
a Levy process on B. 

2.9. Definition. Let (C, \1/) be a braided tensor category whose objects are vector 
spaces. A linear map L : V — > W is called 'I'-invariant, if (L ® idx) ° ^x,v — ^x,w ° 
(id x ® L) for all X. 

2.10. Remark. Note that due to the naturality of ^1, morphisms of the category 
(C, \1/) always have to be and ^invariant. 

2.11. Lemma. Let A be a braided *-bialgebra and let 0, 9 be two positive junctionals 
on A. If (ft is \& -invariant or 6 is ^Z^ 1 -invariant, then 0*0 = (0®6>)oA is also positive. 

Proof. Let a e A, and A(a) = Ei a f ) ® a f ] (Sweedler's notation). Then A(a*) = 
* (( a i 2) )* ® (^O*)' If ^ iS ^ _invariant > then 
(0<g)0) o A(a*a) 

= ((ft ® 9) o (m ® m) o (id <g> ^ <8> id) o ® id <g) id) I ^ (°f ^ ® (af j ® of } <g> a 



6> o (0 m) o (\E o id) o (id ® m id) f of } ) ® ( a j 1) ) ® a ^ ® a 



is positive, since it is the Schur product of two positive definite matrices. 
If instead 9 is \I/^ 1 -invariant, then we can show in the same way that 

(0 ® 9) o A(aa*) = £ (a? (a«)*) («f («?>)*) 

is positive. □ 

Let (j st ) be a Levy process on some *-bialgebra B. The states on B defined by 
ip t — $ o j ot are called the marginal distributions of (jst). They form a convolution 
semi-group and can be written in the form (p t = exp*tL, where L : B — > C is a 
hermitian, conditionally positive (i.e. positive on the kernel of e) linear functional. 
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2.12. DEFINITION. Two quantum stochastic processes (jt)tei and (k t )tei ov er quan- 
tum probability spaces (A,<&) and (.4', <&'), resp., on the same *-algebra B are called 
equivalent, if their finite joint moments agree, i.e. if 

HjtM---jtM) = &(k tl (b 1 )---k tn (b n )) 

for all n e N, t±, . . . , t n e and bi, . . . , b n e B. 

2.13. Theorem. LetB be a braided *-bialgebra. The set of Levy processes (j s t)o<s<t<T 
on B (modulo equivalence), the set of convolution semi-groups ((ft)te[o,T\ of ^ -invariant 
states on B, and the set of ^ -invariant, hermitian, conditionally positive linear Junc- 
tionals L : B — > C are in one-to-one correspondence. 

Proof. This theorem is the straightforward generalization of [Sch93, Theorem 
1.9.2] and [Sch93, Theorem 3.2.8], the only non-trivial part is the positivity of the 
convolution semi-group generated by a ^/-invariant, hermitian, conditionally positive 
linear functional, and this follows immediately from Lemma 2.11. □ 

3. A construction of braided categories 

We will now study the special case of tensor categories whose objects are left mod- 
ules and left comodules of some given bialgebra A. For the rest of this section we will 
assume that for all objects V, W of our category C we have actions ay : A <g> V — > V, 
aw '■ A <g> W — > W and coactions 7y : V — > A <g> V and ^w '■ W — > A <g> W and that 
all morphisms of the category are module and comodule maps with respect to these 
actions and coactions. Our goal is to determine sufficient conditions on a and 7 such 
that ^v,w = (c*w <S> id) o (id <g) r) o (j v <S> id) defines a braiding for C. We will sometimes 
omit the subscripts, if it is clear to what objects a, 7, \& belong. 

Analogously, one could study categories consisting of right modules and comodules 
and define a braiding as \P = (id (g) a) o (r <g) id) o (id (g> 7). 

3.1. Lemma. Assume that A has an invertible antipode S . Then the maps ^v,w — 
(aw <8> id) o (id (g> r) o (7^ (g> id) are invertible, their inverses are given by ^y]w = 
r o (ajy (g> id) o (g -1 (g) id <g) id) o (r ® id) o (id (g> 7y) . 

Proof. We get 

^yV ®V,W 

= t o (a ® id) o (S^ 1 (g) id (g> id) o (r (8) id) o (id (g> 7) o (a <g) id) o (id ® r) o (7 <g> id) 
= r o (a id) o (id <g> a <g> id) o (S* -1 id <g> id id) o (r <g> r) o (id <g> 7 <g> id) o (7 ® id) 
= r o (a <g> id) o (m <g> id <g> id) o (S^ 1 (g) id <g> id <g) id) o (r <g> r) o (A <g> id (g> id) o (7 <g) id) 
= r o (a (g> id) o ((1 o e) <g) r) o (7 (g) id) 
= r or = id V(S)W 

where we used first the action and coaction axioms a o (id <S> a) — a o (m <g) id) and 
(id <g> 7) o 7 = (A (g> id) o 7, and then the fact that S* -1 is an antipode for J[ coop = 
(A, A coop = r o A,m), i.e. 

m o (S*" 1 (g> id) o r o A = 1 o e. 
Similarly, we can show ^v,w ^y\w = ' l &w®v- D 
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3.2. Lemma. Assume that the actions and coactions satisfy the relation 

(3.1) (m<g>a)o(id<g>r<g>id)o(A(g>7) = (TO<gid)o(id<gr)o(7®id)o(ai<gid)o(id<gT)o(A<gid). 

Then ^ — (a <g id) o (id ® r) o (7 <g> id) is a module map and a comodule map, i.e. it 
satisfies 

^v,w oa v®w = «ww (id.4 <g ®v,w), 
lw®v ° ^v,w = (id.4 ® ^v,w) ° 7vw- 

Proof. The action ay®w is given by 

exv®w = (tty <8> «vk) (id <8> r <g id) o (A <g> id <g> id). 

We get 

= (a Cg id) o (id <g r) o (7 <g id) o (ct <g a) o (id <g> r <g> id) o (A (g idy®n/) 

= (a <g id) o (id <g a (g id) o (7 ® id^wO (a <g id^jy) (id <g r (g id) o (A <g> id V(glW ) 

= (a® id) o (to <g idy-w) (id <8> ry^iy) o (7 ® id^ 0W ) (a g> id A<S)W ) 

o(id ® r (g id) o (A <g idy®^) 
= (a (g) id) o (id <g> r) o ((to (g id) o (id (g r) o (7 (g) id) o (a <g id) o (id (g r) o (A <g) id)) <g id) 
= (a g) id) o (id <g> r) o ((to (g a) o (id <g> r (g id) o (A <g 7)) (g id) 
= (a Cg ex) o (m <g id <g id <g id) o (id (g id (g r (g id) o (id <g r <g r) o (A (g 7 <g id) 
= (a <g a) o (id (g a <g id (g id) o (id Cg id Cg r (g id) o (id <g> r Cg r) o (A <g> 7 (g id) 
= (a <g a) o (id <g r (g id) o (A <g id <g id) o (id (g ((a (g id) o (id ® r) o (7 (g id))) 
= «w®y (id<g>* V)W r), 

where, besides some reordering, we used first the action axiom ao(idcga) = ao(m(8)id), 
then relation (3.1), and finally the action axiom again in the opposite direction. 
Similarly we get the corresponding identity for the coaction 

lv®w = ( m ® id Cg id) o (id <g> r <g id) o (7^ ® 7^). 

□ 

3.3. LEMMA. Assume now that A is a *-Hopf algebra and suppose that there also 
exists a ^-structure onV . If a and 7 satisfy 

(3.2) * o a = a o (* <g *) o (S <g id), 

(3.3) 70* = (* <g *) o 7, 

£/ien ^o(*(g*)or:V'(gV r ^l / (gV r isan involution. 

3.4. Remark. The analogous result for ^ = (id (g a) o (r (g id) o (id Cg 7) with a 
right action a and a right coaction 7 also holds. 
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Proof. 

(\P o (* <gi *) o r) 2 
= o (* ® *) o r o (a <g> id) o (id ® r) o (7 <g> id)(* <E> *) o r 

= ^ o r o (ct <g> id) o (* ® * ® *) o (S* (g> id <g> id) o (* <g> * <g> *) o (id (g) r) o (7 ® id) o r 
= \1> o r o (a ® id) o (S* -1 ® r) o (7 o id) o r 

= (a (g id) o (id (g r) o (7 <g) id) o r o (a (g) id)(S'~ 1 <E> t) o (7 o id) o r 

= (a <g> id) o (id <g> a <g> id) o (S* -1 <8> id <E> id <g> id) o (r (g r) o (id ® 7 <g> id) o (7 <g> id) o r 

= (a <g> id) o (m <g id <g> id) o (S -1 <g> id <g> id <g> id) o (r <g) r) o (A <g id <g) id) o (7 ® id) o r 

= (a <g id) o ((1 o e) Cg t) o (7 Cg id) o r 

= r or = idv®w 

where we used first the relations * o a = a o (* eg *) o [S Cg id) and 70* = (* eg *) o 7 
and S 1 " 1 = * o S o *, and then the same arguments as in the proof of Lemma 3.1. □ 

3.5. Definition. (1) Let a v : A eg V — > V and : .A eg — > be two 
actions of A. We will call a linear map L : V ^ W a-invariant, if it is a 
module map, i.e. if L o ay = ajy o (id eg L). 

(2) Let 7y : V — »■ .A eg V" and 7^ : — > A. <E> be two coactions of A We will 
call a linear map L : V" — > W 7-coinvariant, if it is a comodule map, i.e. if 
7vk o L = (id eg L) o 7^. 

The corresponding definitions for right actions or coactions are obvious. In the cases 
that interest us most, L will be a functional and thus W the base field C (equipped 
with the trivial action a c = e Cg id and coaction 7 C = e eg id, and the trivial braiding 

CegX^X^XegC). 

3.6. Lemma. Suppose that \& is 0/ i/ie /orm ^ = (a (g id) o (id (g r) o (7 eg id), /or 
some action a and coaction 7, and let L : V" — > W be a linear map. 

(1) If L is a-invariant, then it is ^/-invariant. 

(2) If L is ^-coinvariant, then it is ^l/ -1 -invariant. 

3.7. REMARK. If * is of the form * = (id <g> a) o (r eg id) o (id eg 7) with a right 
action a and a right coaction 7, then the preceding proposition holds, if we interchange 
* and 

Proof. (1) Let L be a-invariant, then 

(L (g id) o \$/ x v = (L <g id) o (a y eg id) o (id (g r) o (7^ eg id) 

= («w/ £g id) o (id <g L <g> id) o (id Cg t) o (7^ eg id) 
= (ay/ <g id) o (id Cg r) o (7^ eg id) o (L Cg id) 

= O (idg)L), 

for all X in C. 

(2) We have L <g> id = (L <g id) o vj/- 1 o * = (id <g> L) o i.e. L is invariant, 
if and only if (id <g) L) o \P = L <g> id. Let now L be 7-coinvariant, then 

(id <g> L) o = (id ® L) o (a x ® id) o (id ® r) o (7^ ® id) 

= («i <g> id) o (id ® r) o (7^ ® id) o (L ® id) 

= *iy iX o(L®id), 
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for all X in C. 

□ 

The preceding lemmas actually show that \l/ defines a braiding. The construction 
is analog to the construction of the crossed bimodules which uses a left action and a 
right coaction, see [Kas95, Section IX. 5] and the references cited there. 

3.8. PROPOSITION. Let A be a Hopf algebra with invertible antipode. Then we 
can define a braided category (C(A),^) as follows. The objects of C(A) are triples 
(V, ay, 7v) consisting of a vector space V equipped with an action ay and a coaction 7y 
such that Equation (3.1) is satisfied. The morphism between two objects (V, ay, lv) and 
(W, aw, lw) ar & the linear maps from V to W that are a-invariant and r y-coinvariant, 
i.e. that are module and comodule maps. 

The tensor product of two objects (V,ay,7y) and (W,aw,1w) is given by 



(V, a v , tv) <g> (W, a w , jw) = (V ® W, a v ® w , 7vw), 



where 



®v®w = {oiy <8> aw) ° (id <8> r ® id) o (A <g> id ® id), 
lv®w = ( m ® id ® id) o (id <g> r ® id) o ® ^ w ). 

The tensor product of two morphisms f ± : V\ — > W\ and f 2 : V 2 — > zs £/ie tmta/ 
tensor product f\ ® / 2 o/ linear maps. 

The braiding f : ® ^ ® o t is defined by 

^v,w = {oiw <8> id) o (id <8> r) o (7^ <g> id) 

Proof. It is well-known that the modules and comodules of a bialgebra form tensor 
categories in the way described in the Proposition. To show that we can combine this 
into one category whose objects are modules and comodules one just checks that if 
ay, a w and 7y, ^ w satisfy (3.1), then a v ®w and ^v®w do so, too. 

We will now show that ^ defines a braiding. 

That the ^v,w are morphisms was shown in Lemma 3.2. Furthermore, by Lemma 
3.1, we know that they are invertible. 

To show that \I/ is a natural isomorphism, it remains to show that for all morphisms 
fi '■ Vi — > W\ and f 2 : V 2 — > the diagram 



(3.4) <g> V 2 \/ 2 ® ^1 

Wi <g> W 2 > <g> Wi 



commutes. But this follows immediately from the definition of \I/ and the fact that the 
morphisms /1, / 2 are module and comodule maps. 
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That \P satisfies the hexagon axioms 



&u,v,w _ 



U®(V® wf^^(v ®W)®U 



av,w,u 



(U®V)®W 



and 




x u,v,w 



V ®{W ®U) 



Z7<8) (y® W) 



(W®U)®V 



id®#y w 



U®(W®V) 




'u,w,v 



a 



3 ioV) 

u®v) ®w 



u®(v®w). 



for all objects U, V, W reduces to the conditions 

^uy®w = (idy ® *c/,w) ° (^t/.v 
*t/®yw = (*t/,w ® idy) o (id[/ § 

since the associativity constraint a is the trivial one, i.e 
We get 

^u,v®w 

= (a v ® w ® idu) o (idy ® T Uy ® w ) o (7,7 ® id v ® w ) 

= (ay ® a w ® id v ) (id.4 ® r Ay ® id w ®u) ° (A ® id v <g,wcg>u) (idy ® Tu,v®w) 
o( lv ®id v ® w ) 

= (ay ®a w ® id v ) (id.4 ® r Ay ® id w ®u) (^A<sA <8> Tu,v®w) 

o{id A ® 7(7 <g> idy 0l y) O (7,7 ® idy 0W ) 

= (idy ® Wu,w) (^(7,y ® idiy) 

where we used first the definition of ay®w and then the coaction axiom (id ® 7) o 7 = 
(A® id) 07. Similarly, using the definition of ju®v an d the action axiom, we can show 
that the second condition is also satisfied. Therefore (C(A),^f) is indeed a braided 
category. □ 

We are interested in the case where A and the objects in (C(A), have an invo- 
lution, because we want to construct braided *-bialgebras. 

3.9. Theorem. Let A be an involutive Hopf algebra. Then we can define a braided 
category (C*(A),^) as follows. The objects of C*{A) are quadruples (V,ay,7y,*y) 
consisting of a complex vector space V equipped with a conjugation * v , an action ay 
and a coaction 7y such Equations (3.1), (3.2), and (3.3) are satisfied. The morphism 
between two objects (V, ay, 7y) and (W, aw, lw) are again the linear maps f : V — > W 
from V to W that are module and comodule maps. 



126 5. LEVY PROCESSES AND BROWNIAN MOTION ON BRAIDED SPACES 

The involution on the tensor product of two objects is given by 

*v®w = ^w,v ° (*w <S> *v) ° t v ,w 

Proof. That *v®w is an involution was shown in Lemma 3.3. In order to prove 
that we do indeed get a tensor category in this way, it remains to check that a.v®w-> 
lv®Wi an d *v®w satisfy again conditions (3.2) and (3.3), i.e. 

*v®w °®v®w = ®v®w (* <8> *v®w) ° (S <S> id) 
lv®w ° *v®w = (*<S> *v®w) ° lv®w- 
Inserting the definitions and using the fact that ay and aw satisfy (3.2), we get 

*v®w °®v®w 
= (ay <8> id) o (id <S> t) o (jw ® id) ° («y <8> %)° 
o(* <g) *v ® * <8> *w) (id <8> r <S> id) o (S ® S <g) id) o (A <g> id). 

Using the action property of ay and that the antipode S is a coalgebra anti-homomorphism, 
this expression can be seen to be equal to 

(av-®id)o(((m®id)o(id®r)o(7^(g)id)o(a w ®id)o^ 

To this we can now apply the compatibility condition 3.1. Using the action property 
for a v now in the opposite direction and reordering everything, we get 

(ay <8> aw) ° (id <S> r ® id) o (A (g) ((ay (g) id) o (id (g) r) o ® id)))o 

o(* ® * W <g) *y) o (S* (g> r) 

= ttycgiw o (* (gi *y cg)H /) 0(5® id), 

as required. 

The proof for ^v^w is similar. □ 

3.10. Remark. We have ^w,v *w®v ^v,w = idy®iy for all objects V, W 
of (C(A),^) (compare to the first Remark following Definition 2.1). This shows that 
the functor acting as the identity on the objects of (C*(A), and taking a morphism 
/ : V — > W to *w / *v '■ V W defines an isomorphism between the braided 
categories (C*(A),V) and (C*(„4), 

The subcategory of (C*(A),^) defined by taking the same objects, but only the 
morphisms which are compatible with the involution, i.e., that satisfy / o * = * o /, is 
again a tensor category since the tensor product of two such morphisms has again the 
same property, 

(fi ® h) *vi®v 2 = (/1 ® fi) ° ^V 2 ,Vi (*v 2 ® *yj o T Vl y 2 
= ^w 2 ,Wi (h ® /1) (*v 2 <8> *vj 7Vi,v a 

= *VF 2 ,^i (*W 2 ® *wj O (/2 ® /l) O ry l5 y 2 
= *W 2 ,Wi (*W 2 <E> *tyj O T WuW2 O (/i (g) f 2 ) 

= *w 1 ®w 2 (/1 ® ^2) 

where we used (/1 <g> / 2 ) o ^y^ = ^w 2 ,Wi (/2 ® /1) , i- e -> the commutativity of diagram 
(3.4). It is braided if and only if the ^v,w are morphisms of the subcategory, i.e., if 
\p o * = * o vp. But since we also have \l/o*o\|/o* = id, this is the case, if and only if 
\P is a symmetry. 
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One can check that (A, ad, A) is an object of the braided category (C*(A), where 

ad : A <S> A -> A, ad = m o (m <g> id) o (id <g> r) o (id <g> S <g> id) o ( A <g) id) 

is the adjoint action, since Equations (3.1), (3.2), and (3.3) are satisfied for = ad, 
7_4 = A and the involution of A. Furthermore, the unit e : (C, etc, 7c) — ¥ (A, ad, A) 
and the multiplication m : (A, ad, A) £g> (A, ad, A) — > («4, ad, A) are morphisms of 
(CM).*). 

This can be rephrased by saying that (A, ad, A) is an algebra in the braided category 
(CM),*)- 

Thus the tensor product (B <E> A) of A with any other algebra B in (C*(A), *) is 
also an algebra in the braided category. Furthermore, by the same arguments as in the 
first Remark following Definition 2.1, the involution *b®a — ^°(*®*)°t" turns B <g> A 
into a *-algebra. 

By dualization, (A, m, coad) with 

coad = (m <g) id) o (id ® S <g) id) o (id ® r) o ( A <g) id) o A 

is a coalgebra in the braided category (C(A),^). But only Equation (3.1) is satisfied 
for A with the action m and the coaction coad, not (3.2) and (3.3), and therefore it is 
not an object of (C*{A), *). 

For us the following situation will be of interest. We have an involutive Hopf 
algebra A, its category (C(A),^) as in Proposition 3.8, i.e., without the involutions, 
and a braided bialgebra (B, A, e, m, 1, *) in (C(v4),^/). What are the conditions we 
have to impose on an involution * B to turn B into a braided *-bialgebra? 

3.11. COROLLARY. Let A be an involutive Hopf algebra and let (C*(A), *) and 
(C(A),^f) be the categories constructed in Theorem 3.9 and Proposition 3.8. Let 
(B, A, e,m, 1,*) be a braided bialgebra in the category C(A). If we have an involution 
*b of B such that B is a *-algebra, (3.2) and (3.3) are satisfied, and A is a *-algebra 
homomorphisms, then (B, A, e,m, 1,*, *g) is a braided *-bialgebra in (C*(A),^). 

3.1. Coquasi-triangular bialgebras. We will consider the special case that shall 
be used later. Suppose that we have a coquasi-triangular structure on our bialgebra, 
i.e. a universal R-form on A, i.e. a linear functional r : A <8> A — > C that is invertible 
w.r.t. the convolution product (i.e. there exists another functional f such that r * f = 
f-kr — e®e) that satisfies 

(3.5) m op = r-km*f 

(3.6) ri 3 * r 23 = ro(m® id) 

(3.7) ri3* ri2 = ro(id<g>m), 

where r 12 ,r23,r 13 : A <E> .4. <E> ^4 — > C are defined by r 12 = r <g> e, r 2 3 = £ <S> r, and 
r i3 = (r ® e) o (id ® r). This implies that r also satisfies 

Furthermore we have r o (1 ® id) = r o (id <g> 1) = e and, if A has an antipode, then 
the antipode is invertible and we have r o (S <E> id) = f = r o (id <g> S* -1 ), cf. [Maj95b, 
Section 2.2]. The convolution-inverse of the R-form has similar properties, 

fu * fi3 * r 23 = f 23 * fi 3 * fi2 
^23 * ^13 = r o (m ® id) 
^12*^13 = = r o (id (g> m), 
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3.12. Lemma. If'j is a coaction of A on V, then a = (f <g)id) o (id 07) defines an 
action of A on V. Moreover, a and 7 satisfy Equation (3.1). 

Furthermore, if a linear map f : V — > W between two comodules V, W is 7- 
invariant, i.e. a comodule map, then it is also a-invariant. 



Proof. We get 

a(l <S> v) 



{a <g> id) o(l® id) o 7(11) = {e <S> id) o 7(11) 



and 



a o (id <S> ®) = 



id ® 7) 



7) 



(f <g> id) o (id (g) 7) o (id <g> f <g> id) o (id <g> id <g> 7) 
= (f <g> id) o (id <S> f <S> id <g> id) o (id <g> id <g> A <g> id) o (id <g> 
= (^23 * ^13 <S> id) o (id <g> id ® 7) 
= (f <g> id) o (m ® id ® id) o (id <g> id ® 7) 
= (f ® id) o (id <S> 7) (m ® id) = a o (m <g> id), 

i.e. ct is an action. Let us now check Equation (3.1), 

(m <g) a) o (id ® r <g> id) o (A ® 7) 
= (id <8) f <g) id) o (A <g> id <g> 7) o (id <g> r <g> id) o (A <g> 7) 
= (to <g) f <S> id) (id <g) r <g) id <g) id) o (A <g) A (8) id)) o (id <g> 7) 
= ((to * f) (g) id) o (id <g> 7) 
= ((f *m op ) ® id) o (id <g> 7) 

= (f <g) (to o r) <g) id) o (id <g> r <g> id <g> id) o (A <g> A <g> id)) o (id <g> 7) 
= (f®(mor)® id) o (id <g> r <8> id (g) id) o (id <g> id <g> id <8> 7)) o (A 
= (to <g) id) o (id <g> r) o (7 <g> id) o (f <g) id <S> id) o (id <g> 7 ® id) o 

o(id ® r) o (A <g> id) 
= (to <g) id) o (id (g> r) o (7 <g> id) o (ct <E> id) o (id ® r) o (A (g) id). 

For the last statement check 

aw (id <g> /) = (r <g> id) o (id (g 7^) o (id (g /) 

= (f <g> id) o (id <g) id g) /) o (id <g 7y) 
= f°ctw- 

In this case the braiding \P = (a <8> id o (id (g r) o (7 <g> id) has the form 

^v,w = r o (f ® id ® id) o (id ® r ® id) o (7^ <g> ~/ w ). 

The following two lemmas show that in this special case we actually do not need an 
invertible antipode to construct the braided tensor category (C(A), \&). 

3.13. Lemma. Let A be a bialgebra and r a universal R-form on A. Then ^v,w — 
t o (f (g id <g> id) o (id <g> r <g> id) o (7^ <g> 7^) is invertible and its inverse is given by 



□ 



r o ((r o r) (g id <g id) o (id 



id) o (7 



w 



Proof. This follows from the fact that r is the convolution inverse of r and [e <8> 
id) o 7^ = idy. □ 
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3.14. Lemma. Suppose that A is a *-bialgebra and that there exists a -^-structure 
on the comodules V,W. If^Vilw satisfy Equation (3.3) and r satisfies 

(3.8) r = "of o (*4 <g * A ), 

where ~ denotes the complex conjugation of C, then *v®w — ^w,v ° (*w ® *v) ° T v,w 
with ^ = r o (f (g id <S> id) o (id (g r (g id) o (7 (g 7) zs an involution. 

Proof. Due to Equations (3.3) and (3.8), we get 
(*®*)of o(*®*) 
= (* <g *) o r o (f (g id (g id) o (id (g r (g id) o (7 <g> 7) o (* <g *) 
= r o (* <g *) o (f (g id (g id) o (id <g r (g id) o (*_4 <g * v <g> *_4 <g> * y ) o (7 ® 7) 
= t o (* <g) *) o ((f O (*_4 (g) $4)) (g) *y (g) *y) o (id (g r (g id) o (7 (g 7) 
= ro o r, 
and therefore 

*v®w *y®w = $o(*®*)oro$o(*®*)or 
= $oro(*®*)o$o(*®*)or 
= ^) o r o r o ^P -1 o r o r = id. 

□ 

As a consequence of the last three lemmas we see that the comodules of a bialgebra 
A with a universal R-form r form also a braided tensor category. 

3.15. Theorem. Let A be a coquasi-triangular * -bialgebra whose universal R-form 
satisfies Equation (3.8). Then we can construct a braided category (C*(A),^) as fol- 
lows. The objects of (C*(A),^) are triples {V, 7v, *y) consisting of a complex vector 
space V , a coaction 7^, and an involution *y such that Equation (3.3) is satisfied. 
The morphisms between two objects (V, 7y, *y) and (W, 7vk, *w) are the comodule maps 
from V to W . The tensor product of two objects is defined as in Proposition 3.8 and 
Theorem 3.9. The braiding \& is given by 

^v,w = t (f <g id <g id) o (id <g r <g id) o (p/ v <g> ~/ w ). 

A similar construction is also possible for quasi-triangular bialgebras, i.e. bialgebras 
equipped with a universal R-matrix, but we shall not use it here. 

3.2. Cocommutative bialgebras. If the bialgebra A is cocommutative, then 
1 <g 1 defines an R-matrix. The corresponding braiding is simply the flip r. But 
we can also get more interesting examples in the same way as in Theorem 3.9, see, 
e.g., [Sch93], if we have actions and coactions of A on the objects V that satisfy the 
compatibility condition 

(3.9) 7 o a = (ad <g a) o (id <g r <g id) o (A <g 7) 

given on Page 14 in [Sch93] , where ad = m o (id <g m) o (id (g id <g S) o (id <g r) o ( A (g id) 
is the adjoint action of A on itself. The following lemma shows that our construction 
is a generalization of the one presented there. 

3.16. Lemma. Let A be a cocommutative bialgebra. Let a and 7 be an action and 
a coaction of A on some vector space V. If a and 7 satisfy Equation (3.9), then they 
satisfy also Equation (3.1). 
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Proof. Substituting (3.9) into the expression (m <g> id) o (id (g r) o (7 (g id) o (ct <g> 
id) o (id ® r) o (A <g id), we get after some simplification 

(m (4) (g m) o (id (g) r <g) r (g) id) o (id <g> t a ® a ,a ® id ) o (id.4 (g £ <g id) o ( A (4) (g A) 

where A^ denotes (A® id) o (A® id) o A. Using the cocommutativity, we can produce 
a term of the form m o (S <g> id) o A, to which we can apply the antipode axiom. Using 
the unit and counit axiom to clean up the resulting expression, we get the desired 
result. □ 



4. Symmetrization of braided *-bialgebras and their Levy processes 



Now we will show a construction that will allow later on to define a Levy process 
on some symmetric bialgebra for every Levy process on a braided bialgebra B. The 
idea is to construct a bigger symmetric bialgebra H that contains the braided bialgebra 
B as a subalgebra and whose coproduct is related to that of B in a "nice" way. For 
the case where the braiding is defined through the action and coaction of a group, 
this construction can be found in [Sch93, Chapter 3]. For the general case a similar 
construction, called bosonization, was introduced by Majid, cf. [Maj95b, Section 9.4] 
and the references indicated there. But the role of the involution is not studied there. 
We will show that if we have a braided *-bialgebra in the sense of Definition 2.1 in 
a braided tensor category defined as in Theorem 3.9, then the symmetrization is an 
involutive bialgebra also and the inclusion is a *-algebra homomorphism. 

4.1. Theorem. Let (A, A A , e A , m A , 1 A , * A ) be an involutive Hopf algebra or coquasi- 
triangular bialgebra and let (C*(A), VP) be defined through A as in Theorem 3.9 or 3.15. 
If (B, Ab, Eg, m Bl 1b, *b) is a braided *-bialgebra in (C*(A), \&), then H = B (g> A (as 
a vector space) becomes a *-bialgebra with 

mu = ( m B <S> m A ) o (id <g) a <S> id <S> id) o (id <g> id ® r <g> id) o (id <S> A <g> id ® id), 

1// = Is ® U, 

A H = (id <g) m <g) id <g) id) o (id (g) id (g) t (g) id) o (id ® 7 ® id <g) id) o (A B (g) A^), 

£h = £b<& £4, 

*h = {a® id) o (r (g id) o (id ® A) o (* <g> *) 

The map idg <S> l A defines a *-algebra isomorphism between B and B <g 1 A C H. 
Furthermore we have the following commutative diagram 

idB®1.4 



B 



B(g)B — 



and 



B 



id B (gi£yi 



H 
— H 



B®B. 



Proof. That (H,rriH, 1#) is an algebra, follows from [Maj95b, Proposition 1.6.6]. 
Since (A, ad, A) is an object of (C*(A),^), it is even an algebra in (C*(A),^) and a 
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*-algebra, see the discussion following Theorem 3.9. Furthermore (H, Ah, £h) is a 
coalgebra (in (C(A),^)), since (^4, m, coad) is an object of (C(A),^). 

The proof that H is a symmetric bialgebra, i.e., that and eh are algebra homo- 
morphisms, does not involve the involutions and is similar to the corresponding proof 
in [Maj95b, Section 9.4]. 

In order to show that if is a *-bialgebra, we still have to verify that A H is a 
*-homomorphism, i.e., 

A H o * H = (* H <g * H ) o A H . 

The proof of this property is rather long, it consists in applying the conditions satis- 
fied by the actions and coactions and some of the axioms of symmetric and braided 
bialgebras in the right order to transform the expression on the left-hand-side 

A H ° *h 

= (id (g ((7 <g> id) o (id (g r) o (m g) id)) <g id) o (A B (g A.4) o (a g) id) o 
o(r (g id) o (id (g A_4) o (* B <g> *^) 
into the expression on the right-hand-side, which we will write in the form 

(*h <8> *h) Ah 

= (((a <S> id) o (r (g id) o (id <g A^)) (g ((a <g> id) o (r <g id) o (id (g A^))) o 
o(* B (g> *_4 (g> * B (g> *_4) o (id (g ((m (g id)) o (id (g r) o (7 (g id)) o (A B <g A.4) 

= (*B <E> *4 <E> * B <E> *_4) 

o((((a o S^ 1 ) (g id) o (r <g id) o (id <g> A.4)) <g (((a o S" 1 ) (g id) o (r g) id) o (id (g A.4))) 
o(id (g ((m (g id)) o (id <g r) o (7 <g id)) o (A B (g A.4) 

We will outline the main steps. First we use the fact that Ag is a morphism of 
(C*(A),ty) and therefore a module map, to move a past A B . After some reordering 
one gets a term 

(m (g id) o (id (g r) o (7 <g id) o (a g) id) o (id (g r) o (A.4 (g id) 

inside the resulting expression. Since a and 7 have to satisfy (3.1), we can replace this 
term by 

(m (g a) o (id (g r (g id) o (A.4 (g 7). 
Next we move the involutions past the two coproducts, using the identities 

Aa ° *A = (*A <S> *a) &A 

and 

A B o * B = * mB o A B = (a <g id) o (r g) id) o (id <g 7) o (* B <g * B ) o A B . 

Moving the involutions now to the beginning of the expression and using (3.2), one 
obtains the expression 

(*B <H> *a® *B ® =m) o (a <g m (g a (g id) o (S* -1 (g id (g r (g S^ 1 (g id B0 _4) o 
o(r (g A_4 (g 7 (g id) o (a <g id (g r (g id) o (S^ 1 (g id (g r (g id^®^) o 
o(r <g id) o (id <g 7 <g A.4 <g id) o (A B (g A.4) 

After applying the action and coaction axiom to replace an a by an m and a 7 by a 
A_4, one obtains an expression which contains the term 

(m (g m) o (id <g r <g id) o (A.4 (g A.4). 
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If we replace this by 

A_4 O TO, 

we obtain the desired expression. 

That id B ® 1a is bijective, is clear, and that it is a *-algebra homomorphism follows 
immediately from the definitions of to# and *h- 

The commutativity of the diagrams can easily be verified using the definition of 
A H . □ 

The following proposition is important for symmetrizing Levy processes, i.e. for 
finding Levy processes on H for a given Levy process on B that have the same distri- 
bution. 

4.2. Proposition. The map F : £>' — > H' , Ftp = y? <g> e A is a unital injective 
algebra homomorphism with respect to the convolution product. Furthermore, it maps 
positive (or hermitian, conditionally positive) ^ -invariant junctionals on B to positive 
(or hermitian, conditionally positive, resp.) junctionals on H. 

Proof. The injectivity is clear, since the map from H' to B' = (B <g> l^)' defined 
by ip i — ip o id B <g> 1a is a left inverse of F. It preserves the unit of the two convolution 
algebras, since Feq = £ B <g> £a = £ h, and the convolution product, since 

Fip l -k Fip 2 
= (Fipi <g> F(p 2 ) o A H 

= ((pi (g> £a ® y?2 <8> £a) o (id ® to ® id ® id) o (id <g> id (g> r (g> id) o 

o(id <g> 7 <g> id <g> id) o (A B <g> A.4) 
= (<fi <S> £a <8> ¥2 <E> £.4 <S> £4) o (id ® 7 ® id^^) o (A B ® A^) 
= ((</?i ® f2) ° A B ) (8)e^ = F(</?i * v? 2 ) 
for all </?i, v?2 £ 

Assume now that ip is positive and ^/-invariant. Let c = J2k bk® &k & B ® A = H. 
We have to show that 

Fip(c*c) = ip <g> e a I ^ % ((6 fe ® a fe )* ® ^ ® a £ ) J 
is positive. Note that 

(b® a)* = # AB (a*(g)&*) 

for all b G £>, a G .4., and 

toh = (to b <g> 771,4) o (id ® ^^ jB <g> id) 
Therefore we get, as in the proof of Lemma 2.11, 

F<p(c*c) 

= (f ® £4) o (to b ® 777,4) o (id <g) * (8) id) o <g> id <g> id) I ^ TO H (aj: ® b* k ® b e ® a e 

V m 

= XI v( 6 fc 6 <) e ^K a <) = x^( 6 k 6 *) e >t( a fc) e ^( a *)» 

which is positive, since it is the Schur product of two positive definite matrices. □ 
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This proposition gives us a one-to-one correspondence between the class of all 
convolution semigroups of ^-invariant states on B and a class of certain convolution 
semigroups on its symmetrization H . By [Sch93, Theorem 1.9.2], [Sch93, Theorem 
3.2.8], and Theorem 2.13 these convolution semigroups on *-bialgebras and braided 
*-bialgebras are in one-to-one correspondence with Levy processes. Therefore we get 
also a one-to-one correspondence between the Levy processes on B and certain Levy 
processes on H. It turns out that this can be used to construct realizations of Levy 
processes on braided *-bialgebras. 

4.3. Theorem. Let (j s t)o< s <t<T be a Levy process on B with convolution semigroup 
((pt)t>o> an d let (j^ t )o< s <t<T be a Levy process on H = B®A with convolution semigroup 
(Fip t ) t > . Then (j st )o<s<t<T with 

3st = {jos®3*)°( l B®l®lA) 

defines a Levy process onB. Furthermore, (j s t)o<s<t<T is equivalent to (j s t)o<s<t<T- 

4.4. Remark. This Theorem generalizes [Sch93, Theorem 3.3.1]. 

Proof. We will use Sweedler's notation A B (b) = 6 (1) ® 6 (2) £ B®B and 7(6) = 
XI 6(1) ® b(2) £ A<S> B for the coproduct and coaction on an element b e B. In this 
notation the coassociativity and the coaction axiom become 

£ 6 <i> <i> ® 6 <i> W ® = b {1) ® 6 (2) {1) ® 6 (2) {2) 

and 

6(1) (1) <8> 6(1) (2) <8> 6(2) = ^ &(1) ® &(2) (1) ® 6(2) (2) , 

and we can write %t{b) as 

J«(b) = j*(b w )j*(b {2) ). 
Let 0<r<s<t<T, then we have 

Jrs*Jst(b) = 3rs{b {1) )jst{b i2) ) 

= £ (ib ® fe (1) ( i)) ^ (& (1) ( 2) ® u) (is ® & (2) <d) ^ (^ (2) ( 2) ® u) 

= j£ (Is ® &< V (2) (i) (1) ) £ (b^m ® 6 (2) (1 ) (2) ) ^ (&%) ® U) 
= j£ (Is ® &< V (2) d)) ^ (& (1) ( 2 ) ® 6 (a) (2)(i)) # (^W) ® U) 

where so far we have used that (j^)o< s <t<T is a Levy process and the coaction axiom. 
Now we use the fact that Ag is a comodule map, which can be written as 

6 (1) ( i)& (2) ( i) <g> 6 {1) ( 2) ® 6 {2) (2 ) = 6(1) ® 6(2) (1) ® 6(2) (2) 
in Sweedler's notation. We get 

jrs * Jst(b) = Jor (IS ® 6(1)) ^ (6( 2 ) (1) <g> 6( 2 ) (2) (l)) (6(2) {2) (2) ® U) ■ 

The arguments of and jf t are nothing but the two factors of A#(6( 2 ) ® I4), and 
therefore the increment property for (j^ t )o< s <t<T implies 

Jrs*3st(b) = jo r (l B ® 6(i)) j£ (6(2) ® U) = > t (6), 
i.e., we have shown that (j s t)o<s<t<T also satisfies the increment property. 
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We have 

$ ° %t = $ ° {jg ® j%) o (1 B <g> 7 <g> = (Fy? s <g> F^_ s ) o (1 B <g> 7 <g> 1^) 

i.e., the processes (j s t)o<s<t<T and (j s j)o<s<t<T have the same marginal distributions. 
This implies the stationarity and the weak continuity of the increments of (j s t)o<s<t<T 
and completes the proof that {j s t)o<s<t<T is a Levy process. Furthermore, it also 
establishes the equivalence of the two processes and thus completes the proof of the 
Theorem. □ 

Levy processes on symmetric *-bialgebras can be realized on boson Fock spaces 
using quantum stochastic differential calculus [HP84, Par92]. The necessary input 
is a triple (p,rj,L), where p is a representation of A on some pre-Hilbert space D, 
rj : A — > D a p-cocycle, i.e. 

77(06) = p{a)r]{b) -rj(a)e(b), 
for a,b G A, and L : A — > C is a hermitian linear functional s.t. 

<77(a*),77(6)> = -e(a)L(b) + L(ab) - L(a)e(b), 

for a, ft G A 

This triple can by constructed from the generator by a GNS-type construction, see 
[Sch93, Section 2.3]. 

If we know the triple for a generator L on a braided *-bialgebra £>, then the following 
proposition tells us how to extend it to a triple for L H = FL. 

4.5. PROPOSITION. Let (j s t)o<s<t<T be a Levy process on a braided *-bialgebra B 
with a-invariant generator L and triple (p,rj,L). Then the triple (p H ,r) H , L H ) of the 
symmetrization (j^)o<s<t<T defined by Theorem 4-3 lives on the same pre-Hilbert space 
as (p,r),L) and the restrictions of (p H ,r) H , L H ) to B are equal to (p,r),L). 

Furthermore, L H = F(L) — L <S> £4, i] H vanishes on 1b® A since 

r] H (a®b) =£(0)77(6), 

and p H is determined by 

p H (1 <g> a)rj{b) = r](a(a ® ft)) and p H (l <® b) = p(b) 

for for a G A, ft G B. 

Proof. The pre-Hilbert space D on which the triple acts is obtained by defining 
a sesqui-linear form on ker e H 

(u,v) l h = L(u*v), u,vEkeien 
and taking the quotient D = ker Sh/Nl h with respect to the null space 

N l h = {u e kere H ; L H (u*u) = 0}. 
The co cycle r/ H is then given by 

7] H (u) = u - e H (u) 
for u G H, where denotes the canonical projection from ker eh to D. 
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Let 6 (g> a,d® c G keren, b,d G B, a,c G A, then we get 

(6® a,d® c) l h = L H ((b (g a)* d <g c) 

= (e^ <g> L) ((a ((a (1) )* <g> 6*) <g (a^)*) d®c) 

= (e A <g L) ((a ((a«)* ® 6*) a ((a^)* ® d)) <g> (a( 3 ))*d) 

= e A (c)L (a(a* <g b*d)) = e A (a*c)L(b*d) 

because m B is a module map and L is a-invariant. Since b ® a and d Cg c are in the 
kernel of Eh = £js <8> £4, we get 

(b® a,d® c) l h = e A (a*c)L(b*d) = e A (a*c)(rj(b) : 77(d)), 

which proves D = i](A) and implies also the formula for r] H . 

The representation p H is the action on D induced from left multiplication on ker Eh, 
this can also be written as 

p H (b <g a)r](d <g> c) = rj((b <g a)(d (g c)) = r](ba(a {1) <g d) <g> a (2) c) 

for 6 (g a G if, <i (g c G ker b,d E B, a,c E A. 

Choosing d G ker eg, c = 1, and 6(ga = 6(glor6(ga = l(ga, we obtain the 
formulas given in the proposition. On the other hand these characterize p H completely, 
since it has to be a homomorphism. □ 



5. A construction of braided *-spaces 

In this section we will construct a large class of braided *-spaces and their sym- 
metrization. 

Let R = {R l kh)i,j,k,i=i,...,n £ C riXri (gC riX ™ be a solution of the quantum Yang-Baxter 
equation 

R12R13R23 — -R23-R13-R12 

where i? i2 = R <g 1, etc., i.e. 

K a bit j C K i r — rC b C K a r ti j 1 

a,6,c=l 6t,fr,c=l 

for all d, k,l,r = 1, . . . , n. Usually we will not write the summation symbol, but 
use the summation convention, all indices that appear twice are summed over (from 1 
to n), and the identities are supposed to hold for all values (running from 1 to n) of 
the indices that appear only once. 

We suppose furthermore that R is of real type I, i.e. 

R\h = R l j k i, 

and that R is bi-invertible, i.e. that there exist matrices R _1 ,R G C nxn <g C" xri , such 
that 

(R~ 1 ) i k j iR k P l q = R'^iiR' 1 ) V, = 8$, 
R\ 3 iR P q j = R\hR P 9 j = S l p 5f. 
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We denote by A(R) = (A,m A , e A , A^, e a) the *-bialgebra generated by a*, i,j = 



1,... 


, n, and their adjoints b % - = (aj)* with the relations 


(5.1) 




(5.2) 


R\\h\a] = aW v R\ P u 


(5.3) 


A (a}) = 4 ® a k 


(5.4) 


e{a)) = 5). 



see also [RTF90] . 

In many cases, e.g. for the standard R-matrices, this will even be a *-Hopf algebra, 
cf. [Maj95b]. The defining relations imply, e.g., 

A(&*) = 6*0 6* 
R q k p 4b l q = bffiR 1 ^, 

and e(b'j) = 5j. 

A representation of A(R) on C n is given by 

(5.5) p(ajy = R\hv k 

(5.6) p(tfy = R? x \v k 

since R satisfies the quantum Yang-Baxter equation, 

R i p k q p(a p j )p(a q l )v a = R ik q R\^R\\v c = R h c k q R a b P R p 3 q iv c 

= p{a k q )p{^)R^Sv\ 

R\hp{b k ) P {a p )v a = R\hR k q \R\ v 3 v c = R h c u x R\\R u q \v c 

= p(a?)p(bi)R u / u v a . 

We can define a universal R-form on A(R) by 

r(a) <g> a k ) = R ik h r(aj <g> b{) = R\ k h 

on the generators. This definition admits a unique extension to all of A(R) such that 
Conditions (3.8), (3.6), and (3.7) are satisfied, i.e. 

r(a* <g> b*) = r(a®b), 
r(ab®c) = r(a <g> C(i))r(6 ® C( 2 )), 
r(a®bc) = r(a(i) ® c)r(a(2) <8> c), 

hold for all a, 6, c e »4(i?). 

We will now construct the free braided *-space V(R). As an algebra this is the 
free algebra generated by x±, . . . , x n and their adjoints v 1 = (xj)*, . . . , v n — (x n )*. The 
braiding is defined on the generators by 



(5.7) ^(xi^xj) = R k i l j xi® x k , 

(5.8) V(xi®v j ) = R j i k iV l ®x k , 

(5.9) V^toXj) = R i k l j xi®v k , 

(5.10) ^(u*®^) = {RT^hv 1 <g> v k , 



5. A CONSTRUCTION OF BRAIDED *-SPACES 137 

and extended to arbitrary elements by 

tf(l<g>«) = u<g>l, 

*( U (g)l) = 1(g) u, 

^(mOmim 2 ) = (id(8)*)(*(u(8)ui)(8)tt2), 
f(«i« 2 ®«) = (*<8)id)(ui(8)*(u2®«)), 

for u,ui,U2 € V(-R)- The coproduct is defined by 

A(xj) = Xj ® 1 + 1 <g> Xj, 
A(u*) = <g> 1 + 1 <g> u', 

on the generators and extended such that it is a homomorphism from V(R) to V(R) <g> 
V(i2), where the latter is equipped with the multiplication (m (g to) o (id <g> ^ ® id). 
The counit is the unit algebra homomorphism e : V(R) — > C with = 1, s(xj) = 
£(?;'') = 0. 

5.1. The braided *-space V(i2) as a left comodule of A(R'). We show how 
V(R) can be obtained in two ways as a braided *-bialgebra in a category of modules 
and comodules of a coquasi-triangular *-bialgebra of FRT-type. This leads to two 
different symmetrizations. 

Let R 1 = t(R). For the first construction we choose the coquasi-triangular *- 
bialgebra A(R') and the left coaction 7 : V(R) -> A(R') ® V(R) defined on the 
generators by 

7(1) = 1 <g> 1, 7(xj) = b\ <g> Xj- 7(u*) = a} <g> < 

and extended to general elements such that the multiplication in V(R) is a comodule 
map, i.e. 

j(uv) = M(1)V(1) <S> U(2)V( 2 ) 

for u,v E V(R), 7(u) = u (1) (g u (2 ), 7(u) = U(i) <g up). Let r' : ^(i?) <g> ^(i?) -> C 
denote the universal R-form on A(R') determined by r'(a % - <g> af) = R' l j k i = R k i l j, 

r'(aj®bi) = R' i k i l = Ri l \. 

The left action a — (r' <g) id) o (id <g> 7) introduced in Lemma 3.12, is given by 

a(al®v j ) = F(4®a/y = = 

a(afe (g) Xj) = R\ l jXi, 

a {b\®v j ) = Rh\v\ 

a(bl<S>Xj) = IVkjXi. 

The braiding in the category of left ^(-R')-comodules is given by 

\[r — (f (g) r) o (7 (g 7) = (a <8 id) o (id (g r) o (7 (g) id). 

Let us now give the relations of the (left) symmetrization Hl = V(R)®A{R') of V(R), 
cf. Theorem 4.1. i/i, is the *-bialgebra generated by Xj, a*, and their adjoints v % = (xj)* 
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and = (aj)*, i,j — l,...,n, with the relations 

Rh\b\a] = a?blR p u \, 

n 3 T . — W, m . T J 
b'k-Ei = R k iXmbji 

alv* = (R-Jj^al 
V k v* = Kj k v m bl 
A(a}) = a\® a), 

A(6j) = 6j®6i, 

A(xj) = ® 1 + <g> Xj, 

A(^) = ^' <g> 1 + aj ® 

e(a}) = e(6}) = 8), 

e{ Xi ) = e(v i )=0. 

5.2. The braided *-space V(R) as a right comodule of A(R). For the second 
construction we choose the coquasi-triangular *-bialgebra A(R) and the right coaction 
7b : V(R) — > V(i2) ® »4(i?) defined on the generators by 

7fl (l) = 1 (g) 1, 7 fl (xi) = <g> 4, 7i *(^) = ^ (8) &}, 

and again extended to general elements such that the multiplication in V(R) is a 
comodule map, i.e. 

7fl(ttu) = «(1)U(1) ® W(2)U(2) 

for u,v E V(R), 7r(m) = ® W(2), 7ii(f) = f(i) <8> f(2)- An analog of Lemma 3.12 
holds also for right coactions, i.e. a R = (id <g> r) o (7^ ® id) defines a right action of 
A(R) on V(i2). On the generators this right action is given by 

a R (xi <g) a)) = R l i k jX h 

a R (xi®b)) = R k /iXi, 

aniv^al) = R\ k jv\ 

a R {v l ®b)) = (R-'T/iv 1 . 

The braiding in the category of right ^4(i?)-comodules is defined by 

= {t ® r) o ( 7jR <g> 7jR ) = (id <S> a R ) o (r <g> id) o (id <g> 7^). 

Just like in Theorem 4.1, we can also define a symmetrization for braided *-bialgebras 
in the category of right „4(i?)-comodules. Here the underlying vector space is H R = 
A(R) <E> V(R) and the operations are defined by 

ran = (ttia ® %) (id ® id <8> q;r ® id) o (id <g> r <g> id ® id) o (id ® id (g> A_4 ® id), 
1 H = 1 A ®1 V , 

A H = (id <g> id <g> m.4 <g> id) o (id <g> r <g> id <g> id) o (id <g> id <g> 7^ <g> id) o (A A ® Ay), 
e H = e A <g) e v , 

*h = (id ® «_r) o (id ® r) o (A <g> id) o (* ® *). 
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We will call Hr the right symmetrization of V(R). It is the *-bialgebra generated by 
Xi, a*, and their adjoints v l = (xi)* and = (af)*, i,j — 1, . . . , n, with the relations 

pi fc — /7 fc /7* RP 1 

P 1 j I — UgUp-TL j I, 

A(aj) = 4® aj, 
A(6j) = 6*®6j, 
A(xj) = x^ <8 4 + 1 <8 x*, 
A(u') = u J ' <g> 6} + 1 <g> u*, 

£ (a}) = e(6}) = <Jj, 

e(xi) = £(«*) = 0. 

The results of Theorem 4.3 and Propositions 4.2 and 4.5 for the symmetrization of 
Levy processes on V(R) can be formulated for the right symmetrization, too. 

6. Levy processes on braided *-spaces 

In this section we will show that there always exists a Levy process on the braided 
*-spaces constructed in the previous section that can be considered as a standard 
Brownian motion on these spaces. 

6.1. Definition. A linear functional <fi : B — > C on a (braided) bialgebra (£>, A, e, m, 1) 
is called quadratic, if it satisfies 

0(a6c) = 

for all a,b,c e B with e(a) = e{b) = e(c) = 0, see also [Sch93, Section 5.1]. 
A Levy process whose generator is quadratic is called a Brownian motion. 

For the rest of this section R will denote a fixed bi-invertible R-matrix of real type 
I, and V the associated free braided *-space. For explicite calculations we will use the 
basis B consisting of the words in the generators xi, . . . , x n , v 1 , . . . , v n . Let L : V — > C 
be the functional defined by L(xiV j ) = Sj on basis elements of the form XiV j , and zero 
on all other basis elements. 

6.2. Proposition. The functional L is quadratic, ^Z^ 1 -invariant, hermitian, and 
conditionally positive (i.e. positive on kerey). 

PROOF. Equations (5.9) and (5.7) imply 

(id <8 L) o V( Xi v j ® x k ) = R?r k Kr* m x p L{x r v l ) = R? x m h R l ? m x v = 5j5 p k x p 

= x k L(xiV 3 ). 
Similarly, using Equations (5.10) and (5.8), we get 

(id (8 L) o ^(xiV j (g> v k ) = v k L(xiV j ), 
and we see that L is invariant. □ 
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We can now carry out the construction described in [Sch93, Chapter 2] to ob- 
tain quantum stochastic differential equations for the symmetrization of the process 
(jst)o<s<t associated to the generator L. Theorem 4.3 shows how the process on H 
with generator L H can be used to construct a process on V(R) that has generator L. 

Let 

M = {« G V; L((u - e{u)l)*{u - e(u)l)) = o} , 

and K = V(R)/M. Then if is a Hilbert space with the inner product induced by 

(u,v) = l(^(u — e(u)l)*(v — It turns out that K is isomorphic to C n , and for 

the canonical projection i]l : H — > K we find that {?7l(i> 1 )} forms an orthonormal basis 
of K, and rjii^i) = 0. 

The other ingredient we need is the induced action of H on K. Here we get 
Pl{xi) = and p(v l ) = 0. 

One verifies that L is a/j-invariant for the right action ocr = (id®r) o (7^® id), i.e. 

L(a(u <S> a)) = e^(a)L(u) 

for all a £ A(R), u e V(R). Therefore we can get the triple on the right symmetrization 
Hr as in Proposition 4.5. 

Denote by N the number operator on the Fock space T(L 2 (]R + , K)) over L 2 (R + , K), 
and let dom(a N ) be the domain of the self-adjoint operator a N , i.e. 

(6.1) dom(a N ) = {F e r(L 2 (R + , X)) : a 2 ™|F(™) | 2 < 00}. 

We consider the dense linear subspace 

(6.2) S K = P| dom(o; JV ) 

of r(L 2 (R + , X)). Next let A K be the space of families (/c st )o<s<t of linear operators on 
£ K given by kernels as defined in [Sch93], Section 2.4. 

We put j^j. = (jf o S) -k jf 1 , i. e. jf t is the increment process associated with jf . 
Sometimes we call the Levy process rather than jf* . 

6.3. Theorem. Let be the Levy process on Hr with generator Lh = e^®V{R). 
Then a realization of the right symmetrization on the Fock space r(L 2 (R + , K)) is 
given by the unique solution in A K of the quantum stochastic differential equations 

di£(&) = (j£*dJ t )(6); £(b) = e(b), 

where the differential dl t is given by dl t = dA o (p — 1 • e) + dA + o rj + dA o fj + L^dt, 
andf) = V o*. If we put X t {t) = j t H ( Xi ), Af(t) = j t H (af), Bf(t) = (A{(t))* = 3t (bf), 
these equations can be written in the following way: 

dX t = XjdA^Vi-^i^KnJ+dA 

dx* = x;dA(( J R l / i -^) 1 < fei/ < ri )+d4* 

dA) = A^dA ((R k i m j - ^^f)i<k,i<v) 

dB) = Bf dA ((i? m fc , - 6f6 jl< fc ,Kn) 

Proof. The construction preceding the theorem is exactly the one described in 
[Sch93, Chapter 2] to get the triple (pl,Vl, Lh) that is used in [Sch93, Theorem 
2.3.5] to formulate the quantum stochastic differential equations for j st . □ 
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7. Examples 

7.1. The one-dimensional R-matrix R — (q). Let us first consider the one- 
dimensional R-matrix R = (q). For g G 1, g ^ 0, this is a bi-invertible R-matrix of 
real type I and defines therefore a braided *-space V(q). As an algebra, V(q) is the 
free algebra generated by x and x* — v. We will use the words in x and v as a basis 
for V(g). The braiding is given by 

\I/(x <g) x) = qx®x, ty(x<g>v) = qv<S>x, 
ty(v<g>x) = q _1 x<S>v, ty(v<g>v) = g -1 ^ Cg> x. 

A functional L : V(q) — > C has to satisfy 



L(x)x = vl/o (id ® L) (x <g) x) = (L <g) id) o i]/(x <g) x) = qL(x)x 
d ® L)(u ® x) = (L ® id) o ^r(t) ® x) = q~ l L(v)x 
d ® L)(xx <S> x) = (L <g> id) o \I>(xx ® x) = g 2 L(xx)x 
d ® L)(xv ® x) = (L ® id) o ^(xr> ® x) = L(xv)x 



L(v)x = * o 
L(xx)x = ^ o 



L(xv)x = o 

L{vx)x = o (id ® L){yx ® x) = (L ® id) o vj/^x <g> x) = L(vx)x 
L(vv)x = o (id <g> L)[vv ®x) — (L® id) o \]>(-iw <g> x) = q~ 2 L{vv)x 

and as well as a similar set of equations for t> to be ^-invariant. Thus, for g 2 7^ 1, a 
^-invariant quadratic functional can have non-zero values only on xi> and rx. 

A quadratic functional on V(g) is conditionally positive if and only if the matrix 

L(xv) L(xx) 
L(vv) L(vx) 



is positive semi-definite. It is hermitian, if we also have L(v) = L(x). Thus we get the 
following classification for the quadratic generators on V(q). 

7.1. Theorem. A quadratic functional L : V(q) — > C on V(?) is a generator of a 
Levy process on V(q) if and only if 

(1) /or 5 = 1: ( ^ XV \ ^( xx )^ J positive semi- definite and L(v) = L(x), 



L(vv) L(vx) 

(2) /org = — 1: ^ £(^j L(rx) ) ^ S P os ^ ve sem ^' definite and L(x) = L(v) = 0. 

(3) forq 2 7^ 1: L(xv) > 0, L(vx) > 0, and L vanishes on all other basis elements. 

The symmetrization or bosonization of this braided *-space gives for A(q) the free 
commutative algebra with group-like generator a and its adjoint b. H is generated by 
a, x and their adjoints b = a* and r = x*. The algebraic relations are 

ab = ba, xa = qax, bx = qxb, 

and the coalgebraic relations are 

A(a) = a <g> a, A(x) = x<g>a + lCg>x. 

Let L now be the generator with L(xv) = 1 and £(w) = on all other basis elements. 
The construction of the triplet gives K — C, ?7l(x) = 77^(0) = ??l(o) = 0, i] L (v) = 1, 
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and p L (a) = p L (b) = q, p L (x) = p L (v) = 0. Thus we get 



dX = XdA(q - 1) + <L4(1) 
dV = VdA(q-l) + dA*(l) 
dA = AdA(q - 1) 
dB = BdA(q-l) 

for the processes X(t) = j t (x), V(t) = jt(v), A(t) = j t (a), B(t) = j t (b). The solution 
of this system of quantum stochastic differential equations is the quantum Azema 
martingale, cf. [Par90, Sch91a], in particular, Z(t) = X(t) + V(t) has the same 
distribution as the classical Azema martingale with parameter (5 — q — 1 defined in 
[Eme89]. 



7.2. The s/ 2 -H.-matrix. Let R 2 be the R-matrix of the standard two-dimensional 
quantum plane, i.e. 

/ q 2 \ 
q q 2 -l 
2 q 

\ q 2 J 

Then tR 2 with q, t G M, q, t ^ is bi-invertible and of real type I, we can therefore 
define a braided *-space V{tR-i) for it. As an algebra this is the free algebra generated 
by x\, x 2 and there adjoints x\ = v 1 , x* 2 = v 2 . We will use the words in these four 
elements as a basis of V(tR 2 )- It turns out that the ^/-invariance restricts very much 
the possible generators. 

7.2. Proposition. Let L be a quadratic functional on V(tR 2 ), q, t ^ 0. Then 
L is characterized by A = (Aj) = (L(xiXj)), B = (B^) = {L{xiV^)), C = (C l j) = 
(Liv'xj)), D = (D ij ) = (L(uV)), a = (<n) = (Lfa)), and b = (6*) = The 
functional L is ^ -invariant if and only if 

(1) for q = 1 and 

a) t — 1: no restrictions on L, 

b) t = -1: a = b = 0, 

c) t 2 ^ 1; A = D = and a = b = 0, 

(2) for q = — 1 and 

a) t = ±1: A, B, C , and D are diagonal, a = b = 0, 

b) t 2 ^ 1: B and C are diagonal, A = D = 0,a = b = 0, 

(3) for q 2 7^ 1 and 

a) tV = 1: gA 12 + A 21 = 0, B 1 1 = B 2 2 , C\ = q 2 C 2 2 , D 12 + qD 21 = 0, and 
all other coefficients vanish, 

b) t 2 q 3 7^ 1: Bi 1 = B 2 , C X \ = q 2 C 2 2 , and all other coefficients vanish. 

Proof. Let L be an arbitrary quadratic functional and set L(xiXj) = A^, L(xiV^) = 
Bj, L(v%) = C% L(uV') = D ij , L(xi) = a h and L(v l ) = b\ The functional L is 
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^-invariant if and only if the following equations are satisfied 
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A-tf 


— i 2 A F? n 3 1 F? n i ™2 , 

L J-i. n3ni lh 2 TL2 J K1 




f 2 A r? n 2«3 pfc «i 


Bi j S{ 


_ r> m rm 3 ./ jyj n 2 




— B n x T3n 2 n 3 / T3-l\k j 


c i A 


C n z W 1 R n l ."2, 
w ri\ J L ri3 ri2 1 L J ki 




nn.3 (R- l \ n 2,i Rk ni . 


D ij S l k 


f-2 Tyn 3 ni pi I pj n 2 
l js "nj «2 Jl m ki 


D ij§k 






— tR n l. k .n 


a i S l 


tR^ k 'i^nn 


b l b) 


i-1 pi k uni 

t it ni jU , 




= t-'iR-y^b^, 



for all z, j, A;, / = 1, . . . , n. These equations follow directly from the invariance condition, 
for the first equation, e.g., we apply \l/o(L®id) = (id<g>L)o\I/ to XjXj®Xk- Solving this 
system of linear equations (using, e.g., a computer program for symbolic computations 
like Maple or Mathematica) one arrives at the results listed in the proposition. □ 

The functional L is conditionally positive semi-definite, if and only if the matrix 



B A 
D C 



is positive semi-definite. For L to be also hermit- 



ian, we need to impose furthermore a« = L(x{) = L{y l ) = b\ for % = 1, . . . ,n. This 
leads to the following classification of the generators. 

7.3. Theorem. Suppose q 2 ^ 1. 
a) Ift 2 q 3 = 1, then all \P -invariant generators on V(tR 2 ) are of the form 

( b -qa \ 
b a 



and L(xi) 
be > q~ 2 \a 




b a 
a q 2 c 
\ -qa 

L(v % ) = for i = 1, ... where b > 0, c > 0, be > q 2 \a\ 2 , and 



T* -1 1-J T' ■ T* ■ 
ylyj V l X . 





c 



/ 



nr .1)3 nr - nr ■ 



b) Ift 2 q 3 ^ 1, then all ^/-invariant generators on V(tR 2 ) are of the form 

( b \ 

6 

q 2 c 

\ c J 

and L(xi) = L(y % ) = for i = 1, . . . , n, where b > 0, and c > 0. 

Proof. a) Proposition 7.2.3 a) implies that a ^-invariant functional L 

V(tR 2 ) -> C is of the form 



ylyj 



( b 

6a 
d g 2 c 
\ -qd 

and L(xj) = L{y l ) = 0, where a = L(x 2 Xi), b = L(xiv l ), c = L(v 2 x 2 ), and 
d = v l x 2 - Such an invariant functional L is a generator, if and only if this 
matrix is positive semi-definite. This is the case if and only if the matrices 



-qa \ 



c 
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^ qa ^ and ( ^ ^ c 1 are positive semi-definite, which leads imme- 
diately to the conditions given in the theorem, 
b) Proposition 7.2.3 b) shows us that if t 2 q 3 ^ 1, then L is ^/-invariant if and 
only if we also have a — d — 0. 

□ 

If we take the generator L defined in part b) of the preceding Theorem with 6=1 
and c = 0, then we get the quantum stochastic differential equations 

= W^o -1 A) +X2dA (t(/-i) o) +(L4 (o " 



dX 2 = X 2 dA( tq Q 1 t /_ 1 )+dA( J 

dX* = X*dA ( ^ ~ 1 . ° 1 ^ + X*dA ( ° t(g2 " + dA* ( 1 



o tq-i j ' 2 v o o y 1 v 
' 1 o \ +dA .(° 

tq 2 -l +dA [l 



dX* = X*dAl "\ " , ] +dA 



and 



^ 2 -i o \ , , 1JA / 



dA\ = A\dA n , i + A\dA 



tq-l ) ^2_!) o 



dA\ = A\dK( tq - 1 ° 



tq z - 1 

dy i2 _ A 2 lA ( tq-l 
cL4 2 - A 2 dA^ Q f52 _ 1 

since p L (a}) = * ( q g )' Pl ^° 2 ' ) = t ( )' = * ( g 2 - 1 ) ' and 

PL(a%) = t ( q ° 2 

7.4. Remark. In general, we do not get closed structure equations for these pro- 
cesses. E.g., applying the Ito formula to compute dZ 2 ■ dZ 2 for dZ 2 = dX 2 + dX 2 , we 
obtain 

dZ 2 -dZ 2 = dt+(tq 2 -l)Z 2 jdA* ( J ) + (L4 ( J ) }+Z 2 dA ( {tq ~ 1)2 {tg2 °_ 1)2 ) 

which can not be expressed only in terms of the differentials dt, dZ±, and dZ 2 , except 
for t — 0, which is excluded since ti? has to be invertible, and for t — ^, we get 

dZ 2 -dZ 2 = dt+(g-l)Z 2 |dA^^+dA(^} + Z 2 dA^ (g _° 1)2 ) 
= dt+ (g- l)Z 2 dZ 2 . 
But even then this is not possible for dZ x ■ dZ x . 
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7.3. The s/ 3 -R-matrix. Let now 
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be the s/ 3 -R-matrix. We get a similar classification for the generators on V(tR 3 ) as 
in the previous subsection, but there are no additional generators for the special case 
t 2 q 2 = 1 (as in Theorem 7.3 c)). 

7.5. Theorem. Suppose q 2 ^ 1. Then all ^/-invariant generators on V(tR 3 ) are 
of the form 
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q c 






















q 2 c 
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c / 



and L{xi) = L{y l ) = for i = 1, . . . , n, where b > 0, and c > 0. 

Proof. We first determine all invariant quadratic functionals and then we check 
positivity, as in Proposition 7.2 and Theorem 7.3 in the previous subsection. □ 

8. Conclusion 

We have shown how Levy processes with quadratic generators, i.e. Brownian mo- 
tions, can be defined for a large class of braidings and braided spaces. These processes 
are a natural generalization of the quantum Azema processes. 

We have shown on three well-known examples how the quadratic invariant gener- 
ators and thus the Brownian motions on braided *-spaces can be classified. It turned 
out that ^/-invariance is a very strong condition that restricts very much the possible 
Brownian motions, see Theorems 7.1, 7.3 and 7.5. 

Let us briefly indicate two directions of further generalization. 

Other, more general forms of the compatibility condition of the involution with the 
coproduct exist and have been studied (see e.g. [BR99]). Is it possible to study Levy 
processes on *-bialgebras where the coproduct is not a *-homomorphism? 

In the theory of quasi-triangular Hopf algebras the trivial commutativity constraint 
t : u®v \— > v®u'\s replaced by a more general braiding. Similarly, one can allow other 
associativity constraints than the trivial one: $ : (x <S> u) <8> v h- > x <S> (u <g) v) . This leads 
to quasi- Hopf algebras. It should be possible to extend the theory of Levy processes to 
these algebras, but this would require a theory of involutive quasi-Hopf algebras (see 
also [Maj93]). 



CHAPTER 6 



Malliavin Calculus and Skorohod Integration for Quantum 

Stochastic Processes 



A derivation operator and a divergence operator are defined on the 
algebra of bounded operators on the symmetric Fock space over the 
complexification of a real Hilbert space \) and it is shown that they 
satisfy similar properties as the derivation and divergence operator on 
the Wiener space over h. The derivation operator is then used to give 
sufficient conditions for the existence of smooth Wigner densities for 
pairs of operators satisfying the canonical commutation relations. For 
f) = L 2 (M + ), the divergence operator is shown to coincide with the 
Hudson-Parthasarathy quantum stochastic integral for adapted inte- 
grable processes and with the non-causal quantum stochastic integrals 
defined by Lindsay and Belavkin for integrable processes. 



Joint work with Remi Leandre and Rene Schott. Published in Inf. Dim. Anal., 
Quantum Prob. and Rel. Topics Vol. 4, No. 1, pp. 11-38, 2001. 
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MALLIAVIN CALCULUS AND SKOROHOD INTEGRATON 



1. Introduction 

Infinite-dimensional analysis has a long history: it began in the sixties (work of 
Gross [Gro67], Hida, Elworthy, Kree, . . .), but it is Malliavin [Mal78] who has ap- 
plied it to diffusions in order to give a probabilistic proof of Hormander's theorem. 
Malliavin's approach needs a heavy functional analysis apparatus, as the Ornstein- 
Uhlenbeck operator and the definition of suitable Sobolev spaces, where the diffusions 
belong. Bismut [Bis81] has given a simpler approach based upon a suitable choice of 
the Girsanov formula, which gives quasi-invariance formulas. These are differentiated, 
in order to get integration by parts formulas for the diffusions, which where got by 
Malliavin in another way. 

Our goal is to generalize the hypoellipticity result of Malliavin for non-commutative 
quantum processes, by using Bismut's method, see also [FLS99]. For that we consider 
the case of a non-commutative Gaussian process, which is the couple of the position 
and momentum Brownian motions on Fock space, and we consider the vacuum state. 
We get an algebraic Girsanov formula, which allows to get integration by parts for- 
mulas for the Wigner densities associated to the non-commutative processes, when we 
differentiate. This allows us to show that the Wigner functional has a density which 
belongs to all Sobolev spaces over M 2 . Let us remark that in general the density is not 
positive. 

If we consider the deterministic elements of the underlying Hilbert space of the Fock 
space, the derivation of the Girsanov formula leads to a gradient operator satisfying 
some integration by parts formulas. This shows it is closable as it is in classical infinite- 
dimensional analysis. But in classical infinite-dimensional analysis, especially in order 
to study the Malliavin matrix of a functional, we need to be able to take the derivation 
along a random element of the Cameron-Martin space. In the commutative set-up, 
this does not pose any problem. Here, we have some difficulty, which leads to the 
definition of a right-sided and a left-sided gradient, which can be combined to a two- 
sided gradient. 

We can define a divergence operator as a kind of adjoint of the two-sided gradient 
for cylindrical (non-commutative) vector fields, but since the vacuum state does not 
define a Hilbert space, it is more difficult to extend it to general (non-commutative) 
vector fields. 

We show that the non-commutative differential calculus contains in some sense the 
commutative differential calculus. 

In the white noise case, i.e. if the underlying Hilbert space is the L 2 -space of some 
measure space, the classical divergence operator defines an anticipating stochastic in- 
tegral, known as the Hitsuda-Skorohod integral. We compute the matrix elements be- 
tween exponential vectors for our divergence operator and use them to show that the 
divergence operator coincides with the non-causal creation and annihilation integrals 
defined by Belavkin [Bel91a, Bel91b] and Lindsay [Lin93] for integrable processes, 
and therefore with the Hudson-Parthasarathy [HP84] integral for adapted processes. 

2. Analysis on Wiener space 

Let us first briefly recall a few definitions and facts from analysis on Wiener space, 
for more details see, e.g., [Jan97, Mal97, Nua95, Nua98, Ust95]. Let I) be a real 
separable Hilbert space. Then there exists a probability space (Q, J 7 , P) and a linear 
map W : t) — > L 2 (Q) such that the W(h) are centered Gaussian random variables with 



2. ANALYSIS ON WIENER SPACE 149 

covariances given by 

E(W(h)W(k)) = (h,k), for all h, k G f). 

Set Hi = W(fy), this is a closed Gaussian subspace of L 2 (Q) and W : f) — ► Hi C L 2 (fi) 
is an isometry. We will assume that the cr-algebra JF is generated by the elements of 
7ii. We introduce the algebra of bounded smooth functionals 

S — {F — f(W(hi), . . . , W{h n )) \neN,fe C™(R n ), h u ...,h n e J>}, 

and define the derivation operator D : S — > L 2 (fi) <g> f) = L 2 (f2; f)) by 



DF = J2^ {W(hi), . . . , W(/i n )) ® ^ 



i=i 

for F = f(W(hi), . . . , W^(/i n )) G 5. Then one can verify the following properties of D. 

(1) D is a derivation (w.r.t. the natural L°°(r2)-bimodule structure of L 2 (fl; [))), 
i.e. 

D(FG) = F(DG) + (DG)F, for all F, G G S. 

(2) The scalar product (h, DF) coincides with the Frechet derivative 
d 



D h F = T 
ae 



f{W(hi) + e(h, h),..., W{h n ) + e(h, h n )) 

for all F = f(W(hi), W{h n )) G S and all h G f). 

(3) We have the following integration by parts formulas, 

(2.1) E(FW(h)) = E((h,DF)) 

(2.2) E(FGW(h)) = E((h,DF)G + F(h,DG)) 

for all F, G G S, h G f). 

(4) The derivation operator D is a closable operator from L p (£7) to L P (Q; f)) for 
1 < p < oo. We will denote its closure again by D. 

We can also define the gradient D U F = (u, DF) w.r.t. f)-valued random variables 
u G L 2 (f2; fj), this is L°°(f2)-linear in the first argument and a derivation in the second, 
i.e. 

D Fu G = FD U G, 
D U (FG) = F(D U G) + (D U F)G. 

L 2 (Q) and L 2 (VL\ fj) are Hilbert spaces (with the obvious inner products), therefore 
the closability of D implies that it has an adjoint. We will call the adjoint of D : 
L 2 (Q) — > L 2 (Q;i)) the divergence operator and denote it by 5 : L 2 (Q; fj) — > L 2 (f2). 
Denote by 



ra G N,Fi,...,F n G S,h u ...,h n G f) 
the smooth elementary f)-valued random variables, then 5{u) is given by 



5(u) = J2FjW(h,)-J2(h J ,DF 1 
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for u = YTj=iFj ® hj e «^fj- ^ we take, e.g., f) = L 2 (IR + ), then B t = W(l[ ^) is a 
standard Brownian motion, and the f)- valued random variables can also be interpreted 
as stochastic processes indexed by M + . It can be shown that S(u) coincides with the 
Ito integral J R+ u t dW t for adapted integrable processes. In this case the divergence 
operator is also called the Hitsuda-Skorohod integral. 

The derivation operator and the divergence operator satisfy the following relations 

(2.3) D h (S(u)) = (h,u) + 5(D h u), 

(2.4) E(5(u)5(v)) = E((u,v}) +E(Tr(Duo Dv)), 

(2.5) 5(Fu) = F8(u)-(u,DF), 

for h G f), u, v G <Sf,, F G S. Here D is extended in the obvious way to f)-valued random 
variables, i.e. as D ® idj,. Thus Du is an f) ® (^-valued random variable and can also 
be interpreted as a random variable whose values are (Hilbert-Schmidt) operators on 
f). If {ej;j G N} is a complete orthonormal system on h, then Tr(D-u o Z>y) can be 
computed as Tr(Du o Dv) = YlT,j=i ^(m, ej)D ej {v, e^). 

3. The non-commutative Wiener space 

Let again f) be a real separable Hilbert space and let f)c be its complexification. 
Then we can define a conjugation _ : f) c — > [) c by /i x + i/i 2 = hi — ih 2 for /i 2 G f)c- 
This conjugation satisfies (/i, fc) = (/i, fc) = (k, h) for all h, k G f)c- The elements of f) 
are characterized by the property /i = h, we will call them real. 

Let f) = r s (f)c) be the symmetric Fock space over () c , i.e. = © ngN t)c™, where '0' 
denotes the symmetric tensor product, and denote the vacuum vector 1 + H — • by Q. 
It is well-known that the symmetric Fock space is isomorphic to the complexification 
of the Wiener space L 2 {Vt) associated to f) in Section 2. We will develop a calculus on 
the non-commutative probability space (£>(f)),E), where E denotes the state defined 
by E(X) = (Q,XQ) for X G B(Sj). To emphasize the analogy with the analysis on 
Wiener space we call (i3(f)),E) the non-commutative Wiener space over f). 

The exponential vectors {E(k) = J2^=o 7=?5 ^ e ^c} are total in S), their scalar 
product is given by 

(£(ki),£(k 2 )) = e < fcl ' fc2 >. 

We can define the operators a(h),a + (h),Q(h), P(h) (annihilation, creation, posi- 
tion, momentum) and U(hi,h,2) with h,h\,h 2 G f)c o n see, e.g., [Bia93, Mey95, 
Par92]. The creation and annihilation operators a + {h) and a(h) are closed, un- 
bounded, mutually adjoint operators. The position and momentum operators 

Q(h) = (a(h) + a + (h)), and P(h) = i(a(h) - a + (h)) 

are self-adjoint, if h is real. 

The commutation relations of creation, annihilation, position, and momentum are 

[a(h),a + (k)\ = (h,k), [a(h),a(k)\ = [a + (h), a + (k)} = 0, 

[Q(h),Q(k)\ = [P(h),P(k)} = 0, [P(h),Q(k)\ = 2i(h,k). 

The Weyl operators U(hi, h 2 ) can be defined by U(h 1: h 2 ) = exp (iP(hi) + iQ(h 2 )) = 
expi(a(/i 2 — ihi) + a + {h 2 — ihi)), they satisfy 

U(hi, h 2 )U(ki, k 2 ) = expi((/i 2 , h) - (h 1 , k 2 ))U(hi + h 2 , k x + k 2 ) 
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Furthermore we have U(hi,h 2 )* = U(— hi, — h 2 ) and U(hi,h 2 )~ 1 = U(—hi,—h 2 ). We 
see that U(hi, h 2 ) is unitary, if hi and h 2 are real. These operators act on the vacuum 
D, = S(0) as 

nfu u \n ( (hi,hi) + (h 2 ,h 2 )\ 

U(hi, h 2 )vt = exp I j £{hi + %h 2 ) 



0n 



and on general exponential vectors S (f) = J2^=o as 

U(hi, h 2 )£ (f) = exp (-{J, h + ih 2 ) - + ) c {f h { l]l2h 



The operators a(h), a + (h), Q(h), P(h) and U{hi, h 2 ) are unbounded, but their domains 
contain the exponential vectors. We will want to compose them with bounded operators 
on to do so we adopt the following convention. Let 

£(£(& c ),£) = {fiGLin(span(^([) c )),f))|3 J B* G Lin (span(£(f) c )), fi) 

s.t. (8(f), BS(g)) = (B*£(f),£(g)) for all /,<? G Dc}, 

i.e. the space of linear operators that are defined on the exponential vectors and 
that have an "adjoint" that is also defined on the exponential vectors. Obviously 
a{h), a + {h), Q(h), P{h), U (hi, h 2 ) E £(£(f)c), -£))• We will say that an expression of the 
form YT j= i XjBjYj ^ h *u ■ ■ ■ , *n, Yi, . . . , Y n E C(£(t) C ),S)) and Si, ... , B n E B{Sj) 
defines a bounded operator on $), if there exists a bounded operator M E B(S)) such 
that 

n 

(£(f), M£{g)) = £ (x;S(f), BftSig)) 

3=1 

holds for all f,g E f)c- If it exists, this operator is unique, because the exponential 
vectors are total in f). We will then write 

n 

M = Y,X J B J Y r 

4. Weyl calculus 

4.1. Definition. Let h — (hi, h 2 ) E f) ® M 2 . We set 

DomO A = {ip : R 2 -> C 3M G B(S)),Vki,k 2 E fjc : (£(ki), M£(k 2 )) = 

(4.1) y (£(h), U(uhi,vh 2 )£(k 2 ))F- 1 cp(u, v)dudv} 

and for </? G DomO^ we define Oh{f) to be the bounded operator M appearing in 
Equation (4.1), it is uniquely determined due to the totality of {£(k) : k E f)c}- 

We take the Fourier transform T as 

T(f(u, v ) = — / ip(x, y) exp (i(ux + vy))dxdy. 
2tt J r2 

Its inverse is simply 

J r ^ l if(x,y) = — / <f(u, v) exp ( — i(ux + vy))dudv. 

27T J R 2 
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4.2. Remark. If tp is a Schwartz function on R 2 , then one can check that Oh(tp) = 
2~ J K 2 F~ V( M 5 v ) ex P (iui :> (^i)+ii'Q(^2))dtidi; defines a bounded operator. It is known 
that the map from <S(IR 2 ) to B(Sj) defined in this way extends to a continuous map 
from L P (R) to B(S)) for all p G [1, 2], but that for p > 2 there exist functions in L P (R 2 ) 
for which we can not define a bounded operator in this way, see, e.g., [Won98] and 
the references cited therein. But it can be extended to exponential functions, since 

exp i(x u + y v) = S^ XOjyo ^ and thus 

O h (expi(x u + y v)) = U(x h 1 ,y h 2 ). 

4.3. LEMMA. Let 1 < p < 2 and h G f) <g> R 2 such that (h 1: h 2 ) ^ 0. Then we have 
L P (R 2 ) C DomO/j and there exists a constant C^ p such that 

\\Oh(<p)\\ < Cfc.pl klip 

for all if G L p (R 2 ). 

Proof. This follows immediately from [Won98, Theorem 11.1], where it is stated 
for the irreducible unitary representation with parameter h — 1 of the Heisenberg-Weyl 
group. □ 

As 'joint density' of the pair (P(hi),Q(h 2 )) we will use its Wigner distribution. 

4.4. Definition. Let $ be a state on B(S)). We will call dW h ^ the Wigner 
distribution of (P(/ii), QQi^)) in the state $, if 

J <pdW h ,* = $(O h (<p)) 

is satisfied for all Schwartz functions ip. 

In general, dWh,$ is not positive, but only a signed measure, since Oh does not map 
positive functions to positive operators. But we can show that it has a density. 

4.5. Proposition. Let h = (/ii,/i 2 ) G h ® M 2 such that {h 1} h 2 ) ^ and let $ 
be a state on B(Sji). Then there exists a function G P| 2<p<oo L P (IR 2 ) such that 
dW h ^ = w^dxdy. 

Proof. It is sufficient to observe that Lemma 4.3 implies that the map p h- > 
$(0/j(</?)) defines a continuous linear functional on L P (R 2 ) for 1 < p < 2. □ 

The following proposition will play the role of the Girsanov transformation in clas- 
sical Malliavin calculus. If we conjugate Oh{p) with U(— k 2 /2, ki/2) for k G f) <S> R 2 , 
then this amounts to a translation of the argument of tp by ((ki,hi), (k 2 ,h 2 )). 

4.6. Proposition. Let h,k G f) <g> R 2 and tp e DomO h . Then we have 

U{-k 2 /2MmO h {tp)U{-k 2 /2Mm* = O h {T i{klMUk2M)) p) 
where T (xihyo) tp(x, y) = tp(x + x , y + y ). 
Proof. For (u,v) G R 2 , we have 

U(-k 2 /2, fcx/2) exp (i(uP(/n) + vQ(h 2 )))U(-k 2 /2, h/2)* 
= U{-k 2 /2, k 1 /2)U(uh 1 ,vh 2 )U(-k 2 /2, h/2)* 
= exp —i(u{ki, hi) + v(k 2 , h 2 ))U(uhi,vh 2 ) 



4. WEYL CALCULUS 

and therefore 

U(-k 2 /2, h/2)O h ( V )U(-k 2 /2, fcx/2)* 

J r ~ 1 ip(u, t>) exp (— i(u(ki, hi) + v(k 2 , h 2 ))) expi(uP(hi) + vQ(h 2 )^dudv 
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/ 



C d 



F lT «k 1 ,h 1 ),(k2,h2)M u , v ) ex P i { uP ( h i) +vQ(h 2 ))dudv 



h (T((k 1 ,h 1 },{k2M}) L P) 



□ 



From this formula we can derive a kind of integration by parts formula that can be 
used to get the estimates that show the differentiability of the Wigner densities. 



4.7. Proposition. Let h e f) 



I 2 , k G fj c <g> C 2 , and p such that <p,^,^j G 



DomO/,. T/ien [Q(fci) — P(k 2 ),Oh(ip)\ defines a bounded operator on and we have 



-[Q(h) - P(k 2 ), O h (<p)} = O h ( (h, h)^- + (k 2 , h 2 )^ 



dip 



dy 



Proof. For real k this is the infinitesimal version of the previous proposition, just 
differentiate 



U(ek 2 /2,ek 1 /2)O h ( V )U(ek 2 /2,ek 1 /2)* = O h (T {e{klthl)MhaM)) <p) 
with respect to e and set e — 0. For complex k it follows by linearity. 



□ 



Like the integration by parts formula in classical Malliavin calculus, this formula 
follows from a Girsanov transformation. Furthermore, it can also be used to derive 
sufficient conditions for the existence of smooth densities. 

4.8. Proposition. Let k g N, h e f) <g> R 2 with (hi, h 2 ) ^ 0, and $ a vector state, 
i.e. there exists a unit vector uj G S) such that $(X) = (u,Xu) for all X G B(Sj). If 
there exists a k G f)c <8> C 2 such that 



LO 



G p| DomQ(A; 1 ) Kl P(A;2) K2 n f] DomQ(A;i) Kl P(A; 2 ) 



Kl+K2<K 



and 



(hi,hi)^0 and (h 2 ,k 2 )^0, 

then Wh,<s> G f] 2 < P <oo H P ' K (M 2 ), i-e. the Wigner density Wh,<s> lies in the Sobolev spaces 
of order k for all 2 < p < oo . 

Proof. We will show the result for k — 1, the general case can be shown similarly 
(see also the proof of Theorem 7.2). Let (p be a Schwartz function. Let p G [1,2]. Then 
we have 



ox 



uj, Oh ( ^ ) uj 



dx 



■lQ(ki),o h (<p)] 



< 



' 2\(k 1 ,h 1 

c h , P (\\Q( k iM + \\Q(ki)uj 

2\(k,M)\ 



LO 



V 
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Similarly, we get 



/ 



dy 



< 



C h , p (\\P(k 2 )u;\\ + \\P(k 2 )u;\ 



2\(k 2 ,h 



m 



2/ 



and together these two inequalities imply w h ^ G if p/,1 (lR 2 ) for p' = ^y. □ 
We will give a more general result of this type in Theorem 7.2. 

5. The derivation operator 

In this section we define a derivation operator on our non-commutative probability 
space and show that it satisfies similar properties as the derivation operator on Wiener 
space. 

We want to interpret the expression in the integration by parts formula in Propo- 
sition 4.7 as a directional or Frechet derivative. 

5.1. Definition. Let fcetic® C 2 . We set 

DomDj; = |i? G B(Sj) -[Q(ki) — P(k 2 ),B] defines a bounded operator on S) 

and for B G DomD fc , we set D k B = J[Q(fci) - P{k 2 ), B}. 

Note that B G DomD fc for some k G f)c <8> C 2 implies B* G Dom% and 

Z^P* = (D k B)*. 

5.2. EXAMPLE. Let k G f) c <S>C 2 and let ip G DomP(/c 2 )nDom<5(A:i)nDomP(/i; 2 )n 
DomQ(/ci) be a unit vector. We denote by P^ the orthogonal projection onto the one- 
dimensional subspace spanned by ip. Evaluating the commutator [Q(ki) — P(k 2 ),F^\ 
on a vector <fi G DomP(/c 2 ) fl DomQ(fci), we get 

[Q^O-P^P^ = (^,<j ) }{Q(h)-P(k 2 ))W-^,{Q(k l )-P(k 2 ))( ( f ) )}^ 

= {^A)(Q(ki) ~P(k 2 ))W - ((Q(fci) -P(fc 2 ))V,^ 

We see that the range of [<3(&i) — P(^2),P^] * s two-dimensional, so it can be extended 
to a bounded operator on f). Therefore G DomP fc , and we get 

(P fc P^)0 = 1 ((^, 0) (Q(^) - P(fc 2 )) (V>) - ( (Q(fci) - P(fc 2 ))^, 0)^) 

for all G fj. 

5.3. Example. Let h G fj <g> M 2 , k e f) C ® C 2 . Then |[Q(Jfei) - P(k 2 ), U[h u h 2 )\ 
defines a bounded operator on fj, and we get 

D k U(h 1} h 2 ) = t^h, h) + (k 2 , h 2 ))U(h 1 , h 2 ). 

5.4. Proposition. Let k G t)c <8> C 2 . TTie operator D k is a closable operator from 
B(Sj) to B(Sj) with respect to the weak topology. 

PROOF. Let (B n ) ne ^ C DomD k C B(Sj) be any sequence such that B n — > and 
D k B n — ► /3 for some /3 G £>(5]) in the weak topology. To show that D k is closable, 
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we have to show that this implies (3 — 0. Let us evaluate f3 between two exponential 
vectors €(hi), £(fi2), hi, hi G f)c, then we get 

(£(hi),(3£(h 2 )) = \im(£(hi),D k B n £(h 2 )) 

n^oo 

= lim U{Q{k~i) - P{k 2 ))£{hi),B n £{h 2 )) 

-Jim l -{£{hi),B n (Q{ki) - P{k 2 ))£{h 2 )) 
= 0," °° 

and therefore (3 = 0, as desired. □ 
5.5. Definition. We set 



S = alg O h (tp) 



het)(g)R;(p eC 



X ^ 2 ) s-t- Q _ K , a ,l e DomO fi for all ki, k 2 > } , 



dx Kl dy K2 

the elements of S will play the role of the smooth functionals. Note that S is weakly 
dense in B(fi), i.e. S" = B($)), since S contains the Weyl operators U(hi,h 2 ) with 
hi, h 2 G f). 

We define D : S — > £>(fj) ® f)c <S> C 2 (where the tensor product is the algebraic 
tensor product over C) by setting DOh(<p) equal to 

'dip" 



DO h (<p) 



( 



O h 



dx 



hi 



ho 



\ 



J 



and extending it as a derivation w.r.t. the £>(5})-bimodule structure of B(S)) <S> f)c ® C 2 
defined by 



O- 



01 ® fci 

02 ® fc 2 



001 <g> fci 

00 2 <E> &2 



2 <S> A; 2 



•O = 



OiO <g> fci 
2 O ® h 



for O, Oi, 2 G and fc G fj c <E> C 2 . 

5.6. Example. For h e f) <8> 1R 2 , we get 



DU(hi,h 2 ) = DO h (ewKx + y))=i(u^ 



U(hi,h 2 ) <g> /ii 



/12) <8> ^2 



if/ (/ii, /i 2 



h. 



5.7. Definition. We can define a -B(5})-valued inner product on B($j) <g> t)i 
by (., •) : B{Sj) ® fj c <g> C 2 x <g> f> c <g> C 2 -> B(S)) by 



C 2 



01 <g> hi 

2 <E> /12 



We have 



01 <g> fci 

2 ® k 2 



(B,A) 
0*(A,B} 
(A,B)0 
(0*A,B) 



= OlO^hi, ki) + 0*0' 2 {h 2 ,k 2 ) 



(A, B)* 
(AO,B) 
(A, BO) 
(A, OB) 
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for all A,B E B(Sj) <g> fj c ® C 2 and all O G B(fi). This turns B(Sj) <g> fj c ® C 2 into 
a pre-Hilbert module over £>(5)). It can be embedded in the Hilbert module 97t = 
B($), ft ® f)c <8> C 2 ) by mapping O ® k E B($)) <S> f)c ® C 2 to the linear map fi9»H 
Of <g> A; G fj ® t)c ® C 2 . We will regard t)c <S> C 2 as a subspace of 971 via the embedding 
f)c 3 k h-> id^ (8) A; G 97t. Note that we have O ■ k = k ■ O = O ®k and (A, k) = (k, A) 
for all k G f)c <S> C 2 , O G B(^), A G 971, where the conjugation in 971 is defined by 
O ®k = 0* ®k. 

5.8. Proposition. Let O e S and k G f) C ® C 2 . T/ien O G DomD fc and 



L> fc O = (A;, -DO) = (DO, fc). 
Proof. For h G f) (8) M 2 and (p G DomO ft s.t. also f 2 , ^ G DomOj,, we get 



(k,DO h (<p)) = 



fci 

A; 2 



= ^[Q(fci)-P(fc 2 ),O fc ( ¥ »)] = J D Jfc O, 

where we used Proposition 4.7. The first equality of the proposition now follows, since 
both O i-> D k O = ^[Q(h) - P{k 2 ),0] and O i-> (k, DO) are derivations. 

The second equality follows immediately. □ 

The next result is the analogue of Equation (2.1). 
5.9. Theorem. We have 

E((k, DO}) = ±E({P(h) + Q(k 2 ), O}) 

for all k G f)c <S> C 2 and all O G S, where {•, } denotes the anti- commutator {X, Y} = 
XY + YX. 

Proof. This formula is a consequence of the fact that Q(h)Q = h = iP{h)VL for 
all h G f)c, we get 

E((k,DO)) = l -^((Q(k 1 )-p(k 2 ))n,on)-(n,o(Q(h)-p{k 2 )p)^ 
= Uih + ik^on) - (^oih + ifa))) 

= ^(((P(fci) +Q(k 2 )p,OQ) + (n,0(P{h) + Q(k 2 )p)^ 
= ^({PikJ + QfalO}). 

□ 

There is also an analogue of (2.2). 
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5.10. Corollary. Let k e f)c ® C , and Oi, . . . , O n e S, then 

n m—1 



P(fci) + Q(fc 2 ), [J O m = E [J 0#, DO m ) jj OA, 

\ L m=l J / \m=l j=l j=m+l / 

where the products are ordered such that the indices increase from the left to the right. 
Proof. This is obvious, since O h- > (k, DO) is a derivation. □ 

This formula for n = 3 can be used to show that D is a closable operator from 
B(fi) to 971. 

5.11. Corollary. The derivation operator D is a closable operator from B(S)) to 
the B (ft) -Hilbert module 9Jt = £>(i},53 <S> f)c ® C 2 ) w.r.t £/ie wea/s topologies. 

Proof. We have to show that for any sequence (A„) ne N in S with A n — > and 
DA n E 971, we get a = 0. Let /,<? e f) c . Set h = £f,f 2 = ^f, g x = fi±2, and 
^ 2 = 2^>, then we have [/(A, / 2 )Q = e-W 2 S(f) and U( gi ,g 2 )n = e~^ 2 S(g). Thus 
we get 

exp((||/|| 2 +||^|| 2 )/2)(^(/)®^,^(^)) 
= exp((||/|| 2 +||^|| 2 )/2)^(/),^, a )^(^)) 
= lim E(U(-f u -f 2 ){h,DA n )U(g 1 ,g 2 )) 

n— >oo 

= lim E(^{P(/n) + Q(h),U(~fu -h)A n U{ gi ,g 2 )} 

-(h,DU(-fi, -f 2 ))A n U(g 1 ,g 2 ) - U(-f\, - f 2 )A n (h, DU(g 1 , g 2 ) 

= lim ((V'l, A^) + (^3, A»^4) - (^5, >W> 6 ) ~ (^7, A^s)) 
n^oo 

= 

for all h e f)c <E> C 2 , where 

V>i = \U{hj2){P{hi) + Q{h2))n, ij 2 = U( 9l ,g 2 )n, 

= c/(/i,/ 2 )^, ^ = if/((?i,^)(p(/ii) + g(/i 2 ))n, 

^ 5 = (D h U(-f 1 ,-f 2 ))*n, ^6 = U(g u g 2 )n, 

^7 = Wi,/ 2 )n, ^ 8 = D h u( gi ,g 2 )n. 

But this implies a = 0, since {S(f)®h\f G f)c, /i € f)c®C 2 } is dense in f)<g>() c <g>C 2 . □ 

5.12. Remark. This implies that -D is also closable in stronger topologies, such as, 
e.g., the norm topology and the strong topology. 

We will denote the closure of D again by the same symbol. 

5.13. Proposition. Let O e DomD. Then O* e DomD and 



DO* = DO. 

In particular, since D is a derivation, this implies that DomD is a *-subalgebra of 
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Proof. It is not difficult to check this directly on the Weyl operators U(hi,h 2 ), 
hei)®M 2 . We get U(h u h 2 )* = U(-h u -h 2 ) and 

D(U[h u h2)*) = DU(-h 1 ,-h 2 ) = -iU(-h 1 ,-h 2 )®h 

= U(h 1 ,h 2 )*® W) = DU(h 1 ,h 2 ). 

By linearity and continuity it therefore extends to all of DomD. □ 

We will now show how D can be iterated. Let H be a complex Hilbert space, then 
we can define a derivation operator D : S ® H — > B(S)) ® f)c <H> C 2 <8> by setting 
D(0®h) = DO ® /i for Os5 and h E H . Closing it, we get an unbounded derivation 
from the Hilbert module B(S), S) ® H) to Tt(H) = B(S) ® H, S) ® fj c ® C 2 ® //). This 
allows us to iterate D. It is easy to see that D maps S ® H to S ® t) c ® C 2 ® H and so 
we have D n {S ® H) C 5 <g) (fj c ® C 2 ) 0n ® //. In particular, 5 C DomD" for all n G N, 
and we can define Sobolev-type norms || • || n and semi-norms || • ||^ n , on S by 

n 

\\o\\l = 110*011 + ^11(^0,^0)11, 

3=1 
n 

\\0\\l n = \m\ 2 + J2WAD n O,D n O)M, for^GiD 

3=1 

In this way we can define Sobolev-type topologies on DomD". 

We will now extend the definition of the "Frechet derivation" D k to the case where 
k is replaced by an element of 9JT. It becomes now important to distinguish between a 
right and a left "derivation operator" . Furthermore, it is no longer a derivation. 

5.14. Definition. Let u G Wl and O G DomD. Then we define the right gradient 
D u and the left gradient 0D U of O with respect to u by 

D u = (u,DO), 



0D U = {DO,u}. 
We list several properties of the gradient. 

5.15. Proposition. (1) Let X e B(fi), 0,0 U 2 e DomD, and u G Wl. 
Then 

D Xu = XD u O, 

^«(0i0 2 ) = (d u o^o 2 + d uQi o 2 , 

0D uX = (OD u )X, 
(OiO^Du = 1 D 02 u + 1 (0 2 D u y 

(2) For k G f) c ® C 2 and O G DomD, we have 

D k = D- lAf)l ^ k = 0D idfjlS)k 

Proof. These properties can be deduced easily from the definition of the gradient 
and the properties of the derivation operator D and the inner product (, ). □ 
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5.16. Remark. We can also define a two-sided gradient D u : DomD x DomD — > 
B(fi) by *D U : (O u 2 ) ^ 1 LJ \o 2 = 1 (D u 2 ^j + (OiK) 2 . For k G l) c ®C 2 we 

have 0i D ida ®fe02 = £> fc (Oi0 2 )- 

6. The divergence operator 

The algebra B(S)) of bounded operators on the symmetric Fock space 5) and the 
Hilbert module 971 are not Hilbert spaces with respect to the expectation in the vacuum 
vector f2. Therefore we can not define the divergence operator or Skorohod integral 
5 as the adjoint of the derivation D. It might be tempting to try to define 5X as an 
operator such that the condition 

(6.1) E((5X)B) = E (DxE?) 

is satisfied for all B G DomDx, even though it is not sufficient to characterize 5X. 
But the following proposition shows that this is not possible. 

6.1. Proposition. Let k e f) C <S> C 2 with fa + ik 2 ^ 0. There exists no (possibly 
unbounded) operator M whose domain contains the vacuum vector such that 

E(MB) = E (D k B) 

holds for all B G Y)ovciD k . 

Proof. We assume that such an operator M exists and show that this leads to a 
contradiction. 

Let B G B(Sji) be the operator defined by $) 3 ip i— > (fa + ik 2 , it is easy to see 
that B G Dom D k and that DkB is given by 

(D k B)ip = ^(fa + ik 2 ,ip}(fa + ik 2 ) - % -{{Q{ki) - P(k 2 )) (fa + ik 2 ), for ^ G £. 

Therefore, if M existed, we would have 

= (n, MBVL) = E(MB) = E(D k B) 

= (Q, (D k B)Q) — -^{h + ik 2 , fa + ik 2 ), 
which is clearly impossible. □ 
We introduce the analogue of smooth elementary ()-valued random variables, 

n 

u = J2F j ® h® neN,F 1 ,...,F n eS, h {1) , . . . , h {n) G f) c <g> C 2 
If we define Ag\lB for u = £? =1 Pj ® G S h and A, B e B(fi) by 

1 n n 

AUB = - {P (h?) + Q (h?) , Ai^} - A (D^Fj) B. 
3=1 3=1 
then it follows from Corollary 5.10 that this satisfies 

(6.2) E (a^uB^ = E (AD u B^j . 

But this can only be written as a product AXB with some operator X, if A and B 
commute with P (hty +Q (h { 2 1] ^ ,...,P (h { ^ +Q (h { 2 n) ^j . We see that a condition of 
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the form (6.1) or (6.2) is too strong, if we require it to be satisfied for all A, P G DomP. 
We have to impose some commutativity on A and B to weaken the condition, in order 
to be able to satisfy it. We will now give a first definition of a divergence operator that 
satisfies a weaker version of (6.2), see Proposition 6.3 below. In Remark 6.6 we will 
extend this definition to a bigger domain. 

6.2. Definition. We set 

n n n 

j=l j=l j=l 

defines a bounded operator on f) j 

and define the divergence operator 5 : S^s — > B($)) by 

n n 

*(«) = 2 E { P { h ?) + Q (^) ,Fi } ~ E D ^ F r 

3=1 3=1 

It is easy to check that 

*(«) = (*(«)) * 

holds for all u G 5^. 

6.3. Proposition. Let u = YTj=i F j ® e «S W flnrf 

A, Be DomD n {p (h?) + Q (/£>) , . . . , P + Q (fc< n) ) }' 

ie. ; A and B are in the commutant o/|p (M^) + Q (^^) ' • • • ' P (M^) + Q (h^^j | 7 
then we have 

E(A5(u)B) = E (AJDuB) . 

6.4. Remark. Note that 5 : «Sf, ;< 5 — > £>(.f)) is the only linear map with this property, 
since for one single element h G f)c ® C 2 , the sets 

A G DomD n {P {h x ) + Q (/i 2 )}'} 

jpft|p G DomD n {P (/ii) + Q (/i 2 )}'} 

are still total in f). 

PROOF. From Corollary 5.10 we get 
E(AD u B^j = E(A(u,DB) + (DA,u)B) 

(n n ^ 

E AFi (D h (j)B) + E {Dm A) FjB 
3=1 3=1 



= E 



\ E { P + (^) , AF 3 B) -j^A (P, (j) P,) P 

J=l 3=1 
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But since A and B commute with P (hty + Q (h^ ,...,P + Q (h ( 2 n) ^ , we 

can pull them out of the anti-commutator, and we get 

( 1 n n N 

- ^ {P (h?) + Q (/i?) ,Fj}b-J2a (D^Fj) B 
3=1 3=1 

= E(A5(u)B). 



□ 



We will now give an explicit formula for the matrix elements between two expo- 
nential vectors of the divergence of a smooth elementary element u G S^s, this is the 
analogue of the first fundamental lemma in the Hudson-Parthasarathy calculus, see, 
e.g., [Par92, Proposition 25.1]. 

6.5. Theorem. Let u e S^s- Then we have the following formula 

<£(*!), *(«)£(*2)> = (Sih) ( "g 2 ) ,u£(k 2 ] 

for the evaluation of the divergence 5(u) of u between two exponential vectors £{k\), 
£{k 2 ), for fci, k 2 e t) C - 

6.6. Remark. This suggests to extend the definition of S in the following way: set 

Dom<5 = |ue9K3Me »(8),VA;i,A; 2 G Ijc : 
(6.3) ^(fcO.M^H^fcO^ 

and define £(«) for u e Dom5 to be the unique operator M that satisfies the condition 
in Equation (6.3). 

Proof. Let u = J2j=i Fj ® ^ ■ Recalling the definition of D h we get the following 
alternative expression for S(u), 

1 n 

*(«) = ^ E ( P (^) + (^'0 - iQ (h?) + <P (^ } ) )F 3 

3=1 
1 n 

4 E ^ ( p 0?) + o 0?) + <o 0?) - ip 0?) ) 



(6.4) = J2 ( a+ ( h ® ~ ih< f) F i + F i a - ih i } ) ) • 

3=1 
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Evaluating this between two exponential vectors, we obtain 

n 

(£(*!), <f(u)£(*2)> = ^{a^ -ih^Eik^FjEfa)) 

3=1 



3=1 



j'=i 

n 

= E ((K^-itf) + (fc,/^ +«/i?' ) »(5(fc 1 ),^(fc 2 )> 
j'=i 

- (^>«(t;f )••*<*»>)■ 

□ 

6.7. Corollary. T/ie divergence operator 5 is closable in the weak topology. 

Proof. Let (u n ) ne n be a sequence such that u n — * and 5(it n ) — > (3 G in the 
weak topology. Then we get 

(£(h),p£(k 2 )) = lim {8(h), S(u n )£(k 2 )) 

= 

for all ki, k 2 G t)c, and thus (3 = 0. □ 
We have the following analogues of Equations (2.3) and (2.5). 

6.8. Proposition. Let u,v e S^s, F e S, h e h c <E> C 2 , then we have 

(6.5) D h oS(u) = (h,u) + 5oD h (u) 

(6.6) 5(Fu) = F5{u)-FD u + ^J2[p(h^+Q(h?yF\F 

3=1 

(6.7) S(uF) = 5{u)F-D u F + -Y,[FP(hf)+Q(h { i ] ) 

3=1 

Proof. (1) Let u = YT j= i F j ® We set 

1 ( - '-OA , n ^0) 



^ = 2l p rw +g r 

^ = K Q (^)- p (^)) 

Y = kQ(hi)-P(h2)), 
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then we have 5(u) = YTj=i {( X j ~ Y j) F j + F j( x j + Y 3 )), and therefore 

n 

D h {5(u)) = (Y(Xj - Yj)Fj + YFj(Xj + Yj) - (X, - Y 3 )FjY - F 3 (X 3 + Y 3 )Y). 
3=1 

On the other hand we have D h {u) = J2™ =1 (YF 3 — F 3 Y) ® W\ and 

n 

5{D h (u)) = {( X 3 ~ Yj)YF 3 - {X s - Y 3 )F 3 Y + YF 3 (X 3 + Y 3 ) - F 3 Y(X 3 + Yj)). 
3=1 

Taking the difference of these two expressions, we get 

n 

£>*(*(«))-*(£>*(«)) = Y.([ Y ^ X 3-Y j \Fj + Fj[Y,Xj + Yj]) 

3=1 

n 

= ^((^ 1 ,^ ) ) + (^,^ ) ))F J = (^ M ). 
j'=i 

(2) A straightforward computation gives 

n 

= ^((Xj-^FFj + FFjiXj + Yj)) 
3=1 

n n 

= f £ ((x, - r,)^- + ^ + *S0) - D F > x ; " W 

j=l 3=1 
n n 

= F5(u) - Y^[Yj, F]F 3 + J2i X jF, X}F 3 

3=1 3=1 
n n 

= F8(u)-J2(F*,h^)Fj + J2[X3,F]Fj 

3=1 3=1 
n 

= F5(u)-FD U + J2^' F ^ 

3=1 

where we used that [Xj, F] = i ^ — ^ 2 ^ , DF^ defines a bounded operator, 
since F G S C DomD. Equation (6.7) can be shown similarly. 

□ 

If we impose additional commutativity conditions, which are always satisfied in the 
commutative case, then we get simpler formulas that are more similar to the classical 
ones. 

6.9. Corollary. Ifu = EJ=i F i ® h {j) e «S M and 

F G DomD fl jp (/£>) + Q (/£>) , . . . , P (/4 n) ) + Q (^ n) ) }' 
t/ien we have 

5(Fu) = F5(u)-FD U , 
5(uF) = 5(u)F-D u F. 
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7. Examples and applications 

7.1. Relation to the commutative case. In this section we will show that the 
non-commutative calculus studied here contains the commutative calculus, at least if 
we restrict ourselves to bounded functionals. 

It is well-known that the symmetric Fock space r(f) c ) is isomorphic to the com- 
plexification L 2 (Vt\ C) of the Wiener space L 2 (Q) over h, cf. [Bia93, Jan97, Mey95]. 

Such an isomorphism / : L 2 (f2; C) ^ T(() c ) can be defined by extending the map 

/ . e iW(h) _> j ( e iW(h)j = e i QWn = e -\\h\\V2 S{th)} for hef) 

Using this isomorphism, a bounded functional F E L°°(f2;C) becomes a bounded 
operator M(F) on r(f)c), acting simply by multiplication, 

M(F)ij = i(Fr\^j)), for Verm- 
in particular, we get M (e iWW ) = U(0, h) for h E I). 

We can show that the derivation of a bounded differentiable functional coincides 
with its derivation as a bounded operator. 

7.1. Proposition. Let k e fj and F e L°°{Q; C) n BomD k s.t. D k F e L°°(Q; C). 
Then we have M(F) E DomD k() , where k = ^ ^ ^ , and 

M(D k F) = D ko (M(F)). 

Proof. It is sufficient to check this for functionals of the form F = e lW ( h \ h E h. 
We get 

M(D k e lW{h) ) = M (t(k,h)e iW{h) ) 

= i(k,h)u(o,h)=i^iy(° h ^u(o,h) 

= D kQ U(0,h) = D ko (M(e lW ^)). 

□ 

This implies that we also have an analogous result for the divergence. 

7.2. Sufficient conditions for the existence of smooth densities. In this 
section we will use the operator D to give sufficient conditions for the existence and 
smoothness of densities for operators on fj. The first result is a generalization of 
Proposition 4.8 to arbitrary states. 

7.2. Theorem. Let k E N, h E f) <g> M 2 with (h 1 , h 2 ) ^ 0, and suppose that $ is of 
the form 

= tr(pX) for all X E B(Sj), 
for some density matrix p. If there exist k,£ E f)c <8> C 2 such that 

and P£ n Kl+K2 < K Dom/J, K1 /Jf , and 

ti(\D^D^p\) < oo for all k x + k 2 < k, 

then Wh,<s> E fl2< P <oo H P ' K (R 2 ), i.e. the Wigner density Wh,<s> lies in the Sobolev spaces 
of order k. 
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Proof. Let 

and set 

then we have 

[Xi,O h (<p)] 

[X 2 ,O h (p)\ 



(hi, fa) (h 2 ,k 2 ) 
(hi,£i) (h 2 ,£ 2 ) 



X! 

x 2 



2 



Q(h) - P(k 2 ) 
Q(h) - P(£ 2 ) 



{h 2 ,£ 2 )D k O h (p) - (h 2 ,k 2 )D e O h (p) _ 
det A 

-{huejDkOhfa) + (h u k2)D e O h {<p) 



for all Schwartz functions p. Therefore 

d Kl+K2 p 



dx Kl dy K ' 2 



dW, 



tr P O h 



det A 

d Kl+K2 p 



O h 

= o h 



dp 
dx 
dp 
dy 



dx Kl dy K2 

= tr(p JX, . . . [X 1; [X 2 , . [X 2j O h (p)} 

Ki times k 2 times 

= \ti([X 2 ,...[X 2 ,[X 1 ,...[X 1 , P ]]]]O h (p))\ 

< C P:KuK2 \\O h (p)\\ < C P:KuK2 C h . p \\p\\ p , 

for all p G [1,2], since p G H Kl+K2 < K Dom DpD? and HQD? D? p\) < oo for all 
Ki + k 2 < k, and thus 

C p , K1>Ka = tr\[X 2 , . . . [X 2 , [X u . . . [X u p]]]]\ < oo. 

But this implies that the density of dW h ^ is contained in the Sobolev spaces H P ' K (R 2 ) 
for all 2 < p < oo. □ 

7.3. Example. Let < Ai < A2 < • • • be an increasing sequence of positive 
numbers and {ej\j G N} a complete orthonormal system for f) c . Let T t : f) c — > [) c be 
the contraction semigroup defined by 



T t ej 



31 



for j G N, * > 0, 



with generator A = J2jen ^j^j- ^ the sequence increases fast enough to ensure that 
Yl'jLi e ~ tXj < 00 ; i- e - ^ trT t < 00 for t > 0, then the second quantization p t = T(T t ) : 
i} — > S) is a trace class operator with trace 

Z t = tr p t = ^ ( e n>P* e n) 

where we use Nf to denote the finite sequences of non- negative integers and {e n |n G 
Nf} is the complete orthonormal system of Sj consisting of the vectors 



e® ni 



Oe 



0n r 



for n = (m, . . . ,n r ) G 

i.e. the symmetrization of the tensor ei <8> • • • <S> e\ <S> ■ • • <S> e r <g) • • • <g> e r where each vector 
ej appears rij times. We get Z t = X] n eN°° TYk=i e~ nfc * Afc = Yl™ =1 ^^-tx k for the trace of 
p t . We shall be interested in the state defined by 



*P0 = ^tr(p t X), 



for X G B(S)). 
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We get 



n k t\ k 



= n ^ - 1) • • • (n,- - € + l)e-^-^ J] e" 

neN°° fc^j 
oo 1 

n=0 fc^j 

and therefore that p t a e (ej) defines a bounded operator with finite trace for all j, £ G N 
and t > 0. Similarly we get 

tr |a^(ej)p t | < oo, tr |p t (a + (e.,-))^| < oo, etc. 

and 

tr \P^{e n )Q E2 {e j2 )p t \ < oo, tr \P^{e h )p t Q^{e j2 )\ < oo, etc. 

for all t > and ji,j 2 ,h,£ 2 G N. For a given /i G f) ® R 2 with (hi,h 2 ) ^ (and 
thus in particular /ii ^ and h 2 ^ 0), we can always find indices ji and j 2 such that 
(/ii,^) 7^ and (h 2 ,ej 2 ) ^ 0. Therefore it is not difficult to check that for all k G N 

all the conditions of Theorem 7.2 are satisfied with k = ( & t I and t — ( ® V We 



/ V e n 

see that the Wigner density of any pair (P(hi),Q(h 2 )) with (hi,h 2 ) ^ in the 
state $(•) = tr(p t is in ri/ceNn2<p<oo H P ' K (M?), in particular, its derivatives of all 
orders exist, and are bounded and square- integrable. 

We will now show that this approach can also be applied to get sufficient conditions 
for the regularity of a single bounded self-adjoint operator, for simplicity we consider 
only vector states. 

Given a bounded self-adjoint operator X, we call a measure px,<s> on the real line 
its distribution in the state $, if all moments agree, 



$(X n ) = / x n dp x ,$, for all n G N. 



Such a measure px <s> always exists, it is unique and supported on the interval 
Hl*ll,ll*l 



7.4. Proposition. Let uj G 5j be a unit vector and let <£>(•) = (cu,-uj) be the 
corresponding vector state. The distribution px,® of an operator X G B(Sj) in the state 
<3> has a bounded density, if there exists a k G f)c <E> C 2 such that to G Dom(Q(A:i) — 
P{k 2 )) n Dom(Q(5bi) - P(fc 2 )), * e Dom^, X • L> fc X = D k X ■ X, D k X mvertible 
and (DkX)' 1 G DomD k . 

PROOF. Since X ■ D k X = D k X ■ X, we have D k p(X) = (D k X)p'(X) for all poly- 
nomials p. We therefore get 

D k ({DkXy^iX)) =p(X)D k {(DkX)- 1 ) +p'(X). 
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The hypotheses of the proposition assure 
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|(^A^(/vo-yx);M| < 



| (Q(fci) -P(k 2 ))u\ | + 1 1 (Q(fci) -P(fc 2 )) 



a; 



< Ci sup 

X6[-||X||,||X| 



2 

|p(x)|, 



wo-'iiibPOii 



K^p^^^x)- 1 )^)! < ||l>((zvo _1 )II ibPOll 



< C 2 sup 

*e[-||x||,||x| 

and therefore allow us to get the estimate 
\x\\ 



\p(x)\, 



p'(x)dnxM x ) 



CO 



, - P (X)D k {(DkX)- 1 ) ) 

I 



a; 



< (Ci + C 2 ) sup 

*e[-||x||W 

for all polynomials p. But this implies that admits a bounded density. 



□ 



Let n E N, ra > 2. We get that the density is even n — 1 times differentiable, if in 
addition to the conditions of Proposition 7.4 we also have X E DomDj?, (DkX)' 1 E 
DomZ)^ and 

we f| Dom(g(A; 1 )-P(A; 2 )) K f| Dom(Q(fc 1 ) - P^))". 

1<k<?i l<K<n 

The proof is similar to the proof of Proposition 7.4, we now use the formula 

n— 1 

pWpQ = P fc " ((P fe x)->(x)) - ^r^(x), 

K=0 

where A , . . . , A n _i are some bounded operators, to get the necessary estimate 

1*11 

p^\x)d^(x) 



< C sup \p( x )\ 

xe[-\\X\\,\\X\\] 



by induction over n. 



7.3. The white noise case. Let now f) = L 2 (T, £>,//), where (T, £>, /i) is a mea- 
sure space such that B is countably generated. In this case we can apply the diver- 
gence operator to processes indexed by T, i.e. £>(5))-valued measurable functions on T, 
since they can be interpreted as elements of the Hilbert module, if they are square- 
integrable. Let L 2 (T, B(Sj)) denote all £>(f))-valued measurable functions t h- > X t on T 
with J T \ \X t \\ 2 dt < oo. Then the definition of the divergence operator becomes 

Dom5 = 



X = (X\ X 2 ) E L 2 (T, B(Sj)) © L 2 (T, B(Sj)) 
3M e B(f)),\/k l} k 2 e fj c ■■ (£(h),M£(k 2 )) 

= J (i(k 2 -k 1 ){£(k 1 ),X 1 (t)£(k 2 )) + (h + k 2 ){£(h), X 2 (t)£(k 2 )))d^t)^ 
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and S(X) is equal to the unique operator satisfying the above condition. We will also 
use the notation 



S(X)= [ X 1 (t)dP(t) + ! X 2 (t)dQ(t), 
Jt Jt 



and call 5(X) the Hitsuda-Skorohod integral of X. 

Belavkin [Bel91a, Bel91b] and Lindsay [Lin93] have defined non-causal quantum 
stochastic integrals with respect to the creation, annihilation, and conservation pro- 
cesses on the boson Fock space over L 2 (R + ) using the classical derivation and divergence 
operators. It turns out that our Hitsuda-Skorohod integral coincides with their cre- 
ation and annihilation integrals, up to a coordinate transformation. This immediately 
implies that for adapted, integrable processes our integral coincides with the quantum 
stochastic creation and annihilation integrals defined by Hudson and Parthasarathy, 
cf. [HP84, Par92]. 

Let us briefly recall, how they define the creation and annihilation integral, cf. 
[Lin93]. They use the derivation operator D and the divergence operator 5 from the 
classical calculus on the Wiener space L 2 (Q), defined on the Fock space r(L 2 (R + ; C)) 
over L 2 (R+; C) = L 2 (R+) C via the isomorphism between L 2 (fi) and T(L 2 (R + ; C)). On 
the exponential vectors D acts as 

DS(k) = S(k) <g> k, for k G L 2 (R + , C), 

and 8 is its adjoint. Note that due to the isomorphism between T(L 2 (R + ;C)) ® 
L 2 (R + ;C) and L 2 (r + ; r(L 2 (R + ; C))) , the elements of r(L 2 (R + ; C)) <g> L 2 (R+; C) can 

be interpreted as function on R + . In particular, for the exponential vectors we get 
(D8(k)) t = k(t)8(k) almost surely. The action of the annihilation integral J F t dA t on 
some vector ip G T(L 2 (R + ; C)) is then defined as the Bochner integral 

BL p 

F t dA r 4>= / F t {D^) t dt, 



and that of the creation integral as 



r 

Jr + 



F t dA* t 4) = 5(FiP). 
These definitions satisfy the adjoint relations 

(rBL \ * /-BL / /-BL \ * /-BL 

/ FtdAr) D / F t *dA* t: and / F t dA* r ) D / F t *dA t . 
Jr + J Jr + \Jr + J Jr + 

7.5. Proposition. Let (T,B,fj.) = (R+,B(R + ),dx), i.e. the positive half-line with 
the Lebesgue measure, and let X = (X^X 2 ) e Dom5. Then we have 

/» /» /»BL /»BL 

/ X 1 (t)dP(t)+ X 2 (t)dQ(t)= (X 2 -tX 1 )dA* t + (X 2 + tX 1 )dA t . 
Jr + Jr + Jr + Jr + 

Proof. To prove this, we show that the Belavkin-Lindsay integrals satisfy the 
same formula for the matrix elements between exponential vectors. Let (i^)teR + G 
L 2 (R + , B($))) be such that its creation integral in the sense of Belavkin and Lindsay 
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is defined with a domain containing the exponential vectors. Then we get 

{8(h), F t dA* t S(k 2 )) = (£(h),~5(F£(k 2 ))) 
Jr + 



fci(t)<£(fci),F t £(A; 2 ))dt. 



For the annihilation integral we deduce the formula 

-BL /-BL 



(S(h), F t dA t S(k 2 )) = (/ F^L^i), 



[ fc 2 (t)(5(A; 2 ),F;5(A; 1 ))d* 
fc 2 (*)(5(A; 1 ),F t 5(A; 2 ))dt. 



□ 

The integrals defined by Belavkin and Lindsay are an extension of those defined by 
Hudson and Parthasarathy, therefore the following is now obvious. 

7.6. Corollary. For adapted processes X e Dom<5 7 the Hitsuda-Skorohod integral 
5{X) = [ X\t)dP(t) + / X 2 (t)dQ(t) 

JT JT 

coincides with the Hudson- Parthasarathy quantum stochastic integral defined in [HP84]. 

7.4. Iterated integrals. We give a short, informal discussion of iterated integrals 
of deterministic functions, showing a close relation between these iterated integrals and 
the so-called Wick product or normal-ordered product. Doing so, we will encounter 
unbounded operators, so that strictly speaking we have not defined 5 for them. But ev- 
erything could be made rigorous by choosing an appropriate common invariant domain 
for these operators, e.g., vectors with a finite chaos decomposition. 

In order to be able to iterate the divergence operator, we define 5 on B(S)) <S> f)c <8> 
C 2 <S> H, where H is some Hilbert space, as 5 <E> id#. 

Using Equation (6.4), on can show by induction 

= E \[a + {hf-ih?) J] a(h { 2 j) +ih U \ 

IC{l,...,n} jel je{l,...,n}\I 




for h {l) = [ ^ ],..., /i (n) = f '^ {n) j E fj c ® C 2 . This is just the Wick product of 
{P(h£> + Q(h£%. . . , (P(/4 n) + Q(h { 2 n) )), i.e. 
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where the Wick product o is defined on the algebra generated by {P(k), Q(k)\k G f)c} 

by 

P(h)oX = X oP(h) = -ia + (h)X + iXa(h) 

Q(h)oX = XoQ(h) =a + (h)X + Xa(h) 

for X G alg {P(k), Q(k)\k G f)c} and h G f)c in terms of the momentum and position 
operators, or, equivalently, by 

a + (h)oX = Xoa + (h) = a + {h)X 

a(h)oX = X o a(h) = Xa(h) 

in terms of creation and annihilation. 

8. Conclusion 

We have defined a derivation operator D and a divergence operator S on B(f)) 
and £>(5),5) ® f)c <S> C 2 ), resp., and shown that they have similar properties as the 
derivation operator and the divergence operator in classical Malliavin calculus. As far 
as we know, this is the first time that D and 5 are considered as operators defined 
on a non-commutative operator algebra, except for the free case [BS98], where the 
operator algebra is isomorphic to the full Fock space. To obtain close analogues of the 
classical relations involving the divergence operator, we needed to impose additional 
commutativity conditions, but Proposition 6.1 shows that this can not be avoided. 
Also, its domain is rather small, because we require 5(u) to be a bounded operator and 
so, e.g., the "deterministic" elements h G f)c®C 2 are not integrable unless h = 0. One of 
the main goals of our approach is the study of Wigner densities as joint densities of non- 
commutating random variables. We showed that the derivation operator can be used to 
obtain sufficient conditions for its regularity, see, e.g., Theorem 7.2. It seems likely that 
these results can be generalized by weakening or modifying the hypotheses. It would 
be interesting to apply these methods to quantum stochastic differential equations. 



CHAPTER 7 



Quasi- Invar iance Formulas for Components of Quantum Levy 

Processes 



A general method for deriving Girsanov or quasi-invariance formu- 
las for classical stochastic processes with independent increments ob- 
tained as components of Levy processes on real Lie algebras is pre- 
sented. Letting a unitary operator arising from the associated fac- 
torizable current representation act on an appropriate commutative 
subalgebra, a second commutative subalgebra is obtained. Under cer- 
tain conditions the two commutative subalgebras lead to two classical 
processes such that the law of the second process is absolutely con- 
tinuous w.r.t. to the first. Examples include the Girsanov formula for 
Brownian motion as well as quasi-invariance formulas for the Poisson 
process, the Gamma process [TVYOO, TVY01], and the Meixner 
process. 



Joint work with Nicolas Privault. Published in Inf. Dim. Anal., Quantum Prob. 
and Rel. Topics Vol. 7, No. 1, pp. 131-145, 2004. 
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1. Introduction 

Levy processes, i.e. stochastic processes with independent and stationary incre- 
ments, are used as models for random fluctuations, e.g., in physics, finance, etc. In 
quantum physics so-called quantum noises or quantum Levy processes occur, e.g., in 
the description of quantum systems coupled to a heat bath [GZOO] or in the theory of 
continuous measurement [HolOl]. Motivated by a model introduced for lasers [Wal84], 
Schiirmann et al. [ASW88, Sch93] have developed the theory of Levy processes on 
involutive bialgebras. This theory generalizes, in a sense, the theory of factorizable 
representations of current groups and current algebras as well as the theory of clas- 
sical Levy processes with values in Euclidean space or, more generally, semigroups. 
For a historical survey on the theory of factorizable representations and its relation to 
quantum stochastic calculus, see [StrOO, Section 5]. 

Many interesting classical stochastic processes arise as components of these quan- 
tum Levy processes, cf. [Sch91a, Bia98b, Fra99, AFS02]. In this Note we will 
demonstrate on several examples how quasi-invariance formulas can be obtained in 
such a situation. Our examples include the Girsanov formula for Brownian motion as 
well as a quasi-invariance formula for the Gamma process [TVYOO, TVY01], which 
actually appeared first in the context of factorizable representations of current groups 
[VGG83]. We also present a new quasi-invariance formula for the Meixner process. 

We will consider Levy processes on real Lie algebras in this Note, but the general 
idea is more widely applicable. Furthermore, we restrict ourselves to commutative sub- 
algebras of the current algebra that have dimension one at every point, see Subsection 

2.3. This allows us to use techniques familiar from the representation theory of Lie 
algebras and groups to get explicit expressions for the two sides of our quasi-invariance 
formulas. 

In Section 2, we present the basic facts about Levy processes on real Lie algebras and 
we recall how classical increment processes can be associated to them. The general idea 
of our construction is outlined in Section 3. Finally, in Section 4, we present explicit 
calculations for several classical increment processes related to the oscillator algebra 
and the Lie algebra sl(2, M) of real 2x2 matrices with trace zero. In Subsections 4.1 and 

4.4, we study representations of the Lie algebras themselves and obtain quasi-invariance 
formulas for random variables arising from these representations. In Subsections 4.2, 
4.3, 4.5, and 4.6, we turn to Levy processes on these Lie algebras and derive quasi- 
invariance or Girsanov formulas for Brownian motion, the Poisson process, the Gamma 
process, and the Meixner process. 

2. Levy processes on real Lie algebras 

In this section we recall the definition and the main results concerning Levy pro- 
cesses on real Lie algebras, see also [AFS02]. This is a special case of the theory of 
Levy processes on involutive bialgebras, cf. [Sch93][Mey95, Chapter VII],[FS99]. 

2.1. Definition and construction. 

2.1. Definition. Let g be a real Lie algebra, H a pre-Hilbert space, and f2 e H 
a unit vector. We call a family [j st : g — > C(H)) Q<g<t of representations of g by anti- 
hermitian operators (i.e. j st (X)* = —j st (X) for all < s < t, X e g) a Levy process 
on g over H (with respect to Q), if the following conditions are satisfied. 
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(1) (Increment property) We have 

Jst(X) + j tu (X) = j su (X) 

for all < s < t < u and all X G g. 

(2) (Independence) We have \j st {X),j s , t ,(Y)\ = for all X, Y G g, < s < t < 
s' < t' and 

(n, j. ltl (Xi) kl ■ ■ ■ h n t n (x n ) k ^) = (nj^x^n) • • • (n, j Sntn (x n ) k "Q) 

for all n, ki, . . . , k n e N, < «i < t± < s 2 < • • • < t n , Xi, . . . , X n e Q. 

(3) (Stationarity) For all n G N and all X e fl, the moments 

mn (i;M) = (fi )Js( (xrn) 

depend only on the difference t — s. 

(4) (Weak continuity) We have lim t \ s {Q, j st (X) n Q) = for all n > 1 and all 
X e g. 

Two Levy processes are called equivalent, if they have same moments. 
For the classification and construction of these processes we introduce the notion 
of Schurmann triples. 

2.2. Definition. Let g be a real Lie algebra. A Schurmann triple on q over some 
pre-Hilbert space D is a triple (p, rj, L) consisting of 

• a representation p of q on D by anti-hermitian operators, 

• a p-l-cocycle 77, i.e. a linear map 77 : g — > D such that 

77([X,y]) =p(X)r / (r)-p(F)r / (X), 

for all I, 7 6 g, and 

• a linear functional L : g — > iM. C C that has the map gAg9lAy^ 
(t/(X), i](Y)) — (r)(Y),r)(X)) e C as a coboundary, i.e. 

L([x,y]) = ^(x)^(y)>-^(r)^(x)> 

for all 1,7 Gfl. 

A Schurmann triple (p,r),L) is called surjective, if 77(0) is cyclic for p. 

The following theorem can be traced back to the works of Araki, Streater, etc., in 
the form given here it is a special case of Schiirmann's representation theorem for Levy 
processes on involutive bialgebras, cf. [Sch93]. 

2.3. Theorem. Let q be a real Lie algebra. Then there is a one-to-one correspon- 
dence between Levy processes on q (modulo equivalence) and Schurmann triples on 

Si- 
Let (p, i], L) be a Schurmann triple on Q over D, then 

(2.1) j st (X) = A st (p(X)) + A* st (ri(X)) - A st (rj(X)) + (t - s)L(X)id 

for < s < t and X G g defines Levy process on g over a dense subspace H C 
r(L 2 (lR + , £>)) w.r.t. the vacuum vector Q. 
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2.2. Regularity assumptions. In order to justify our calculations, we have to 
impose stronger conditions on Levy processes than those stated in Definition 2.1. We 
will from now on assume that (j s t)o< s <t is defined as in (2.1) and that the representation 
p in the Schiirmann triple can be exponentiated to a continuous unitary representation 
of the Lie group associated to q. By Nelson's theorem this implies that D contains a 
dense subspace whose elements are analytic vectors for all p(X), X e g. Furthermore, 
we will assume that 77(5) consists of analytic vectors. These assumptions guarantee 
that j st can also be exponentiated to a continuous unitary group representation and 
therefore, by Nelson's theorem, any finite set of operators of the form ij st (X), < s < t, 
X G 0, is essentially selfadjoint on some common domain. Furthermore, the vacuum 
vector Q is an analytic vector for all j st (X), < s < t, X e 53. These assumptions are 
satisfied in all the examples considered in Section 4. 

2.3. Classical processes. Denote by g R+ the space of simple step functions with 
values in q, 

n 

/+ = {x = ^xa [Sfc ,i fc[ |o<s 1 <t 1 <s 2 < •••<t n <oo,X 1 ,...,X n e }. 
k=l 

Then g R + is a real Lie algebra with the pointwise Lie bracket and any Levy process on 
g defines a representation tc of g R + via 

n 

(2-2) n(X) = Y,Js k t k (X k ) 

k=i 

forX = ELi^l [sfc , tfc[ G0 R+ . 

By choosing a commutative subalgebra of 7r(0 M +) we can get a classical process. 
Denote by «S(R+) the algebra of real- valued simple step functions on R, 

n 

S(R+) = {f = J2 < si < *i < s 2 < • • • < t n < OO, A,..., f n e R}, 

k=l 

then the product fX of an element X e g R+ with a function / e «S(R + ) is again in 

2.4. THEOREM. Let (j s t)o<s<t be a Levy process on a real Lie algebra g and let n 
be as in Equation (2.2). Choose X G g M+ and define 

X{f) = in(fX) 

forfeS(R + ). 

Then there exists a classical stochastic process (X t ) t > with independent increments 
that has the same finite distributions as X, i.e. 

(Sl,g 1 (X(f 1 )) ■ ■■g n (X{f n ))V) = E(^(X(A)) • ■ ■ 9n {X{f n ))) 

for allneN, f!,...,f n e S(R+), g 1 ,...,g n e C (R), where 

» n 

x(f)= / f(t)dx t = J2fk(x tk -x Sk ) 

J R + k=l 

M/ = ELi/*WieS(R + ). 
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The existence of (X t ) t > follows as in [AFS02, Section 4]. Thanks to the regu- 
larity assumptions in 2.2, the operators X(j\), . . . , X(f n ) are essentially self-adjoint 
and gi(X(/i)), . . . ,g n (X(f n )^) can be defined by the usual functional calculus for self- 
adjoint operators. 

3. Quasi-invariance formulas for components of quantum Levy processes 

Let (jst)o<s<t be a Levy process on a real Lie algebra q and and fix X G g R+ 
with classical version (X t )t>o- In order to get quasi-invariance formulas for (X t )t>o, we 
simply choose another element Y G Q R+ that does not commute with X and let the 
unitary operator U = act on the algebra 

A x = z\g{X(f)\feS(R + )} 

generated by X. We can describe this action in two different ways. 
First, we can let U act on Ax directly. This gives another algebra 

A x/ = a \g{UX(f)U*\f eS(R + )}, 

generated by X'(f) = UX(f)U*, f G S(X). Since this algebra is again commutative, 
there exists a classical process (X' t ) t > that has the same expectation values as X' w.r.t. 
Q, i.e. 

(n, <&(*'(/!)) • .. 9n (xy n ))Q) = E^ix'ih)) • ••0„(x'(/n))) 

for all n G N, 9u . . . , g n G C (M), fi,...,f n e S(R+), where X'(f) = f R+ f(t)AX[ for 

/ = EL/a [stA[ e5(t + ). 

If X'(f) is a function of X(f), then is invariant under the action of U. In 
this case the classical process (X' t ) t > can be obtained from (X t )t>o by a pathwise 
transformation, see 4.2 and 4.5. But even if this is not the case, we can still get a 
quasi-invariance formula that states that the law of (X' t ) t > is absolutely continuous 
w.r.t. the law of (X t ) t > . 

Second, we can let U act on the vacuum state Q, this gives us a new state vector 
Q' = U*Q. If Q is cyclic for Ax, then fH can be approximated by elements of the 
form GO. with G G Ax- Often it is actually possible to find an element G G Ax such 
that GQ — Q'. In this case the following calculation shows that the finite marginal 
distributions of (X' t ) t >o are absolutely continuous w.r.t. those of (X t ), 

e(«?(x'(/))) = {n,g(x'(f))n) = (n, g (ux(f)u*)n) 

= (n,u g (x(f))u*n) = (u*n, g (x(f))u*n) 

= (n',g(X(f))n') = (Gn,g(X(f))G{l) 
= E(g(X(f))\G\ 2 ). 

Here G was a "function" of X and G is obtained from G by replacing X by X. This is 
possible, because Ax is commutative, and requires only standard functional calculus. 

The density relating the law of (X' t ) t > Q and that of (X t ) t > is therefore given by 
\G\ 2 . 

The same calculation applies of course also to the finite joint distributions, i.e. we 
also have 

E(<n(X'(/l)) • ■■9n{X'U n ))) = E(( ?1 (X(/ 1 )) • ■■g n (X(f n ))\G\ 2 ). 
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for all n e N, A, ...,/„ e 5(R+), g±, . . . , g n G C (R). 

4. Examples 

In this section we give the explicit calculation of the density \G\ 2 for several exam- 
ples. 

We define our real Lie algebras as complex Lie algebras with an involution, because 
the relations can be given in a more convenient form for the complexifications. The 
real Lie algebra can be recovered as the real subspace of anti-hermitian elements. 

4.1. Gaussian and Poisson random variables. The oscillator Lie algebra is 
the four dimensional Lie algebra osc with basis {N,A + ,A~,E} and the Lie bracket 
given by 

[N,A ± ]=±A ± , [A-,A + ] = E, [E,N] = [E,A ± ]=0. 

We equip osc furthermore with the involution iV* = N, (A + )* = A~ , and E* = E. 

A general hermitian element of osc can be written in the form X a ^^ = aN + (A + + 
(A- + f3E with a, (3 e R, C G C. 

Let Y = i(wA + + wA~). We can compute the adjoint action of g t = e tY on X a ^p 
by solving the differential equation 

X(t) = ±M gt (X) = \Y,X(t)]. 

Writing X(t) = a(t)N + z{t)A + + z(t)A~ + b(t)E, we get the system of ode's 

a{t) = 0, 

z(t) = —iaw, 

b(t) = i(wz — wz), 
with initial conditions a(0) = a, z(0) = C, b(0) = (3. We get 

(4.1) X(t) = aN + (C -iawt)A + + + iawt)A~ + ((3 + 2tS{w() + a\w\ 2 t 2 )E. 
A representation p of osc on £ 2 is defined by 

p(N)\n) = n\n), 
p{A + )\n) = Vn + l\n + 1), 
p{A-)\n-l) = 

p{E)\n) = \n), 
where |0), |1), . . . is an orthonormal basis of £ 2 . 

4.1. Proposition. The distribution of p{X a ^^) in the vacuum vector |0) is given 
by the characteristic function 



(0|exp (iAp(*«,c/0)|0> = 



exp^A/3-f |C| 2 ) /or a = 0, 

exp(a(/3-^) + i^(e^-l)) /or a ^ 0, 

ie. i£ is either a Gaussian random variable with variance |C| 2 and mean f3 or Poisson 
random variable with "jump size" a, intensity 1 ^ T , and drift (3 — 

4.2. LEMMA. The vacuum vector |0) is cyclic for p{X a ^^), as long as ( ^ 0, i.e. 



span{p(X a , fi/3 ) fc |0):A; = 0,l,...}=r. 
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Therefore v(t) = exp ( - tp(Y)) |0) can be written in the form 

oo 

v(t) = Y,c k (t)p(X a ^) k \0) = G(X a ^,t)\0). 

k=0 

In order to compute the function G, we consider 

±v(t) = - exp (-tp(Y))p(Y)\0) = -*exp ( -tp(Y))w\l). 
We can rewrite this as 

Q I W / ~ \ 

M v ® = ex P ( " (*«,«*),**) l°> - P(t)\o)) 

= - (X a ^ - m) exp ( - tp{Y)) |0> = -™L (x^ - m) v(t), 

where 

C(0 = C - iawt, 

j}(t) = (3 + 2t$(w0 + a\w\ 2 t 2 . 

This is satisfied provided G(x, t) satisfies the differential equation 

d iw 
—G(x,t) = 

with initial condition 0) = 1. We get 



:G(x 1 t) = ~(x-p(t)) G(x,t) 



G(x,t) = exp I -iw \ ( X ~ I ds 



C(«) 



Evaluating the integral, this can be written as 



, , ,awt\ a ( . u\ t 2 

Gyx, t)—[l — i—— I ex.p\i—-—\w\ 



and therefore 



x-P , lei 2 



\G(x,t)\ 2 = (l + 2to3 f-J +tV^J e « KP 

After letting a go to we get 

Note that the classical analog of this limiting procedure is 

where N a is a Poisson random variable with intensity A > and \(N a — \/a 2 ) converges 
in distribution to a standard Gaussian variable X. No such normalization is needed in 
the quantum case. 

4.3. Proposition. We have 



E 

for all g E Co 



g(X(t))] =E\g(X a ^)\G(X a , c ,p,t)\ 
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For a — 0, this identity gives the relative density of two Gaussian random variables 
with the same variance, but different means. For a ^ 0, it gives the relative density of 
two Poisson random variables with different intensities. 

4.2. Brownian motion and the Girsanov formula. Let now (j s t)o<s<t be the 

Levy process on osc with the Schurmann triple defined by D = C, 

p(N) = l, p{A ± )=p{E) = ^ 
V (A + ) = 1, 7)(N) — 7)(A~) — r)(E) — 0, 
L(N) = L(A ± ) = 0, L(E) = 1. 
Taking for X the constant function with value — i(A + + A~), we get 

X{f)=A*(f)+A(f) 

and the associated classical process (X t ) t > is Brownian motion. 

We choose for Y = h(A + — A~), with h G «S(M + ). A similar calculation as in the 
previous subsection yields 

X'(l m ) = e Y X(l m )e- Y = X(l m ) - 2 f h{s)ds 

Jo 

i.e. Ax is invariant under e Y and (X' t ) t > is obtained from (X t ) t > by adding a drift. 
e n ( Y ) is a Weyl operator and gives an exponential vector, if it acts on the vacuum, 

e^fl = e-^ 2 / 2 £(h) 

see, e.g., [Par92, Mey95]. But - up to the normalization - we can create the same 
exponential vector also by acting on Q with e x<yh \ 

e X(k) n = e \\h\\>/2 g{h) _ 

Therefore we get G = exp (X(h) — \ \h\\ 2 ) and the well-known Girsanov formula 
E(</(X'(/))) = E (g(X(f)) exp ^2X(h) -2^h 2 {s)ds 

4.3. Poisson process and the Girsanov formula. Taking for X the constant 
function with value — i(N + uA + + vA~ + u 2 E), we get 

POO 

X(f) = N(f) + vA*{f) + uA(f) + v 2 \ f(s)ds 

Jo 

and the associated classical process (X t )t>o is a non-compensated Poisson process with 
intensity v 2 and jump size I. Given h G of the form 

n 

fc=i 

with hk > —is 2 , let 

w{t) =i(^u 2 + h{t) -u), 
and Y = w(A + — A~). The calculations of Subsection 4.1 show that 

X'(l m )=e Y X(l m )e- Y 
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is a non-compensated Poisson process with intensity v 2 + h(t). We have the Girsanov 
formula 



= E ^ (*(/)) exp (log (l + A^ - ^ J™ h ( s)dt 

4.4. sZ(2,R) and the Meixner, Gamma, and Pascal random variables. Let 

us now consider the three-dimensional Lie algebra sl(2; R), with basis B + , B~~,M, Lie 
bracket 

[M, B ± ] = ±2B ± , [B~, B + ] = M, 
and the involution (B + )* = B~ , M* = M. 

For (3 G R, we set Xp = B + + B~ + /3M. Furthermore, we choose V = £ _ - B + . 
We compute [Y, X^] = 2[3B + + 2(3B~ + 2M = 2(3X 1//3 and 

e tY ' 2 Xpe- tY l 2 = e^ dY X p = ( cosh(t) + (3smh(t))X im , 

where 

(3 cosh(t) + sinh(t) 
7 ^'^ = cosh(t) +/5sinh(t)' 
For c > we can define representations of s/(2; R) on £ 2 by 



p c (fi + )|A;) = y/(k + c)(k+l)\k + l), 
p c (M)|fc) = (2A; + c)|A;>, 
p c (5-)|A;) = + 

where |0), |1), ... is an ortho normal basis of £ 2 . 

Using the Splitting Lemma for sl(2), cf. [FS93, Chapter 1, 4.3.10] to write e XXfJ as 
a product e v+B+ e v ° M e v ~ B , it is straight-forward to compute the distribution of p c {Xp) 
in the state vector |0). 

4.4. Proposition. The Fourier-Laplace transform of the distribution of p c {.Xp) 
w.r.t. |0) is given by 



(0|exp(A Pc (X /3 ))|0) 



VP 2 



v/^^Tcosh (Av^^T) - (3sinh (X^ffP^l) 



4.5. Remark. For \f3\ < 1, this distribution is called the Meixner distribution. It 
is absolutely continuous w.r.t. to the Lebesgue measure and the density is given by 

\ / \ 2 

(tt — 2 arccos (3)x 



C exp 



r 



c IX 



2 2^/l^J 2 



da;, 



2^l^W 

see also [AFS02]. C is a normalization constant. 

For (3 — ±1, we get the Gamma distribution, which has the density 
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Finally, for \f3\ > 1, we get a discrete measure, the so-called Pascal distribution. 
4.6. Lemma. The lowest weight vector |0) is cyclic for p c (X /3 ) for all j3 G R, c > 0. 
Therefore we can write v t = e~ tpc ^ Y ^ 2 \0) in the form 

oo 

v(t) = J2 c ^)Pc(Xp) k \0) = G(X p ,t)\0). 

k=0 

In order to compute the function G, we consider 

±v(t) = -\ exp ( - tp c (Y)/2)p c (Y)\0) = \ exp ( - tp c {Y))sfc\\). 

As in Subsection 4.1, we introduce Xp into this equation to get an ordinary differential 
equation for G, 

J t v(t) = iexp(-tp c (y)/2)(p c (X lW) )-ry(/?,t))|0> 

= * »™ - h f ^(|» + t" h(i>) exp ( - t P AY)im 
2 cosh(t) +/5sinh(t) FV F V " ;i ' 

This is satisfied, if 

(/3cosh(t) + sinh(t)) 
dt lX ' j = 2 cosh(t) +/ 3sinh(t) ^ j 
with initial condition G(x, 0) = 1. The solution of this ode is given by 

1 f l x — c(/3 cosh(s) + sinh(s)) 

G(x, t) = exp - / — , - . . ds. 

y J 2 J Q cosh(s) +(3smh(s) 

For p — 1, we get G(x, t) = exp | (rr(l — e - *) — ct) and we recover the following identity 
for a Gamma distributed random variable Z with parameter c, 

E(#(e*Z)) = E^(Z) exp (Z{\ - e~ l ) - ct)). 

If |/5 1 < 1, then we can write G in the form 

G(x, t) = exp i)a: - c*(/3, t)) , 

where 

(4.2) $03,0 = (arctan (e^f) - -eta, (^±1 

(4.3) *(/M) = i(« + log(l+/5 + e- 2 '(l-/3))-log2). 

4.5. A quasi-invariance formula for the Gamma process. Let now (j s t)o< s <t 

be the Levy process on sl{2; R) with Schiirmann triple D = £ 2 , p = p 2 , and 

v (B+) = \0), r)(B~) = T)(M) = 0, 
L(M) = 1, L(B ± ) = 0, 

cf. [AFS02, Example 3.1]. We take for X the constant function with value —i(B + + 
B + + M), then the random variables 

X(1 M ) = KMX)) + A^(|0» + A st (|0» + (t - s)id 

are Gamma distributed in the vacuum vector Q. 
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For Y we choose h(B~ - B + ) with h = YJk=i h k\ Sk ,t k [ € S(R+), < si < fi < 
s 2 < . . . < t n . As in the previous subsection, we get 

X'(l [s , t] ) = e^)X(l M )e-^) = X(e 2 %, t] ). 

On the other hand, using the tensor product structure of the Fock space, we can 
calculate 

= e -hijs lH (Y)) n ^ ... ^ e -h„j Sntn (Y))Q 

= exp^X((l-e^ 1 )l [siitl[ ) - (h - Sl )2hds)n ® ■ ■ ■ 



expUx((l-e- 2h ")l l ^-(t n -s n )2hds) 

Z V [Sn,tn[) / 



n 



= exp ^(x(l - e' 2h ) - j 2hds^j Q, 

since j st is equivalent to p t _ s . 

4.7. Proposition. Let n e N, fi,...,f n e gi,...,g n e C (R), then we 
have 

l( 5l (l'(/i))-!l„(lU))) 
= E • • -g n (X(f n )) exp (a(1 - e - 2h ) - jf . 

4.6. A quasi-invariance formula for the Meixner process. We consider again 
the same Levy process on sl(2; R) as in the previous subsection. Let </?, (3 G «S(M+) with 
< 1 for all t e R+, and set 

A^ = V (B + + B-+ (3M) e sl(2; M) R +. 

Let Y again be given by Y = h(B~ — B + ), h e <S(R+). Then we get 

X\t) = e Y{t) X{t)e- Y{t) = (p(t) ( cosh(2/i) + (3{t) sinh(2/i)) (#+ + £" + 7 (/3(t), 2/i) Af) 

i.e. X' = A^/ with 

ip'(t) = <p(t) (cosh (2h(t)) + /3(t)sinh(2/i(t))), 
p{t) = y((3(t),2h(t)). 
As in the previous subsection, we can also calculate the function G, 

e^Q = exp I (a $(/3 , 2 , )i/3 - jf 2/i(t))) fi, 

where <3>, \& are defined as in Equations (4.2) and (4.3). 

4.8. Proposition. The finite joint distributions of X^^i are absolutely continuous 
w.r.t. to those of X^p, and the mutual density is given by 



exp[X m2h)tP - [ *(/3(t),2h(t)) 
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5. Conclusion 

The results stated in Subsections 4.2, 4.3, 4.5, and 4.6 have been proved with our 
methods for the finite joint distributions. They can be extended to the distribution 
of the processes either using continuity arguments for the states and endomorphisms 
on our operator algebras or by the use of standard tightness arguments of classical 
probability. 

Of course the general idea also applies to classical processes obtained by a different 
choice of the commutative subalgebra, e.g. as in [Bia98b], and to more general classes 
of quantum stochastic processes. The restrictions in this Note were motivated by the 
fact that they simplify the explicit calculations. 



CHAPTER 8 



Levy Processes and Dilations of Completely Positive 

semigroups 

In this chapter we will show how Levy process can be used to construct dilations of 
quantum dynamical semigroups on the matrix algebra Aid- That unitary cocycles on 
the symmetric Fock space tensor a finite-dimensional initial space can be interpreted as 
a Levy process on a certain involutive bialgebra, was first observed in [Sch90]. For more 
details on quantum dynamical semigroups and their dilations, see [BhaOl, Bha03] and 
the references therein. 

1. The non-commutative analogue of the algebra of coefficients of the 

unitary group 

For d G N we denote by Ud the free non-commutative (!) *-algebra generated by 
indeterminates Uij, u*j, i,j — l,...,d with the relations 

d 

^ UkjU* ej = S ke , 

3=1 
d 

^2 u *jkUj£ = hi- 
3=1 

The *-algebra Ud is turned into a *-bialgebra, if we put 

d 
3=1 

e(u ke ) = 5 ke . 

This *-bialgebra has been investigated by Glockner and von Waldenfels, see [GvW89]. 
If we assume that the generators u^, u*j commute, we obtain the coefficient algebra 
of the the unitary group U(d). This is why Ud is often called the non- commutative 
analogue of the algebra of coefficients of the unitary group. It is equal to the *-algebra 
generated by the mappings 

6w : U(C d ®H)^ B(H) 

with 

Zkt(u) = p k up; = xj u 

for U E U(£. d ®H) C M. d {B{H)), where H is an infinite-dimensional, separable Hilbert 
space and U(C d ® H) denotes the unitary group of operators on C d ® H . Moreover 
B(H) denotes the *-algebra of bounded operators, Ai d (B(H)) the *-algebra of d x d- 
matrices with elements from B(H) and P k : C d <E> H — > H the projection on the /c-th 
component. 
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1.1. Proposition. (1) OnU\ a faithful Haar measure is given by \{u n ) = 
5 , n , n E Z. 

(2) OnUi an antipode is given by setting S(x) = x* and extending S as a *-algebra 
homomorphism. 

(3) For d > 1 the bialgebra Ud does not possess an antipode. 

Proof. A Haar measure on a bialgebra B is a normalized linear functional A sat- 
isfying 

A * ip = y?(l)A = ip-k A 

for all linear functionals f on B. 

The verification of properties (1) and (2) is straightforward, we shall only prove 
(3). We suppose that an antipode exists. Then 

d d 

U \k — ^ ^2 S( U kj) U jnU*e n 
n=l j=l 

d d 

= ^S(u kj )^u jn u* in 

j=l n=l 
d 

3=1 

Similarly, one proves that S{u* kt ) = u^. Since S is an antipode, it has to be an algebra 
anti-homomorphisms. Therefore, 

(d \ d d 

3=1 / 3=1 3=1 

which is not equal to S^e, if d > 1. □ 

1.2. Remark. Since Ud does not have an antipode for d > 1, it is not a compact 
quantum group (for d — 1, of course, its C* -completion is the quantum group of 
continuous functions on the circle S 1 ). We do not know, if Ud has a (faithful) Haar 
measure for d > 1. 

We have U n = CI © where W n = K x = ker £ is the ideal generated by Uij — 
Uij — Sijl, i,j — l,...n, and their adjoints. The defining relations become 

d d 

(1.1) UijU* kj = U ik +U* ki = -^2 UjiUjk , 

3=1 3=1 

for i, k — 1, . . . , n, in terms of these generators. 

2. An example of a Levy process on Ud 

A one-dimensional representation a : Ud — > C is determined by the matrix w = 
i w ij)i<i,j<d £ -Md, Wij = cr(uij). The relations in Ud imply that w is unitary. For 
£ = (iij) E Md we can define a cr-cocycle (or a cr-derivation) as follows. We set 

Vl( u ij) = tij, 

d 

ve(u*j) = -(w*e)ji = -^2w kj e ki , 

k=l 
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on the generators and require r\g to satisfy 

m (ab) = a(a)rj e (b) + rj e (a)e(b) 
for a,b G Ud- The hermitian linear functional L W; £ :Ud^C with 

W 1 ) = o> 

]_ ]_ d 



k=l 



L w ,e(ab) = e(a)L w/ (b) + rje(a*)r]e(b) + L w/ (a)e(b) 

for a, b G Ud, can be shown to be a generator with Schiirmann triple (a, r]£, L w ^). The 
associated Levy process on Ud is determined by the quantum stochastic differential 
equations 



nk^-nj 



dt 



d / d 1 ^ 

dj s t(uij) = ^2j s t(u ik ) I hjdA* + (w kj - 5 kj )dA t -^w n] I nk dA t — - 

fc=l \ n=l n=l 

on r(L 2 (IR + ,C)) with initial conditions j ss (uij) = 5ij. 

We define an operator process (U st )o< s < t in M d <8> b(t(L 2 (R+, C))) = #(c d <g> 

r(L 2 (R + ,C))) by 

C^t = {jst(Uij))i<ij<d> 

for < s < t. Then (£/ s t)o< s <t is a unitary operator process and satisfies the quantum 
stochastic differential equation 

dU st = U st (idA* t +(w- l)dA t - £*wdA t - ^tidt 

with initial condition U ss = 1. The increment property of (j s j)o<s<t implies that 
{U st )o< s <t satisfies 

(2.1) UosU StS+t = Uo, s +t 

for all < s < t. 

Let S t : L 2 (R + ,JC) -> L 2 (M+,/C) be the shift operator, 



/(s -t) if s > t, 
else, 



for / G L 2 (M+,/C), and define W t : r(L 2 (M+,/C)) <g> T(L 2 ([0, t[, £)) -> r(L 2 (M+,/C)) 
by 

Wi(5(/)®5(</)) =£(g + S t f), 
on exponential vectors £(/), £(<?) of functions / G L 2 (M + ,/C), (7 G L 2 ([0, t[, /C). Then 
the CCR flow 7t : #(t(L 2 (M + , £))) is defined by 

7t (z) = w t (Z(8)i)w;, 

for Z G #(r(L 2 (M + ,/C))). On #((C d <g> r(L 2 (M+, £))) we have the £ -semigroup 
(7t)t>o with 74 = id <g> 7*. 
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We have U SyS+t = 7 s (C^ot) f° r & U s,t > and therefore increment property (2.1) 
implies that (U t )t>o with U t = Uot, t > 0, is a left cocycle of (7t)t>o, i-e. 

u s+t = u s %(u t ), 

for all s,t > 0. One can check that {U t )t>o is also local and continuous. 

Therefore we can define a new .^-semigroup (r) t )t>o on £>^C d ® r(L 2 (R + , /C)) j by 

(2.2) ^(z) = umz)u;, 

for Z G #(C d <g> r(L 2 (R + , £))) and t > 0. 

Let {ei,...,ed} be the standard basis of C d and denote by E the conditional 
expectation from B(c d ® L(L 2 (R + , to £(C d ) ^ A4 d determined by 

(e (z)).. = (a ® n, Zej ® n) 

for Z G £(C d ®L(L 2 (M + ,/C))). Then 

(2.3) T t = E (r h (X®l)) 

defines a quantum dynamical semigroup on M. d . It acts on the matrix units Eij by 
(e 1 ®Q,U t (E ij ®l)U;e 1 ®Q) ■■■ {e 1 ®Vt,U t {E ij ®l)U*e d ®Vt) 

(e d ®n,u t (E ij ®i)u;e 1 ®n) ■■■ (e d ®n,U t (E ij ®l)U?e d ®n} 

( u u u* u u u u* 2i ■ ■ ■ u u u* dj \ 



Vt 



U 2 iU* lj u 2i u* 2j 



u 2i u 



dj 



y u di u\j u di u* 2j ■ ■ ■ u di u* dj J 
and therefore the generator C of (r t ) t > is given by 

for 1 < i,j < d. 

2.1. Lemma. The generator C o/(r t ) t >o gwen by 

C(X) = £*wXw*£ - \ {X, £*£} 

forXeM d . 

Proof. We have, of course, f t \ t= Q^t{u ki u* mj ) = L w/ (u ki u* mj ). Using (2.2) of Chap- 
ter 1 and the definition of the Schiirmann triple, we get 



L w/ (u ki u* mj ) = e(u ki )L w/ (u* mj ) + ^( u w)%( u mj) + L ^( u w) e «j) 
= ~S ki (e*£) mj + (£*w) ki (w*£) jm - -(£*£) ki 5 mj . 
Writing this in matrix form, we get 

(W^))^,^ = ~\ E H^ + ^ ijW *£ - \t£E^ 

and therefore the formula given in the Lemma. 



□ 
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3. Classification of generators on U d 

In this section we shall classify all Levy processes on U d , see also [Sch97] and 
[FraOO, Section 4]. 

The functional Dij : Ud — > C, i,j — 1, . . . , d defined by 

Dij(iiki) = Dij(u k i) = iS ik S jh 

D ij(^li) = D ij( u li) = -Dij(uik) = -iSuSjk, 
Dij{u) = if u & span{w ii? u*^ i, j = 1, . . . , d}, 

for i,j,k,l — l,..., d, are drift generators, since they are hermitian and form Schurmann 
triples together with the zero cocycle r\ = and the trivial representation p = e. 

Let A = (cijk) £ Md(C) be a complex d x <i-matrix. It is not difficult to see that 
the triples (e, t\a '■ Ud — > C, Ga), h j — 1, • • • , d defined by 

VA(ujk) = VA(ujk) = a jk , 

VA(u* jk ) = r] A (u* jk ) = -rj A (u kj ) = -a kj , 

^a(I) = r} A (uv) = ioiu,veU^, 

and 

G A (l) = G A (u jk - u* kj ) = 0, for j,k = l,...,d, 

(d \ d 

^ u*jUik \ = - ^aljaik = -(A*A) jk , 
i=i J i=i 

for j,k = l,...,d, 



G A (uv) = (t)a(u*),t]a(v)) =r)A{u*)r) A {v), 

for u,uG U%, are Schurmann triples. Furthermore, we have i] A \ K2 = and Ga\k 3 = 0, 
i.e. the generators G A are Gaussian. On the elements Uj k , u* k , j, k — 1, . . . , d, this gives 

G A {u jk ) = --{A*A) jk 

G A (u* k ) = -\(A*A) kj 



G A (u jk u lm ) = i]A{u* jk )i] A (ui m ) = -aj^aim, 

GA{Uj k U^ m ) = Okjdmi 

G A (u* k ui m ) = aj k ai m 
G A(u* jk u* lm ) = -a]k~a m i 

for j,k,l,m — 1, • • • , d. 

Let us denote the standard basis of M d (C) by E jk , j,k = 1, . . . , d. We define the 
functional Gj k ^ m : Ud — > C by 

Gjk,lm(l) — 0, 

Gjk,im{u r s) = —-^5 kr SjiS ms = —-(E* k Ei m ) rs , for r, s = 1, . . . , d, 
1 1 

Gjk,im('Ks) = ~7;^ks5jiS mr = —-(E* k E[ m ) sr , for r, s = 1, . . . , d, 



G jk ,i m ( uv ) = (VE jk (u*),r]E lm (v)) =r}E jk (u*)r]E lm (v), 



188 LEVY PROCESSES AND DILATIONS 

for u, v e U®, j,k,l,m— 1, . . . , d. 

3.1. Theorem. v4 generator L : Ud ^ C is Gaussian, if and only if it is of the 
form 

d d 

L = 0~jk,lmGjk,lm + bjkDjk, 

j,k,l,m=l j,k=l 

with a hermitian d x d-matrix (bj k ) o positive semi- definite d 2 x d 2 -matrix (o-j k j m ). 
It is a drift, if and only if o-jk,i m — for j, k, I, m — 1, . . . , d. 

Proof. Applying L to Equation (1.1), we see that L(uj k ) = —L(u* kj ) has to hold 
for a drift generator. By the hermitianity we get L(uj k ) = L(u* k ), and thus a drift 

n 

generator L has to be of the form ^ijDij with a hermitian d x d-matrix (bij). 

j,k=i 

Let (p, ?7, L) be a Schiirmann triple with a Gaussian generator L. Then we have 
p = eid, and 77(1) = 0, r/\ K2 = 0. By applying i] to Equation (1.1), we get r)(u*j) = 
—r)(uji). Therefore r)(Ud) has at most dimension d 2 and the Schiirmann triple (p,r),L) 
can be realized on the Hilbert space .Md(C) (where the inner product is defined by 

d 

(A, B) = ^ ajk~bj k for A = (aj k ), B = (b jk ) e .Md(C)). We can write 77 as 
j,fc=i 

d 

(3-1) 77 = VA Jk E jk 

j,k=i 

where the matrices Aj k are defined by (Aj k )i m = (Ei m , r)(uj k )), for j, k, I, m — 1, . . . , d. 
Then we get 

d 

= E (^((flS)*)S,-*),^ m (flS)^Im)> 
j,k,l,m=l 

d 

j,k=l 

' Ejk=l -i A lkh r(A jk ) tu if U* 1 =U**=U 
Y?jk=l{ A jk)sr{A jk )ut if U* 1 =U,U* 2 =U* 



= < 



Z)", fe= l (^fc)rs(^jfc)tu if U' 1 =U*,U' 2 =U 



{ Ej lfc =i -(^fc)™(A jfc )« t if ^ = «* 2 = 
d 

cr lm,pqGjk,lm('^rs'^tu) 

l,m,p,q=l 

d n \ 

E ^jk.lraGjklra + ^ kjfc-Djfc ) (^rs^to) 
\j,k,l,m=l jmj=l / 
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for r, s, t, u — 1, . . . , d, where a = (<Ji m , pq ) G .M^C) is the positive semi-definite matrix 
defined by 

d 

&lm,pq = ^ ^ (Aj k )l m (Aj k )pq 
j,k=l 

for I, m,p, q — 1, . . . , d. 

Setting b jk = -\L(u jk - u* kj ), for j, k = 1, . . . , d, we get 

L(u rs ) = L ( Urs + Usr + Urs Usr j = ~^T{r]{upr),r}{up S ))+ib rs 
V - / p= i 

1 n 

j,k=l 

d d \ 

a jk,lmGjk,lm+ ^ bjkDj k J (u ra ) 
\j,k,l,m=l jmj=l J 

1 d 



' A p=l 



1 d 



2 

j,fc=i 

Vjk,lm G jk,lm + ^ fyfc-Djfc j («sr) 
\j,k,l,m=l jmj=l / 

where we used Equation (1.1) for evaluating L(u rs + u* r ). Therefore we have L = 

d n 

<Jjk,imGjk,im J r bjkDj k , since both sides vanish on X 3 and on 1. The matrix 

j,k,l,m=l jmj=l 

(bjk) is hermitian, since L is hermitian, 



for j,k = 1, . . . ,d. 

d d 

Conversely, let L = Pjk,imQjk,im + bj k Dj k with a positive semi-definite 

i,j=l j,k=l 

d 2 x d 2 -matrix (<Jjk,im) an d a hermitian d x d-matrix (bjk) • Then we can choose a matrix 

d 

M = (m k i,mi) E M d 2(C) such that m pqJk m pqM = a jkM for all i, j, r, s = 1, . . . , d. 

p,q=l 

We define 77 : Ud — > C d by the matrices with components (Aj fc ) im = mjkj m as in 
Equation (3.1). It is not difficult to see that (e id cd 2 , 77, L) is a Schiirmann triple and 
L therefore a Gaussian generator. □ 

We can give generators of a Gaussian Levy process on U n also in the following form, 
cf. [Sch93, Theorem 5.1.12] 
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3.2. Proposition. Let L 1 ,..., L n , M e M d {C), with M* = M, and let H be an 
n- dimensional Hilbert space with orthonormal basis {e\, . . . ,e n }. Then there exists a 
unique Gaussian Schurmann triple (p, 77, L) with 



p 


= £id H , 




n 


V(u* jk ) 




L(u jk ) 


1 d 

= 2 E^Kr)' ^{Ukr)) + iM jk 
r=l 



for 1 < j, k < d. 

The following theorem gives a classification of all Levy processes on Ud- 

3.3. Theorem. Let H be a Hilbert space, U a unitary operator on H®C d , A = (ajk) 
an element of the Hilbert space H®M. d {C) and A = (\jk) £ A^d(C) a hermitian matrix. 
Then there exists a unique Schurmann triple (p, r], L) on H such that 

(3.2a) p(u jk ) = PjUP*, 

(3.2b) v(ujk) = a jk , 

(3.2c) L(u jk - u* kj ) = 2i\ jk , 

for j,k = 1 . . . , d, where Pj : H ® C d — > H ® Cej = H projects a vector with entries in 
H to its j th component. 

Furthermore, all Schurmann triples on U n are of this form. 

Proof. Let us first show that all Schurmann triples are of the form given in the 
theorem. If (p,r],L) is a Schurmann triple, then we can use the Equations (3.2) to 
define U, A, and A. The defining relations of Ud imply that U is unitary, since 

d d d d d 

u*up; = ^^p^*p^p; = ^^pK^) = E^p(i) = id^ e; , 

j=l fc=l j=l k=l j=l 

d d d d d 

uu*p; = ^^p,^p fe p*p; = ^^p( M > fe ) = ^^p(i) = id^ e; , 

i=i k=i j=i k=i j=i 

for I — 1, . . . , d, where e± : . . . , Cd denotes the standard basis of C d . The hermitianity of 
A is an immediate consequence of the hermitianity of L. 

Conversely, let U, A, and A be given. Then there exists a unique representation p 
on H such that p{uj k ) = PjUPj^, for j,k,= 1, . . . , d, since the unitarity of U implies 
that the defining relations of U n are satisfied. We can set t](uj k ) = aj k , and extend 

via r)(u* ki ) = -77 [u ik + Yfj=i %i^jk) = ~ a ik - Yfj=i p{uji)*a jk , for i, k = 1, . . . , d and 
rj(uv) = p{u)rj{v) + r)(u)e(v) (i.e. Equation (1.2.1), for u,v G Ud, in this way we obtain 



2 
1=1 



1 d 

the unique (p, e)-cocycle with i](uj k ) = aj k . Then we set L(uj k ) = i\j k ^^( a ij, a u , : 



4. DILATIONS OF COMPLETELY POSITIVE SEMIGROUPS ON M d 191 
1 d 

and L(u* k j) = —iXjk ^^(aij^ik), for j, k = l,...,d, and use Equation (1.2.2) 

i=i 

to extend it to all of Ua- This extension is again unique, because the Relation (1.1) 

d 

implies L(ujk + u* k j) = — y^Qjj, aik), an d this together with L(ujk — u* k j) = 2i\j k 

i=i 

determines L on the generators Ujk,u* k of lAd- But once L is defined on the generators, 
it is determined on all of Ud thanks to Equation (1.2.2). □ 

4. Dilations of completely positive semigroups on Aid 

Let (r t ) t > be a quantum dynamical semigroup on Aid, i.e. a weakly continuous 
semigroup of completely positive maps r t : Aid — > Ai d - 

4.1. Definition. A semigroup (&t)t>o of not necessarily unital endomorphisms of 
B(H) with C d C 7i is called a dilation of (r t ) t > ), if 

r t (X) = P0 t (X)P 

holds for all t > and all X G Aid = B(C d ) = PB{H)P. Here P is the orthogonal 
projection from 7i to C rf . 

4.2. Example. We can use the construction in Section 2 to get an example. Let 
( r t)t>o be the semigroup defined in (2.3). We identify C d with the subspace C d <8> Q Q 
C d ® T(L 2 (R + , K)) . The orthogonal projection P : H -> C d is given by P = id C d <g> P n , 
where Pn denotes the projection onto the vacuum vector. Furthermore, we consider 

Aid as a subalgebra of £(c d <g> r(L 2 (M+, £))) by letting a matrix X G act on 

v <g> w G C d <g> r(L 2 (M+, K)) as X <g> P n - 
Note that we have 

Eo(X) ® Pn = PXP 

for all X G £(C d <g> r(L 2 (R+, £))) . 

Then the semigroup (r) t )t>o defined in (2.2) is a dilation of (T t )t>o, since 

P Vt (X®P n )P = PUat(X®P n )U;P = PU t (X®id n v m] M ) ®P n )U;P 

= pu t (x ® i)c/;p = T t {x) ® p n 

for all X G .Md. Here we used that fact that the H-P cocycle (U t ) t >o is adapted. 

4.3. Definition. A dilation (0t)t>o on H of a quantum dynamical semigroup (r t )t>o 
on C d is called minimal, if the subspace generated by the t (X) from C d is dense in H, 
i.e. if 

span {0 tl (XT) ■ ■ ■ eZ(XnMh, ■ ■ ■ ,t n > 0, X~i, . . . , X n G Aid, v G C d , n G N} = W. 

4.4. LEMMA. P zs sufficient to consider ordered times t\ > t 2 > ■ • • > t n > 0, since 
span {9 tl (X ± ) ■■■Q tn [X n )v\^i > ■ ■ ■ > t n > 0, X ± , . . . , X n G M d , v G C d , n G N} 

= span {M*i)"-M*r>|*i, >0,X 1 ,...,X n eM d ,ve C d ,ne N} 

Proof. See [BhaOl, Section 3] □ 
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4.5. EXAMPLE. We will now show that the dilation from Example 4.2 is not mini- 
mal, if w and £ not linearly independent. 

Due to the adaptedness of the cocycle (Ut)t>o, we can write 



for v G C d <g> fi, n G N, t\ > ■ ■ ■ > t n > 0, Xi, . . . , X n G Aid, i.e. time-ordered products 
of the fjt(X) generate the same subspace from C d <E> Q as the ?ft(X ® Pq). Using the 
quantum Ito formula, one can show that the operators fj t (X), X G Md, satisfy the 
quantum stochastic differential equation. 



if £ = Xw for some A G C. 

Since the quantum stochastic differential equation for f)t{X) has no creation part, 
these operators leave <C d <g> Q invariant. More precisely, we have 



{f) tl {X 1 )---f ltn {x n )v®Vt\t 1 > ...>t n >o,x 1 ,...,x n eMd,veC d ,nen} = C d ®fi, 



and therefore the dilation {f]t)t>o is n °t minimal, if w and £ are not linearly independent. 
Note that in this case the quantum dynamical semigroup is also trivial, i.e. r t = id for 
alH > 0, since its generator vanishes. 

One can show that the converse is also true, if w and £ are linearly independent, 
then the dilation (i]t)t>o is minimal. 

The general form of the generator of a quantum dynamical semigroup on Aid was 
determined by [GKS76, Lin76]. 

4.6. Theorem. Let (r t )t>o be a quantum dynamical semigroup on Aid- Then there 
exist matrices M, L 1 , . . . , L n G Aid, with M* = M, such that the generator C = is 
given by 



for XG M d . 

Note that M, L 1 , . . . , L n G Aid are not uniquely determined by (r t ) t > . 

Proposition 3.2 allows us to associate a Levy process on % to L 1 , . . . , L n , M. It 
turns out that the cocycle constructed from this Levy process as in Section 2 dilates 
the quantum dynamical semigroup whose generator L is given by L 1 , . . . , L n , M. 

4.7. Proposition. Let n G N, M,L x ,- ■ ■ ,L n g Ai d , M* = M, and let (j st ) < s <t 
be the Levy process onUd over T(L 2 (IR + , C n )) , whose Schiirmann triple is constructed 
from M, L 1 , ■ ■ ■ , L n as in Proposition 3.2. Then the semigroup {r] t )t>o defined from the 
unitary cocycle 



r] t (X P a ) = Ua t {X ® P n )U* t = (U t (X ® l)U* t ) ® P n 
on r(L 2 ([0,t],/C)) ® r(L 2 ([t,cx)[,/C)). Let 

f lt {X)=r lt {X®l) = U t {X®l)U; 
for X G Aid and t > 0, then we have 

fj tl (X x ) • • • r)t n (X n )v = rj tl (X 1 <g> P n ) • • • ?7t„ (X n ® P n )^ 




t > 0, 
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as in (2.2) is a dilation of the quantum dynamical semigroup (r t )t>o with generator 

C(X) = i[M, X]+J2 {{L k YXL k - l - {X, {L k YL k ]\ 
k=i ^ ' 

forXEM d . 

Proof. The calculation is similar to the one in Section 2. □ 

We denote this dilation by (r) t ) t > and define again rj t : Md — > £> ^C d <g>L(L 2 ([0, t], /C)) 
t > by 

^(X) = ^(X®1) = ^(X®1)^* 

for X G M d . 

Denote by Qd the subalgebra of Ud generated by UijU* ke , 1 < k,£ < d. This is 
even a subbialgebra, since 

d 

r,s=l 

for all 1 < i, j, k,£ < d. 

4.8. LEMMA. Let r] : U d ^ H be the cocycle associated to L 1 ,..., L n , M G .Md(C), 
with M* = M, in Proposition 3.2. 

(a) : i] is surjective, if and only if L 1 , . . . ,L n are linearly independent. 

(b) : i]\Q d is surjective, if and only if I, L 1 , . . . , L n are linearly independent, where 
I denotes the identity matrix. 

Proof. (a): U d is generated by {uij\l < i,j < d}, so, by Lemma 1.4.6, we 

have rj{Ud) = span{?](-Ujj)|l < i,j < d}. 

Denote by Ai : H — >■ span {(L 1 )*, . . . , (L n )*} C Md(C) the linear map 
defined by Ai(e J/ ) = (L u )*, v = 1, . . . , n. Then we have ker Ai = r](Ud) ± , since 

d 

(v,v(uij)) = Y^Lij = 1 < i, j < d, 

for v = YTv=i v v e v G H. The map Ai is injective, if and only if L 1 , . . . , L n 
are linearly independent. Since ker Ai = rj(Ud) ± , this is also equivalent to the 
surjectivity of rj\u d - 
(b): We have 77 (Qd) = spcin{r](uijU* ke )\l < k,£ < d}. 

Denote by A 2 : H -> spanf^L 1 )*®/-/® (L 1 )*, . . . , (L n )*®I -I®(L n )*} C 
M d {C) ® M d {C) the linear map defined by Ai(e„) = (L v )* <g> I - I <g> (L")*, 
v — 1, . . . , n. Then we have ker A 2 = ^(Qd) -1 , since 

(v,ri(u ijU * ke )) = (v,e( Uij )ri(ul e ) +ri( Uij e(u* ke )) 

= (v, Sijr](u ek ) + rjiuijSw)) 
d 

= A 2 (u)ji,M, l<i,j,k,£<d, 

for f = J2"=i v » e v e H - 
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The map A 2 is injective, if and only if L 1 , . . . , L n are linearly independent 
and / (jL spanjL 1 , . . . , L n }, i.e. iff I, L 1 , . . . , L n are linearly independent. Since 
ker A 2 = rj(Qd) ± , it follows that this is equivalent to the surjectivity of rj\Q d . 

□ □ 

Bhat [BhaOl, Bha03] has given a necessary and sufficient condition for the mini- 
mality of dilations of the form we are considering. 

4.9. Theorem. [BhaOl, Theorem 9.1] The dilation (rj t ) t > is minimal if and only 
if I, L 1 , . . . , L n are linearly independent. 

4.10. Remark. The preceding arguments show that the condition in Bhat's the- 
orem is necessary. Denote by H the subspace of r(L 2 (M+, C n )), which is gener- 
ated by operators of form j st {uijU* ke ) . By Theorem 1.4.1, this subspace is dense 
in r(L 2 (lR + , rj(Qd)) ■ Therefore the subspace generated by elements of the fjt(X) = 
U t (X ® l)Ul from C d ® is contained in C d ® H . If rj is minimal, then this sub- 
space in dense in C d ® r(L 2 (M + , C n )). But this can only happen if Ho is dense in 
r(L 2 (M + , C 1 )). This implies rj(Q d ) = C d and therefore that /, L 1 , . . . , L n are linearly 
independent. 

Bhat's theorem is actually more general, it also applies to dilations of quantum dy- 
namical semigroups on the algebra of bounded operators on an infinite-dimensional sep- 
arable Hilbert space, whose generator involves infitely many L's, see [BhaOl, Bha03]. 
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